CHAPTER 2 
MODELING OF DYNAMIC SYSTEMS 


PROBLEMS 


Problems for Section 2-1 


2-1. Find the equation of the motion of the mass-spring system shown in Fig. 2P-1. 
Also calculate the natural frequency of the system. 


Figure 2P-1 


When the mass is added to spring, then the spring will stretch from position O to 
position L. 


mg 
The total potential energy is: 


PI) 


U,=5K(L+y) 


where y is a displacement from equilibrium position L. 


The gravitational energy is: 


U, =—mgy 
The kinetic energy of the mass-spring system is calculated by: 


De 5 
T=—m 
5 y 


As we know that? +U, +U, =constant , then 


1 1 
ree —mgy+ a K(E+ y) = constant 


By differentiating from above equation, we have: 
my} —mgy + pK (L+y)=0 


my + Kyy + y(KL—mg)=0 


since KL = mg, therefore: 


y (m+ Ky) =0 


As ¥ cannot be zero because of vibration, then my + Ky =0 


Alternative using Newton’s Law: 

At equilibrium from the Free-body-diagram we have 
KL=mg 

Measured from equilibrium position using y(t), we have 
F =Ma 


2-2. Find its single spring-mass equivalent in the five-spring one-mass system 
shown in Fig. 2P-2. Also calculate the natural frequency of the system. 


Ml, 
Figure 2P-2 
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2-3. Find the equation of the motion for a simple model of a vehicle suspension 
system hitting a bump. As shown in Fig. 2P-3 the mass of wheel and its mass 
moment of inertia are m and J, respectively. Also calculate the natural frequency of 


the system. 


Figure 2P-3 


a) Rotational kinetic energy: : E JO 


Translational kinetic energy: 7, = : my" 


eee’) 
Relation between translational displacement and rotational displacement: 
y=r0 
yr 0 
Lak 
T, ee 
Rot a r y 


Potential energy: U = <K y? 
From conservation of energy T'g,, + f; + U = constant , then: 


— yp? +-— mp + 2 Ky? = constant 
ay? 2 2 
By differentiating, we have: 


ree myyt+ Kyy =0 


5 (55+ mi + Ky) = 0 
- 
Since ¥ cannot be zero, then 7 4 + m+ Ky =0 


Alternatively using Newton’s law, take a moment about point P, assuming motion 
is counterclockwise, and as the wheel goes above the bump, y is upwards. Also we 
assume the system starts from equilibrium (in the vertical direction) where the 
spring force and the weight of the system cancel each other. So mg does not appear 
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in the equations. As the wheel moves up the spring compresses by y measured from 
the equilibrium. 


Assuming positive direction is counterclockwise, we have 


—_—_ 


>) Mom, =—Kyr = J6+mry Pie 


Yes 2 
fg ev 


b) 
—Ky 


Natural frequency is the coefficient of y divided by the coefficient of } 


4. 


Figure 2P-4 


(a) Force equations: 


K(y 1 V,) 


B30, Vy) 


M,y, =—-B,y, + B,(3,-3,)+K(y,-y.) 


d’ d dy d 
f(t)=M,—*+B, mal af *)e(y-9,) 
dt dt dt dt 


dy, d d d 
(2-22). (,-1,)em, Seva, 
“\ dt dt dt ~ at 


Rearrange the equations as follows: 


ay, (B+B) dy Body K 
dt’ M, dt M, dt M 


f 
(y, We 
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d’y, _B, dy, (B,+B)d, | K 


- (so) 


dt’ M, dt M, dt M, 


(b) Force equations: 


fit) 


dy, (B.+B,) dy, B, dy, i dy, _ 


dt M dt M dt M dt dt B. 


(c) Force equations: 


| 


4 Ky 
y-y ooo (t) ° 
BO, ¥>) fi 2 
ay, ay, 1 £ d'y, (3, +28, ) ay, 8. ay, xk 
ee - oo ooo nn se ns - 
at dt B at M at Mdt M 


2-5. Write the force equations of the linear translational system shown in Fig. 2P-5. 


Figure 2P-5 


(a) Force equations: 


dy, B dy, K,+K, a 


Yyt—y 
ate 2 1 


1 
Vo K M dt M M 
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(b) Force equations: 
T My, = K,(y,—y,)+B,(3—-3.)- By, 
yy f (t)+Mg =K,(y,-y,)+B,(,-32) 


Y1 


fit) + Mg Sit) + Meg 
(a) (b) - ‘ 
‘ My, + B,¥, = f (t)+Mg 
dy 1 dy, K, dy, B [ dy, :) K, B, B, dy, 
raid A) Ale Soe —. = oe —— 
dt Ee dt race ) dt M\dt dt a” ) “ue ¥.) M dt 


2-6. Consider a train consisting of an engine and a car, as shown in Fig. 2P-6. 


er oron CS ono 


Figure 2P-6 


A controller is applied to the train so that it has a smooth start and stop, along with a 
constant-speed ride. The mass of the engine and the car are M and m, respectively. 
The two are held together by a spring with the stiffness coefficient of K. F 


represents the force applied by the engine, and “ represents the coefficient of 
rolling friction. If the train only travels in one direction: 


(a) Draw the free-body diagram. 
(b) Find the equations of motion. 


a) 


= I> 


K(y, - y>) 
<+ <——_ 
pungy, uMgy, 


b) From Newton’s Law: 
My, = F-K(y,-y,)—uMgy, 
Vo = K(y,-y,)-—umgy, 


2-7 A vehicle towing a trailer through a spring-damper coupling hitch is shown in 
Fig. 2P-7. The following parameters and variables are defined: M is the mass of the 
trailer; Ky, the spring constant of the hitch; Bn, the viscous-damping coefficient of 
the hitch; B;, the viscous-friction coefficient of the trailer; yi(4), the displacement of 
the towing vehicle; y2(t), the displacement of the trailer; and f(t), the force of the 
towing vehicle. 


Ady O) ; y2) 
<< Ky 
“TOO 


a 


M 
—_> 
OMIOX: 
By 


Figure 2P-7 
Write the differential equation of the system. 


Force equations: 


dy, dy, dy, dy, dy, dy, 
f= K,(,-9,)+8( 2-2) K.0,-9,)+8( 2 |=M—*+B — 
dt dt dt dt 


2-8. Assume that the displacement angle of the pendulums shown in Fig. 2P-8 are 
small enough that the spring always remains horizontal. If the rods with the length 
of L are massless and the spring is attached to the rods 7/8 from the top, find the 
state equation of the system. 


m m 


Figure 2P-8 


For the left pendulum, assuming motion in counter-clockwise direction, the FBD is: 


T (tension) 
K(x2-x7) (spring force) 
Mg (gravity) 
Note: T =mg cos 6, 
71 


x, =—sin 8, 


Also: 7 
X= ee sin 8, 


Taking a moment about the left fixed point we get: 
, Tes 
mO@, + mgl sin 0, — K = (sin 8, —sin 6, )cos 8, =0 


Where (7/8)/cos 6, is the moment arm for the spring force. 


2 
ag m6, +mgl sin 6, +x(Z) (sin 8, —sin 6, )cos 0, =0 
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For the right pendulum, we can also write: 
‘ ; EN 
> mO, + mel sin 0, + K = (sin 8, —sin 0, )cos 6, = 0 


since the angles are small: 
sin 8, [| 8,;sin @, U 6,; 


cos@, [| Lcos6, 1 


Hence, 


a 71Y 
6+ 210,+K = (6,-0,)=0 
2 ay 
0, + 210,+K ry (0, -4,)=0 


2-9. Fig. 2P-9 shows an inverted pendulum on a cart. 


Q M 
f Motor 
. (oe 


Figure 2P-9 


If the mass of the cart is represented by M and the force fis applied to hold the bar 
at the desired position, then 


(a) Draw the free-body diagram. 


(b) Determine the dynamic equation of the motion. 
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a) 


b) If we consider the coordinate of centre of gravity of mass m as (Xs, yg), 


Then x, =x+/sin@ and y, =/cos@ 


From force balance, we have: 
F-f—F.=Mx 
N-Mg-F,=0 


F. = mx, 

i 
Combining the equations we have: 
Mx+mx, =F -f 
N-(M+m)g =my, 


Assuming viscous damping for friction (rough assumption) f = Bx : 
Mi +mi, + Bk = F 


Note: ¥, = ¥-/6° sin0+10cos@ and §j, =-16* cos0 -16 sin 6 

Hence, 

Mi+m+ Bi+ml(Ocos 0-6 sin) =F (1) 

For the pendulum, if we take a moment about the point mass mg, we have: 
ml’6 =—F.lcos 6+ F,/sin 6 

Where using: 

Fo =mx, = m( 16° sin6 +10 cos 0) 


F, —mg =my, = —m (16° cos 0+/6 sin 0) 
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We get: 
ml*6 = —m(#-16" sind + 16.cos @)Icos 6 = m(16” cos6+/6 sin 0) Isin@ (2) 
° 


Simplifying equations (1) and (2) we arrive at the two equations of the system: 
7m (M +m) + Bi =F +ml(6’ sin 0-6 cos 0) 
ml°0 = mgl sin 0 — mlx cos 0 
For small angles, linearized model of the system becomes 
(M +m)%+ml0 + Bx =F 
16+ = 20 


2-10. A two-stage inverted pendulum on a cart is shown in Fig. 2P-10. 


Motor 


Figure 2P-10 


If the mass of the cart is represented by M and the force fis applied to hold the bar 
at the desired position, then 


(a) Draw the free-body diagram of mass M. 


(b) Determine the dynamic equation of the motion. 


The easiest way to find the equations for this challenge problem is using 
Lagranges’s approach which is outside the scope of this text. 


a) for simplicity friction is ignored. 
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b) Kinetic energy 


(i) For lower pendulum: 


: re d * [4 ; 
T= _ J,02 + 3™ { (i, sin 6.)| + [<: (1, cos @,)| } 


For upper pendulum: 


| dq. 7 fd 7 
T,= 3 82 +3 my, [= (I,sin@,)| + [= (1,cos@,)| 
— 1 gz? 
For the cart: sig 
(ii) Potential energy: 
For lower pendulum: 41 = 1g! cos ®, 
For upper pendulum: U, = m,gl,cos6, 


For the cart: U; =0 


(iii) Total kineticenergy: = 71 = 71 +72 7+Ts 
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Total potential energy: U=U,+U,+U3The Lagrange’s 
equation of motion is: 


d aT, OT OU 
z(az)-artax = 
dfaT\ oT aU _ 
= (sa,)~ an 30,7 
d(aT\ OT aU _ 
a a 


Substituting T and U into the Lagrange’s equation of motion gives: 
(m, +m, +M xt ml, 6, cos@, +m,L, 0, cos 6, = ml, 6, sin 6, + m,1, 6, sin 0, + f 
mil, x008 Cia, 8, sin 6, + (J itm, ) 6, =ml,g sin 8, 
ml, x008 6, +m, 8, sin 6, + (J tml; ) 6, =m,l,g sin 8, 


Upon linearization about small angles we get 
ie . -2 - 2 
(m, +m, +M )x+ml,0,+ m1, 0, =ml,0, 0,+m,1,0, 0,+ f 


r ra) 
ml, x+ml, 0, 6,+ (J, +ml, )6, =mL20, 
2 


m,l,x+ml,@, 0+ (J +m,L; )0, =m,l,g6, 


2-11. Fig. 2P-11 shows a well-known “ball and beam” system in control systems. A 
ball is located on a beam to roll along the length of the beam. A lever arm is 
attached to the one end of the beam and a servo gear is attached to the other end of 
the lever arm. As the servo gear turns by an angle @ | the lever arm goes up and 
down, and then the angle of the beam is changed by @ . The change in angle causes 
the ball to roll along the beam. A controller is desired to manipulate the ball's 
position. 
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Beam 


Lever Arm 


Figure 2P-11 


Assuming: 

m= mass of the ball 

r =radius of the ball 

d= lever arm offset 

g = gravitational acceleration 
L= length of the beam 

J = ball's moment of inertia 
p = ball position coordinate 
@ = beam angle coordinate 


0 = servo gear angle 


Determine the dynamic equation of the motion. 


Solution: 


a) 


Considering the FBD of the ball: 


angular acceleration 


a 


For a given a, the acceleration at point C will have two components due to 
+2 


Cx 


a 
rotation of the beam; that is the centripetal and tangential 


ac, = pa 


accelerations created by rotation of the bar. Also, we assume a case of rolling 
without slipping. Acceleration of the center of mass of the ball relative to the 
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ne oH) 
a.=p-pa 
rotating axis x,y,zis ~ s ‘ - _, where p=-—rf (rolling without slipping and 
a, = pa+2ap 
f is the angular acceleration of the ball — the minus sign accounts for the assumed 
directions). 
Note, in the case a is fixed, thena, = p =—rff, which is in line with the rolling 


without slipping assumption in a fixed incline case. 


From the equation of motion in x direction and by taking a moment about the 
center of mass of the ball (see a second year dynamics of rigid bodies text in case 
you need to verify the following formula), we get: 


Ee =ma, =m/( p- pa) =F —mg sind 


Combining the above we have 

J és : 20 

Prag p+mgsina—mpa’ = 
We can further linearize these equations to arrive at: 
a=—0 


Then 


J : _ (do d 5 
[+m )-mesil 22) mp =0 


If we linearize the equation about beam angle a = 0, then sina ~ o and sin® ~ 0 
Then: 


[A +m) p=-m 16 
2 P gF 


r 


2-12. The motion equations of an aircraft are a set of six nonlinear coupled 
differential equations. Under certain assumptions, they can be decoupled and 
linearized into the longitudinal and lateral equations. Fig. 2P-12 shows a simple 
model of airplane during its flight. Pitch control is a longitudinal problem, and an 
autopilot is designed to control the pitch of the airplane. 


ue 


z', Weight 


Figure 2P-12 


Consider that the airplane is in steady-cruise at constant altitude and velocity, which 
means the thrust and drag cancel out and the lift and weight balance out each other. 
To simplify the problem, assume that change in pitch angle does not affect the 
speed of an aircraft under any circumstance. 


Determine the longitudinal equations of motion of the aircraft. 


Solution: If the aircraft is at a constant altitude and velocity, and also the change in 
pitch angle does not change the speed, then from longitudinal equation, the motion 
in vertical plane can be written as: 


_ « 
u=——gsin8? —qw 
m 


= 
@ = —— gcos@ + qu 
m 


_ oM 
= 
G=q 


Where u is axial velocity, w is vertical velocity, g is pitch rate, and @ is pitch 
angle. 


Converting the Cartesian components with polar inertial components and 
replace x, y, z by T, D, and L. Then we have: 


1 
~— [T cosa — D — mg sin y] 


1 
y= —_yiisma +L—mg cosy] 


: M 
E. 
§=q 


Where a = 0 —y is an attack angle, V is velocity, and y is flight path angle. 
It should be mentioned that T, D, L and M are function of variables a and V. 
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Refer to the aircraft dynamics textbooks, the state equations can be written as: 
a—A,a+B,q+Cyy 
q=A,a+ Byq+Cyy 
6 = Asq 


2-13. Write the torque equations of the rotational systems shown in Fig. 2P-13. 


—— 


A(t) B A, (0) 6(t) B 
K 2 
=o Ef CA’ ee 
|_| Flexible 
T(t) 


Tt) Rigid shaft shaft 
(a) (b) 
nor | K 0(t) 
€ } Ji I at J> 
|_| Flexible 
T(t) shaft 


(c) 


Y, 65(t) K, 6,,(0) 6,,(t) K, 6, (1) 
ils : MOTOR Jy 
ZL 


B, T(t) i, 7 
(e) 


YY 


By 


Figure 2P-13 
(a) Torque equation: 
a0 Bdo | 
7) = + 
dt J dt 


T(t) 


(b) Torque equations: 


dO, _ 
dt’ 


K 1 dé 
0 -6,)+-—T K(6@ -@,)=B— 
= (0,-8,) += (0,-0,)=2— 


(c) Torque equations: 


ria eK e-0) (0-0) 21, 
t 


dt’ 


(d) Torque equations: 


Tr) =J, + (6, -0,)+K, (0, -9,) K,(6, -6,)=J, sil K, (6, -6,)=J, se 
t t t 
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(e) Torque equations: 


dO K 


K 
m 1 fA) (4) 2 fA) 0, T 
dt” 7 ) a aes a J, dt dt J," J, dt 


2-14. Write the torque equations of the gear-train system shown in Fig. 2P-14. The 
moments of inertia of gears are lumped as Ji, J2, and J3. Tin(t) is the applied torque; 
M1, N2, N3, and N4 are the number of gear teeth. Assume rigid shafts 


(a) Assume that Ji, J2, and J3 are negligible. Write the torque equations of the 
system. Find the total inertia the motor sees. 


(b) Repeat part (a) with the moments of inertia J1, J2, and J3. 


Figure 2P-14 


(a) 
T (th=J a¢, T T = T. T. as T. T.=J dé, fb 6 1@ 
= + =—— =—— = = 5 = 
m m 2 1 1 N, 2 3 N, 4 4 Ey dt 2 3 2 N, 1 
NN, N, N,. d0@, d’o NN, NN, do 
a 1 T, = —-h, a — TJ, 2 ie J, 2 + i, ~ J, + : L 2 
NN, N, N, dt dt’ LN, LN, dt 
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do. 0, d’0, N, N, 
Ca, Late CSS 
dt dt’ N, N, 
NN, do, N, do, N, d’0, 
6,=—6 0, = 0, 2 —=T=J, +—(J,+J,) 
N, N,N, dt’ ON, ; 
0 = N{ dO, N, dO, N NN, do, 
T, (t) = m —= J 2 (J, J, 2 = J, + = J, (J, a9 J, a 
2 dt 4 2 as 


2-15. Fig. 4P-15 shows a motor-load system coupled through a gear train with gear 


n=N,/N, 


ratio . The motor torque is T;,(t), and T,(t) represents a load torque. 


_ 72 2 
(a) Find the optimum gear ratio n* such that the load acceleration “1 = dO,/dt 


is maximized. 


(b) Repeat part (a) when the load torque is zero. 


Figure 2P-15 


(a) 
T je T T,=J Le (a Mur T. 0N =@0,.N 
— im + — + =— =n — 
m m 2 1 2 L 2 L 1 2 2. m 1 £2 
dt dt N 
d’0 0, Zi nT —n'T, 
T=J,—, tM, =—+nT, =| “+nJ, \a, +nT, Thus, a, = ——— 
dt dt n J, tnd, 
Ca, ; ‘ 
=0. (T,-2n7,)(J, +n'J,)-2nJ, (nT, -n°J,) =0 
Set on Or, 
n+ m Lyne m —() 
JT, J, 
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. Wate ty lI +47 J ir 
Optimal gear ratio: cir i, a, where the + sign has 


been chosen. 


(b) When a . the optimal gear ratio is 


= JJ ,/4, 


2-16. Fig. 2P-16 shows the simplified diagram of the printwheel control system of a 
word processor. The printwheel is controlled by a dc motor through belts and 
pulleys. Assume that the belts are rigid. The following parameters and variables are 


: ' 0 (t ; : 
defined: 7;,(t) is the motor torque; mn ( ) the motor displacement; y(t), the linear 
displacement of the printwheel; Jin, the motor inertia; Bm, the motor viscous-friction 
coefficient; r, the pulley radius; M, the mass of the printwheel. 


Write the differential equation of the system. 


Printwheel 


Pulley 
g 


m 


Motor 
Ing B 


mm 


Figure 2P-16 


Torque equation about the motor shaft: Relation between linear and 
rotational displacements: 
do 5a 0 dO 
T, = Jin z + Mr 7 7 m ™ =roa 
dt dt dt yar? , 


2-17. Fig. 2P-17 shows the diagram of a printwheel system with belts and pulleys. 
The belts are modeled as linear springs with spring constants K; and K2. 


Write the differential equations of the system using on and y as the dependent 
variables. 
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Tn T> T) T, 
An -——p> V 
Motor 

Jn) By, =0 


mpm 


Figure 2P-17 


2 


1-1, ee(T-7) T= K,(10,-10,)=K,(08,-9) T= K, (9-18, 
: 


2 2 


Thus, T =J, oon r(K, +K,)(70, -y) 
dt” 


d’y 
M os =(K,+K,)(r@,-y) 


2-18. Classically, the quarter-car model is used in the study of vehicle suspension 
systems and the resulting dynamic response due to various road inputs. Typically, 
the inertia, stiffness, and damping characteristics of the system as illustrated in Fig. 
2P-18(a) are modeled in a two degree of freedom (2-DOF) system, as shown in (b). 
Although a 2-DOF system is a more accurate model, it is sufficient for the 
following analysis to assume a 1-DOF model, as shown in (c). 


Find the equations of motion for absolute motion x and the relative motion (bounce) 
Z=X-y. 


| x 
m 


(a) (b) (c) 


Figure 2P-18 Quarter-car model realization. (a) Quarter car. (b) Two degrees of 
freedom. (c) One degree of freedom. 


Assuming motion is upward, such that x>y, the equation of motion of the system is 
defined as follows: 


c( X(t) — y(t) +k (x1) — y(t) = mx(1) 
or 
mX(t) + cx(t) + kx(t) = cy(t) + ky(t) 


which can be simplified by substituting the relation z(t) = x(t)-y(t) and non- 
dimensionalizing the coefficients to the form 


2(t) + 260, z(t) + @,° z(t) =-H(1) 


2-19. The schematic diagram of a motor-load system is shown in Fig. 4P-19. The 
following parameters and variables are defined: Ti,(t) is the motor torque; Om (1), 


. Ot : O, (t Gt 
the motor velocity; ” ( ) the motor displacement; * ( ) , the load velocity; ~* ( ) 
the load displacement; K, the torsional spring constant; Jin, the motor inertia; Bm, the 
motor viscous-friction coefficient; and Bz, the load viscous-friction coefficient. 


Write the torque equations of the system. 


6,,(t) K 6,(t) 
MOTOR } LOAD 
Flexible 
Ys T,,(0) shaft @,(t) J, 
Q(t) By 
Figure 2P-19 
Torque equations: 
do, do, d’0, do, 
T(t) = J, 5 B. +K (A, = 0,) K (A, 0,) ~ J, ah B, 
dt” dt dt” dt 


2-20 This problem deals with the attitude control of a guided missile. When 
traveling through the atmosphere, a missile encounters aerodynamic forces that tend 
to cause instability in the attitude of the missile. The basic concern from the flight- 
control standpoint is the lateral force of the air, which tends to rotate the missile 
about its center of gravity. If the missile centerline is not aligned with the direction 


in which the center of gravity C is traveling, as shown in Fig. 2P-20, with angle 0, 
which is also called the angle of attack, a side force is produced by the drag of the 


air through which the missile travels. The total force Fa may be considered to be 
applied at the center of pressure P. As shown in Fig. 4P-20, this side force has a 
tendency to cause the missile to tumble end over end, especially if the point P is in 
front of the center of gravity C. Let the angular acceleration of the missile about the 


ap 


point C, due to the side force, be denoted by . Normally, “F is directly 


proportional to the angle of attack @ and is given by 
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Figure 2P-20 


where Kr is a constant that depends on such parameters as dynamic pressure, 
velocity of the missile, air density, and so on, and 


J = missile moment of inertia about C 
d, = distance between C and P 


The main objective of the flight-control system is to provide the stabilizing action to 
counter the effect of the side force. One of the standard control means is to use gas 
injection at the tail of the missile to deflect the direction of the rocket engine thrust 
T;, as shown in the figure. 


(a) Write a torque differential equation to relate among 7;, 6 ; 0 and the system 
parameters given. Assume that O is very small, so that sin 5(?) is approximated by 
6(7) 

(b) Repeat parts (a) with points C and P interchanged. The d in the expression of 
@r should be changed to do. 


(a) Torque equation: (About the center of gravity C) 
2 


do 
J—; =T,d, sind + Fd, Fd,=J a,=K,d0 sind =6 
dt s a a 
dO dO 
i—,=1d,0+K,a¢@ J—,-K,4,0=T 4,6 
Thus, <a dt : 


(b) With C and P interchanged, the torque equation about C is: 


do do 
ee a ore T (d,+d,)5+K,d,0 = J — 
; 2 


dt 


2-21. Fig. 2P-21(a) shows a well-known “broom-balancing” system in control 
systems. The objective of the control system is to maintain the broom in the upright 
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position by means of the force u(t) applied to the car as shown. In practical 
applications, the system is analogous to a one-dimensional control problem of the 
balancing of a unicycle or a missile immediately after launching. The free-body 
diagram of the system is shown in Fig. 2P-21(b), where 


Figure 2P-21 


e f= force at broom base in horizontal direction 
e fy = force at broom base in vertical direction 

e M,=mass of broom 

e g-=gravitational acceleration 

e M.=mass of car 


e J» =moment of inertia of broom about center of gravity CaM i 


(a) Write the force equations in the x and the y directions at the pivot point of the 
broom. Write the torque equation about the center of gravity CG of the broom. 
Write the force equation of the car in the horizontal direction. 


(b) Compare your results with those in Problem 2-9. 


(a) Force and torque equations: 


d*(Lcos@ 
Broom: vertical direction: f,-M,g=M, ee 
t 
d*|x(t)+Lsin @ 
horizontal direction: f, =M, Ug ORE 
dt 
; d*0 : 

rotation about CG: J, ae f,Lsin@— f,Lcosé 

: 
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d’ x(t) M,L 


Car: horizontal direction: u(t)=f,+M, 54, = 
dt : 
d*|x(t)+ Lsin@ A 
yy LOLI yy 
dt dt 
‘ ‘ d*|x(t)+Lsin@ 
J; ea, CO 02M, PUSS sr yncg 
dt dt dt 
Then after simplifications we get: 
2 2 2 
(M,+M.) FO = u(t) +M,Lsin6{ <2 -~M_Leos9 £2 
dt dt dt 
d’0 d*x(t) 


Ce +M_L’)— =M.gLsinO-M Loos — 


friction = Bx(t) can be added to the first equation as in problem 2-9. 


(b) The two problems are similar except for the added inertia J, in this case. In 
problem 2-9, particle mass and a massless rod were assumed. 


2-22. Most machines and devices have rotating parts. Even a small irregularity in 
the mass distribution of rotating components can cause vibration, which is called 
rotating unbalanced. Fig. 2P-22 represents the schematic of a rotating unbalanced 
mass of m. Assume that the frequency of rotation of the machine is ®. 


Derive the equations of motion of the system. 
Guide 


——_ 
3 


Friction 
Free 


Figure 2P-22 


Define as the angle between mass m and the horizontal axis (positive in c..c.w. 
direction). Use Newton’s second law: 
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m+, )= HF, 
(M —m)jj = F,, — By — Ky 
},, =—ew’ sin ot 


=> 


My + By + Ky = mea’ sin ot 


Where ™ is the Mass of the overall block system. M-m is the mass of the block 
alone. 


2-23. Vibration absorbers are used to protect machines that work at the constant 
speed from steady-state harmonic disturbance. Fig. 2P-23 shows a simple vibration 
absorber. 


(0 


Figure 2P-23 


Assuming the harmonic force F(®) . Asin( ot) is the disturbance applied to the 
mass M, derive the equations of motion of the system. 

summation of vertical forces gives: 

My = f (t) Ky k(y x) Ky 


mi =k(y-x) 


My+(2K+k)y-kx= f(t) 

mx —ky +kx =0 

Where f(t) = Asin(at) 

2-24. Fig. 2P-24 represents a vibration absorption system. 


Assuming the harmonic force F(t) ~ Asin( ot) is the disturbance applied to the 


mass M, derive the equations of motion of the system. 


ft x(t) 
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3 b _ 
F(t) — yr) 


Figure 2P-24 


Assume motion is such that both springs are in tension. Summation of vertical 
forces gives: 


My +(B+b)y—bi+(K+k)y-kx=F 
mx —by +b —ky —kx =0 


Where F (t)= Asin(at) 


2-25. An accelerometer is a transducer as shown in Fig. 2P-25. 


Find the dynamic equation of motion. 


Figure 2P-25 
The equation of motion is: 


Mi +B(x—y)+K(x-y)=0 


Considering z=x-—y gives: 


Mz + Bi+Kz=—My 


PROBLEMS FOR SECTION 2-2 
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2-26. Consider the electrical circuits shown in Figs. 4P-26(a) and (b). 


(a) 

r L; Ly R 
O—-W— 09> “OOO VWV—O 
foe TL le 
Vig i(t) I C ils Vout 
° rod 


Figure 2P-26 
(a) For each circuit find the dynamic equations. 


According to the circuit: 


Vin —Yy d out vy 
Cc =0 
aR’ “de2*~ oR 
Cd vp, Cd 
5 ap Pin 2) — BH + 5G Cour — %2) = 0 
Cd Py — Pour 
a ees _ = 0 
2 dt (v, Pour) + 2R 


Measuring Vout requires a load resistor, which means: 


Then we have: 
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d = 
‘oa = Feq — ez 
d Pez 
c. i 
i i 2 R+ R, 
When 
R, 


If RL>>R, then Pour = Vex 


2-27. In a strain gauge circuit, the electrical resistance in one or more of the 
branches of the bridge circuit, shown in Fig. 2P-27, varies with the strain of the 
surface to which it is rigidly attached to. The change in resistance results in a 
differential voltage that is related to the strain. The bridge is composed of two 
voltage dividers, so the differential voltage Ae can be expressed as the difference in 
e; and eo. 


(a) Find Ae. 


Figure 2P-27 


(b) If the resistance R2 is has a fixed value of Ro’, plus a small increment in 
resistance, OR, then R>= R>+OR. For equal resistance values (Ri = R3 = 
R4 = R2 = R), rewrite the bridge equation (i.e. for Ae). 


(a) Ae = e;- e2 
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Mow Ro sR a 
RitR2 R3t+R,4 
(b) If all four resistors are equal (Ri = R3 = R4 = Ro = R), then the bridge equation 
reduces to 


Ae= ais e 
2R 


The equivalent resistance from e* to ground can be calculated by considering 
two sets of series resistors operated in parallel: 
= (Rit R2)(R3+ Ra) 

(Ri+ R2)+(R3+ Ra) 


eq 


If all of the resistors are equal (with value R), then the equivalent resistance is 
simply R. 


2-28. Fig. 2P-28 shows a circuit made up of two RC circuits. Find the dynamic 
equations of the system. 


Figure 2P-28 


Individual currents are: 


ici=C é; with e,(0) 


. _ €17 @2 
TR2— 
2 
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ia=C2é, ~withe,(0) 

The node equations are 

iri= ici +ir2 

tro= 1c 

Substitute the current equations into the node equations and rearrange we get: 
RiC,é:+(1+ Ri/ R2) e;=(Ri/ R2) e2 + eo 

R2C2é2 + e2= e1 


Since we are interested in e2 as a function of eo, we can substitute the second 
equation for e; into the first and rearrange to obtain 


RiC)R2C2é2 + (RiC) + RiC2+ R2C2 )éo+ €2=€0 


2-29. For the Parallel RLC Circuit, shown in Fig. 2P-29, find the dynamic equations 
of the system. 


Figure 2P-29 


Individual currents are: 


. _ €0° @] 
(Re 
R 


n= Sadt with i,(0) 
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ic=Cé, with e,(0) 

The node equation is 

ir=ILtic 

Substituting the component equations into the node equation and rearranging yields 


the classical differential equation for the voltage e; as a function of eo: 


L L 
LCE, += eit e1= & Deo 


PROBLEMS FOR SECTION 2-3 


2-30. Hot Oil forging in quenching vat with its cross-sectional view is shown in Fig. 
2P-30. 


Insulator —_ ] 


Figure 2P-30 


The radii shown in Fig. are ri, 72, and r3 from inside to outside. The heat is 
transferred to the atmosphere from the sides and bottom of the vat and also the 
surface of the oil with a convective heat coefficient of ko. Assuming: 


k, = The thermal conductivity of the vat 

k; = The thermal conductivity of the insulator 
Co = The specific heat of the oil 

do = The density of the oil 

c = The specific heat of the forging 

m= Mass of the forging 

A = The surface area of the forging 

h = The thickness of the bottom of the vat 


T, = The ambient temperature 


Determine the system model when the temperature of the oil is desired. 
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Due to insulation, there is no heat flow through the walls. The heat flow through the 
sides is: 


_ 2nk, H 


(.-7,) @) 
mn(2) 


_2nKH 
“aye @ 


Where T; and T2 are the temperature at the surface of each cylinder. 


As 41.2 ~ 42.2, then from equation (1) and (2), we obtain: 


G@2t+T, (3) 
The conduction or convection at: 


the surface of the oil: q,=C,(nr7)(T,—T,) (4) 
the face of forgoing: q;= C,,A(T, — T;) (5) 


K, 
the bottomatthe vat: q,= 5 on 17,-T,) © 


The thermal capacitance dynamics gives: 


a 
mC, Om tt = Fs — 912 — Wy— Fo (7) 


d 
mC =; = —; (8) 


Where ™o — ary Hd, 
According to the equation (7) and (8), T; and Ty are state variables. 


Substituting equation (3), (4), (5) and (6) into equation (7) and (8) gives the 
model of the system. 


2-31. A power supply within an enclosure is shown in Fig. 2P-31. Because the 
power supply generates lots of heat, a heat sink is usually attached to dissipate the 
generated heat. Assuming the rate of heat generation within the power supply is 
known and constant, Q, the heat transfers from the power supply to the enclosure by 
radiation and conduction, the frame is an ideal insulator, and the heat sink 
temperature is constant and equal to the atmospheric temperature, determine the 
model of the system that can give the temperature of the power supply during its 
operation. Assign any needed parameters. 
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Enclosure 


Heat sink Heat sink 


Frame Frame 


Figure 2P-31 


As heat transfer from power supply to enclosure by radiation and conduction, 
then: 


da 
ci —¢,-a.—9,. () 


P dt Pp 

a | oe | 
SS 
eA, ae a =) - oes atk, 
K,A, r.—T, 
w=(Z)@-W=B 


Also the enclosure loses heat to the air through its top. So: 


d 
Con ay = 4, + Q-— Fe — CA, ~~ T,) (4) 
Where 
xr) T, —T, 
= T, —T,)= 5 
a= (F2)@-W=E* ©) 


And C; is the convective heat transfer coefficient and At is the surface 
area of the enclosure. 


The changes if the temperature of heat sink is supposed to be zero, then: 


d 
Sars dt aa Gs — Ws — 0 


Therefore %< = %= where Y= = ©:4:(T; — T,), as a result: 


a =CA(T.-T,) (6 


= 

According to the equations (1) and (4), Tp and T- are state variables. The state 
model of the system is given by substituting equations (2), (3), and (6) into 
these equations give. 
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2-32. Fig. 2P-32 shows a heat exchanger system. 


Fluid a A 
Fluid ja a= B 


Figure 2P-32 


Assuming the simple material transport model represents the rate of heat energy 
gain for this system, then. 


(mc)\(T, =I) = gained 
where ™ represents the mass flow, 7; and 72 are the entering and leaving fluid 
temperature, and c shows the specific heat of fluid. 


If the length of the heat exchanger cylinder is L, derive a model to give the 
temperature of Fluid B leaving the heat exchanger. Assign any required parameters, 
such as radii, thermal conductivity coefficients, and the thickness. 


If the temperature of fluid B and A at the entrance and exit are supposed to be Tey 
and Tex, and Tan and Tax, respectively. Then: 
hs =MCz(Tsx —Tzy) (4) 

G4 = ™,C, (Tx —Tay) (2) 


The thermal fluid capacitance gives: 


d 


C, a 
2 aT 
d 

Ca op la =—q,+qg, (4) 


Tae — —Fp — Fea (3) 


From thermal conductivity: 


Tp. — T, 
a —.., — (5) 
1 _ Ge), 1 
CA; 2nKL  C,A, 
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Where Cj and C, are convective heat transfer coefficient of the inner and outer 
tube; Aj and A, are the surface of inner and outer tube; Ri and Ro are the radius of 
inner and outer tube. 


Substituting equations (1), (2), and (5) into equations (3) and (4) gives the 
state model of the system. 


2-33. Vibration can also be exhibited in fluid systems. Fig. 2P-33 shows a U tube 
manometer. 


y(t) J 


Figure 2P-33 


Assume the length of fluid is L, the weight density is “, and the cross-section area 
of the tube is A. 


(a) Write the state equation of the system. 
(b) Calculate the natural frequency of oscillation of the fluid. 


The total potential energy is: 


1 1 
U =— pAy* — (-5 way?) = pAy? 
2 2 
The total kinetic energy is: 
_ Alu 
ie 


Therefore: 


Aly , 
oe ee a 
g 


a2 


r y 


La = y? 
29 


As aresult: 


: 2g 
r= |—vy 
y 2? 
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So, the natural frequency of the system is calculated by: 

. & vy = y? 
Also, by assuming y(t) = Ysin(wt+ @) ana substituting into 2¥ yields 
the same result when calculated for maximum displacement. 


Note: the system at hand is similar to a spring mass system. 


2-34. A long pipeline connects a water reservoir to a hydraulic generator system as 
shown in Fig. 2P-34. 


Figure 2P-34 


At the end of the pipeline, there is a valve controlled by a speed controller. It may 
be closed quickly to stop the water flow if the generator loses its load. Determine 
the dynamic model for the level of the surge tank. Consider the turbine-generator is 
an energy converter. Assign any required parameters. 


If the height of the reservoir, the surge tank and the storage tank are assumed to be 
H, h and hz, then potential energy of reservoir and storage tank are: 


‘' = pgH 
P, = pghz 
For the pipeline we have: 
d 
Pi? = A(P,— Pz)+ pAg(z,— zz) —F, 
The surge tank dynamics can be written as: 
P, = pgh, 
d 
A, - h, = Q,_,(between pipe at point 2 and surge tank) 
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At the turbine generator, we have: 


(P.. — P.)Q2-» =< 


where I is a known input and Q>2., is the fluid flow transfer between point 2 
and valve. The behaviour of the valve in this system can be written as: 


1 
Q2_, = C,sgn(P, — P,)(|Pz — P,|)% 
1 
Q3-» a c,sgn( P, i P..)((P, — Prg [= 
Regarding Newton’s Law: 
{ P,= P, 
Q = Q2-» T Q3-5 


According to above equations, it is concluded that Q and hj are state variables 
of the system. 


The state equations can be rewritten by substituting P2, Py, Ps and Q2-, from 
other equations. 


2-35. A simplified oil well system is shown in Fig. 2P-35. In this figure, the drive 
machinery is replaced by the input torque, Tin(t). Assuming the pressure in the 
surrounding rock is fixed at P and the walking beam moves through small angles, 
determine a model for this system during the upstroke of the pumping rod. 


40 


Walking Beam 


Flexible Rod 


we 


No friction 


Sucker rod 


ae 


Internal radius = R 


Figure 2P-35 


If the beam rotate around small angle of a (cosa = 1) then 


d 
15,0 =Tm Mgd— FL 
AE(La—y) 
H—-y 


F= 


41 


where A and E are cross sectional area and elasticity of the cable; H is the 
distance between point O and the bottom of well, and y is the displacement. 


On the other hand, Newton’s Law gives: 
d 
a has = PA, + F — PA, — Bo, —myg 
F PA 


mg PA 


oO 


where B is the viscous friction coefficient, Aw is the cross sectional area of the 
well; P; and P2 are pressures above and below the mass m. 


The dynamic for the well can be written as two pipes separating by mass m: 


PA. 


PA, PA, 

a) b) 
dQ A, af >) ft 
az (7, — P,)+ — (o— y) y 
<0: “- (P, _p)+ 8 4 (o-y)- 


dt pl#—D—yl 


Where D is the distance between point O and a P; is the pressure at the 
surface and known. If the diameter of the well is assumed to be r, the Fr for the 
laminar flow is 
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uyQ 


a o 
Therefore: 
dQ A, uQ 
—= P,—P,)-— —32—_ 
dt aa 1 1) Aye pr? 
dQ, = A,, HQ, 


= —__*___(p —P)—A_g—32—= 
dt p[H— D —y] ¢ a a wi pr? 


The state variables of the system are a, v, y, Q, Q7. 


2-36. Fig. 2P-36 shows a two-tank liquid-level system. Assume that Q; and Q2 are 
the steady-state inflow rates, and H7 and H2 are steady-state heads. If the other 
quantities shown in Fig. 2P-36 are supposed to be small, derive the state-space 
model of the system when /; and h2 are outputs of the system and qi; and qi2 are the 
inputs. 


Org 11 Or+G)2 


——> O1+42+40 


Oi+01 


Figure 2P-36 


If the capacitances of the tanks are assumed to be C; and C2 respectively, then 


dh 
Sr = (4, —@1) 


hy 
oa = (q, + 42 — G0) 


hy—hy 
q4 = R, 
q — hy 
oe R, 
Therefore: 


dh, 1 & hy ha) 


dt CG R, 
dhy_ 1 (habe, _ Ie) 
dt C.\ R 42 BR 
z 1 2 

Asa result: 
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oe ~ RyRy | I 


See Chapter 3 for more information on state space variables. 
PROBLEMS FOR SECTION 2-4 


2-37. Fig. 2P-37 shows a typical grain scale. 
Assign any required parameters. 
(a) Find the free-body diagram. 


(b) Derive a model for the grain scale that determines the waiting time for the 
reading of the weight of grain after placing on the scale platform. 


(c) Develop an analogous electrical circuit for this system. 


Figure 2P-37 
a) 
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a) The equation of the translational motion is: 


MN poner, (i) 
dt 

F, = Ky 

dy _ 

dt 

Ff, =—Bv 


The equation of rotational motion (by taking a moment about the center of m is: 


do _ 


—=F,r 
dt : 
do 
—_=@Q@ 
dt 


where J =m 


Also, the relation between rotational and translational motion defines: 
v=rao 
y=r0 
Therefore, substituting above expression into the first equation gives: 
m 
| Mg — Ky—Bv 
: c +m \ aoe ) 


The resulted state space equations are: 
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b) According to generalized elements: 


1) Viscous friction can be replaced by a resistor where R = B 


2) Spring can be replaced by a capacitor where C= ~ 


3) Mass M and m can be replaced by two inductors where L,=M 
and L,=m. Then the angular velocity is measured as a voltage of the 
inductor L2 


4) The gear will be replaced by a transformer with the ratio of N = Z 
r 


5) The term Mg is also replaced by an input voltage of V, = Mg 


2-38. Develop an analogous electrical circuit for the mechanical system shown in 
Figure 2P-38. 


Figure 2P-38 


As the base is not moving then the model can be reduced to: 
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Therefore: 
1) As mo =F , they can be replaced by a inductor with L= m 
t 
2) Friction B can be replaced by a resistor where R = B 


3) Spring can be replaced by a capacitor where C = - 
I; = 


4) The force F is replaced by a current source where F 


2-39. Develop an analogous electrical circuit for the fluid hydraulic system shown 
in Fig. 2P-39. 


r 


h 


F 
| « P > « <« Py 


Figure 2P-39 
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PROBLEMS FOR SECTION 2-5 


See Chapter 3 for more linearization problems 
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CHAPTER 3 


SOLUTION OF _ DIFFERENTIAL 
EQUATIONS OF DYNAMIC 
SYSTEMS 


Problems 


Problems for Section 3-2 


3-1. Find the poles and zeros of the following functions (including the ones at 
infinity, if any). Mark the finite poles with x and the finite zeros with o in the s- 
plane. 
10(s+2 
o()- eo) 
Ss (s+1)(s+10) 


(a) 
10s(s +1) 
(s+2)(s° +3s+2) 


G(s)= 
(b) 
10(s+2) 
s(s° +2s+2) 


G(s)= 
(c) 


G(s) . 


~ 10s(s-+1)(s+2) 


(d) 


(a) Poles: s = 0, 0, -1, —10; (b) Poles: s =—2, —2; 


Zeros: § =—2, 0, 00, 0. Zeros: s=0. 


The pole and zero at s = —1 cancel each other. 


(c) Poles: s=0,-1 + j, -1 —-]J; (d) Poles: s =0, —1, —2, o. 


Zeros: §=-2. 


3-2. 


Poles and zeros of a function are given; find the function: 


(a) Simple poles: 0, —2; poles of order 2: —3; zeros: —I,% 
(b) Simple poles: —1, —4; zeros: 0 
(c) Simple poles: —3, 0; poles of order 2: 0,—1; zeros: +7, 
= (s+1) 

(a) G(s) = s(st+2)(s+3) 

s2 
(b) G(s) = (s+1)(s+4) 

s?-1 
(c) G(s) = s2(s+3)(st+1)2 
3-3. Use MATLAB to find the poles and zeros of the functions in Problem 2-1. 


MATLAB code: 
clear all; 
s = tf('s') 


‘Generated transfer function:' 
Ga=10*(s+2)/(s*2*(s+1)*(s+10)) 
'Poles:' 

pole(Ga) 

'Zeros:' 

zero(Ga) 


‘Generated transfer function:' 
Gb=10*s*(s+1)/((st2)*(s*2+3*s+2)) 
'Poles:'; 

pole(Gb) 

'Zeros:' 

zero(Gb) 


‘Generated transfer function:' 
Gc=10*(s+2)/(s*(s42+2*s+2)) 
'Poles:'; 

pole(Gc) 

'Zeros:' 

zero(Gc) 


‘Generated transfer function:' 


3-4. 


know 


Gd=pade(exp(-2*s), 1)/(10*s*(s+1)*(s+2)) 
'Poles:'; 

pole(Gd) 

'Zeros:' 

zero(Gd) 


Poles and zeros of the above functions: 


(a) 


Poles: O O -10 -l 
Zeros: -2 


(b) 


Poles: -2.0000 -2.0000 -1.0000 

Zeros: O -l 

(c) 

Poles: O  -1.0000 + 1.0000 -1.0000 - 1.00001 
Zeros: -2 


Generated transfer function: 

(d) 

Using first order Pade approximation for exponential term: 
Poles: 0  -2.0000 -1.0000 + 0.0000 -1.0000 - 0.00001 
Zeros: 1 


isin’ 24} Then, calculate £{cos? 24} when you 


{cos” 2r} 


Use MATLAB to obtain “ 


£{sin? 2r\ 


. Verify your answer by calculating = in MATLAB. 


MATLAB code: 
clear all; 

syms t 

s=tf('s') 


f1 = (sin(2*t))42 
L1=laplace(f1) 


% f2 = (cos(2*t))*2 = 1-(sin(2*t))*2 ===> L(f2)=1/s-L(f1) ===> 
L2= 1/s - 8/s/(s42+16) 


f3 = (cos(2*t))*2 
L3=laplace(f3) 
‘verified as L2 equals L3' 


MATLAB solution for 
2 
L {sin? 2t} is : oe 


Ss 
Calculating L {cos? 2t} based on L {sin? 2t} 


(3+8s) 
L{cos? 2t} = s(s#+16s? 


Verifying L{cos? 2t} : se) 


3-5. Find the Laplace transforms of the following functions. Use the theorems 
on Laplace transforms, if applicable. 


(a) g(t)= Ste 'u, .(t) 


(b) g(t) =(tsin2r+e~)u, (t) 

es g(t) =2e™ sin 2tu, (t) 

(d) g(t) =sin 2tcos 2tu, (t) 

“ O22 w(t KT) where (1) = unit-impulse function 
Solution: 


0, 0 
Note: u, (t) = (i 


By Laplace transform definition: 


ee) 


L {8 (t)u (r)} = [a (t)e “dt 


(a) (b) (c) 
5 1 
GS) = ee (Oat ea GS) = Gas 
g(t) =(sin 2tcos 2r)u, (t)= ae u, (t) 


2 


1 
1— e-T(st5) 


(2) G(s) = LfgekTOr) = 


Note: Section (e) requires assignment of T and a numerical loop calculation 


3-6. Use MATLAB to solve Problem 3-5. 


MATLAB code: 
clear all; 
syms tu 


fl = 5*t*exp(-5*t) 
L1=laplace(f1) 


f2 = t*sin(2*t)+exp(-2*t) 
L2=laplace(f2) 


f3 = 2*exp(-2*t)*sin(2*t) 
L3=laplace(f3) 


f4 = sin(2*t)*cos(2*t) 
L4=laplace(f4) 


f4 = cos(2 t) sin(2 t) 


Bes eet 


s +16 
Section (e) requires assignment of T and a numerical loop calculation 


(a) g(t) = 5te~*'u, (t) 


5 
Answer: —— 
(st+5)? 


(b) g(t) = (tsin2t + e~**)u,(t) 


s 1 
Answer: 4p? Lares 


) 


(c) g(t) = 2e7*'sin2t u,(t) 


4 
Answer: (s2+4)(5+8) 


(d) g(t) = sin 2t cos 2t u,(t) 


2 
Answer: (nie) 
g(t)= Py ae O(t -—kT) 
(e) k=0 where (ft) = unit-impulse function 


Section (e) requires assignment of T and a numerical loop calculation 


3-7. Find the Laplace transforms of the functions shown in Fig. 3P-7. First, 
write a complete expression for g(t), and then take the Laplace transform. Let 
gT(t) be the description of the function over the basic period and then delay g7() 
appropriately to get g(t). Take the Laplace transform of g(f) to get the following: 


g(t) 


Figure 3P-7 


(a) 
g(t) =u, (t) — 2u, (t —1) + 2u, (t — 2) — 2u, (t-3) ++ 


! = = = jae" 
G(s) = —(1- 26% +20 -2e +») = 


s s(ite”) 


87 (t) =u, (t) — 2u,(t-1) +u,(t - 2) O<t<2 


Gy (s) = a. +e") - aie"). 
7 S 


gt)= > g,(t—2k)u, (t- 2k) Gisy= yds ye aad IE 


any 
k=0 x-0 5 s(l+e °) 


(b) 


g(t) = 2tu,(t) —4(t—0.5)u, ¢-0.5) + 4(t Du, (t-1) —4(t -1.5)u, (t-1.5) ++ 


2 Hee Ae pes 2 (ee 
G(s) =F (1-2¢ OPE ee +) 


8,(t) = 2tu (t)—A(t —OS)u (t —0.5)+2(t- Du (t —]) O<r<l 


Hee (iz 20 46°) = e (1-6) 
, S 


20 ais 0.55 
g(t)= > gp(t-ku, (t-k) G(s) = ee ( = ey -ks ( e ) 
k=0 


2 “05 
os 5 (I+e i) 


3-8. Find the Laplace transform of the following function. 


t+l O<tr<l 


(t)= 1<t<2 
: Sg Ope 3. 
0 t>3 


Solution: 82) = + D4, (O- @- Du, ¢- D - 2u,(t- 1) (¢-2)u,(t- 2) + ¢-3)u, (t- 3) +, (¢-3) 


g(t) 


ow) = (1-6 a A ee +e) 
. 5 


3-9. Find the Laplace transform of the periodic function in Fig. 3P-9. 
f(t) 


Figure 3P-9 


cror= [ " f(De-Stdt = ih 


_fs Ts 
1-e 2 e 8 -e 2 1 7512 
= 4 = 1-2 2 
Ss S Ss 


T 
edt + f, (-—1)e"“‘dt 
Zz 


3-10. Find the Laplace transform of the function in Fig. 3P-10. 


f(t) 


Figure 3P-10 


LEf(O} = | " (te-stdt = | * e-Stdt + a "(-De-*at 


Ts Ts 
l-e 2 ee S—e Zz 1 Ts]2 
= (a E He | 


Ss Ss 


3-11. The following differential equations represent linear time-invariant 
systems, where r(f) denotes the input and y(t) the output. Find the transfer function 
Y(s)/R(s) for each of the systems. (Assume zero initial conditions.) 


P10) 22H, 590 gy) =38, (9 


(a) dt’ dt st 
d‘y(t d’y(t) dy(t 
(b) 2A s0 a, 10). 5y(0)=54(0) 
3 
g (4) 194 WD 29), yyeaf’ (z)dt a (5 (t) 
(c) dt dt dt dt 
2 
go NY) pO) ons ox) eor(et) 
(d) dt dt 
2 
é et) Ot); (¢+1)= ( ds on(t)+2f r(c)dt 
(e) 
d°y(t) d° y(t) dy(t) r(t- ) 
2 2 2 dt= 2r(t-2 
- P + 7 + - +2y(t)+ ic) T a +2r(t-2) 
Solution: 
(a) (b) 
Y(s) = 3s4+1 Y(s) 7 5 
R(s) +25? +55+6 R(s) s*4+10s? +545 
(c) (d) 
Y(s) _ s(s +2) Y(s) _ 1+2e° 
R(s) s* 4108? +28? +542 R(s) 2s? +545 


e) = x(t) = y(t +1) 


d°x(t) _ , dx(t) _dr(t) ' 
td tea +2r(t)+2[ r(c)de 


By using Laplace transform, we have: 


R(s) 


s*X(s) + 4sX(s) + 5X(s) = sR(s) + 2R(s) + a 


As X(s) = e SY(s), then 


(s?+ 4s + t)eSY(s) = RR (05 
Then: 
Y(s) = (s+1) e 
R(s) 7 s(s° +4s+s) 
f) By using Laplace transform we have: 


2 
(s° + 2s7+s+2+ =) Y(s) = se~SR(s) + 2e75R(s) 
As a result: 


Y(s)_ ss s(s +2)e™ 
R(s) s*+2s° +5? +2542 


3-12. Use MATLAB to find Y(s)/R(s) for the differential equations in Problem 2- 
29. 


After taking the Laplace transform, the equation was solved in terms of Y(s), and consecutively 
was divided by input R(s) to obtain Y(s)/R(s): 


MATLAB code: 


clear all; 

syms Ys Rs s 
soll=solve('s*3*Ys+2*s*2*Ys+5*s*Ys+6*Ys=3*s*RstRs','Ys') 
Ys_Rsl=soll/Rs 

sol2=solve ('s*4*Ys4+10*s*2*Yst+s*Y¥st5*Ys=5*Rs', 'Ys') 
Ys_Rs2=sol2/Rs 
sol3=solve('s*3*Yst+10*s*2*Ys+2*s*Yst+2*Ys/s=s*Rst2*Rs','Ys") 


Ys_ Rs3=sol3/Rs 


sol4=solve ('2*s*2*Ys+s*Ys+5*Ys=2*Rs*exp(-1*s)','Ys') 
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Ys_Rs4=sol4/Rs 


SNote: Parts E&F are too complicated with MATLAB, Laplace of integral 


is not executable in MATLAB..... skipped 
MATLAB Answers: 

Part (a): Y(s)/R(s)= (3*s+1)/(5*s+6+5%3+2*s42); 
Part (b): Y(s)/R(s)= 5/(10*s42+s+5+s44) 

Part (c): Y(s)/R(s)= (st2)*s/(2*542+2+5%4+10*s‘3) 
Part (d): Y(s)/R(s)= 2* exp(-s)/(2*s*2+s+5) 


SNote: Parts E&F are too complicated with MATLAB, Laplace of integral 
is not executable in MATLAB..... skipped 


Problems for Section 3-3 


3-13. Find the inverse Laplace transforms of the following functions. First, 
perform partial-fraction expansion on G(s); then, use the Laplace transform table. 
1 
G(s) =—_—____~ 
(s) s(s+2)(s+3) 


(a) 
_-__10 
(b) (s+1) (s+3) 
100(s +2) 
G(s)“ 
(c) s(s +4)(s+1) 
2(s+1) 
G)=—, oi 
(d) s(s +s+2) 
1 
G(s)z—, 
(e) (s+1) 
2(s?+s+1) 
(f) AS)= C41 5)(s 45545) 
G(s) _ 2+2se" +4e” 
(g) ge Bet 
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a 2s+1 
(h) s°+6s° +11s+6 


35° +105? +8545 


(i) 544559 +757 +5546 
Solution: 
(a) 
1 1 1 ie “As ey" dr 2 
G(s)=—- + g(t)=--—e“+-e"% £20 
3s 2(s+2) 3(s+3) 3 2 3 
(b) 
2.5 5 2.5 -t —t —3t 
G(s) = + at g(t)=—25e +5te +2.5e t>0 
s+1 (s+l1) s+3 
(c) 


50. 20 30s +20 
G(s) -| = Je" g(t) = [50 -20e “” —30cos 2(r -1) —Ssin Ar -1) Ju, (t 1) 


1 s—l 1 1 Ss 
G(s) 7 =-+5 5 Taking the inverse Laplace transform, 
Ss gs +842 gs gs +s+2 gs +5+2 


—0.5t 
e 


g(t) =1+1.069e ° [sin 1.3237 + sin (1.3231 -69.3° )] =1 +e? (1.447 sin 1.3237 — cos 1.3237) 120 


t 


(e) g(t) =0.5t-e r>0 
(f) Try using MATLAB 


>> b=num*2 


>> denom1=[1 1] 


denom!1 = 


13 


1 1 
>> denom2=[1 5 5] 
denom2 = 
le > 25 
>> num*2 
ans = 
De oe 
>> denom=conv([{1 0],conv(denom1!,denom2)) 


denom = 


14 


i 
= +... 54 +k 
a S+ D, S+ Py S+ D,, 


In this case, p; and k are zero. Hence, 


0.4 0.9889 2.5889 2 
Gigy see ee ag eee 
s  s+3.6180 s+1.3820 s+1 


g(t) =0.4—0.9889e*"™ +1.3820¢ 7" — 2" 


ee ~— 
nD +1 


(g) G(s) = 


_ 2 2 2e7* 


S+1 S+2 S+1 


> L£{G(s)} = 2e*— 2e-2t + 2e-t- Dyt — 1) 


1 
a BG BS 
‘h) GS) = Gaane). sa aa” IG 
a ECO) = ie a sete 
3 2 
i) G(s) _ _389+10s7+8st5 od, 1 Ss 


~~ 5§344553475245s+6  st2  st3. S241 


> L£YG(s)}= e+ et 4+ cost 


3-14. Use MATLAB to find the inverse Laplace transforms of the functions in 
Problem 3-13. First, perform partial-fraction expansion on G(s); then, use the 
inverse Laplace transform. 


MATLAB code: 


clear all; 
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f£1=1/ (s* (st+2) * (s+3) ) 


Fl=ilaplace (f1) 


£2=10/ ((st1) *2* (s+3)) 


F2=ilaplace (f2) 


£3=10* (st+2)/ (s* (s*2+4) * (S+1) ) *exp (-s) 


F3=ilaplace (f3) 


£4=2%* (st+1)/(s* (s*%2+s+t2) ) 


F4=ilaplace (f4) 


£5=1/(st+1)%*3 


F5=ilaplace(f5) 


£6=2* (s*2+s+1)/(s* (st1.5) * (s*2+5*s+5) ) 


F6=ilaplace (f6) 


S=tt(*s") 


£7=(2+2*s*pade (exp (-1*s),1)+4*pade (exp (-2*s),1))/(s*%2+3*s+2) %Susing 
Pade command for exponential term 


[num,den]=tfdata(f7,'v') Sextracting the polynomial values 
syms s 


f7n= (-2*s%*3+6*st12) / (s*4+6*8%3413%*8*%2412%*st4) Sgenerating sumbolic 
function for ilaplace 


F7=ilaplace(f7n) 


£8=(2*st+1)/(s*3+6*s*2+11*st6) 


F8=ilaplace (f8) 
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£9=(3*8%34+10%8%2+8%*s+5) / (s*445*8%347*8%24+5%* 546) 


F9=ilaplace(f9) 


Solution from MATLAB for the Inverse Laplace transforms: 


Part (a): a 
s(s+2)(s+3) 


G(t)=-1/2*exp(-2*t)+1/3* exp(-3*t)+1/6 

To simplify: 

syms t 

digits(3) 

vpa(-1/2*exp(-2*t)+1/3* exp(-3*t)+1/6) 

ans =-.500*exp(-2.*t)+.333*exp(-3.*t)+.167 


10 


Part (b): G(s) =——,——_— 
(s+1)"(s+3) 


G(t)= 5/2* exp(-3*t)+5/2*exp(-t)*(-1+2*t) 


100(s+2)  _, 
——— TS 


Part (c): G(s)=—; 
s(s° +4)(s+1) 


G(t)=Step(t-1)*(-4*cos(t-1)42+2*sin(t-1)*cos(t-1)+4* exp(-1/2*t+1/2)*cosh(1/2*t-1/2)-4* exp(- 


t+1)-cos(2*t-2)-2*sin(2*t-2)+5) 


%s+1) 


Part (d): G(s) = — + 
s(s° +s+2) 
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G(t)= 14+1/7*exp(-1/2*t)*(-7*cos(1/2*7(1/2)*t)+3*74(1/2)*sin(1/2*74(1/2)*t)) 
To simplify: 

syms t 

digits(3) 
vpa(1+1/7*exp(-1/2*t)*(-7*cos(1/2*74(1/2)*t)+3*7\(1/2)*sin(1/2*74(1/2)*t))) 


ans = 1.+.143*exp(-.500*t)*(-7.*cos(1.32*t)+7.95*sin(1.32*t)) 


Part (e): G(s) = ap 


G(t)= 1/2*t42* exp(-t) 


2 
Part (f): Gis) ies ee 
S(s+15)(s° +55+5) 


G(t)=4/15+28/3* exp(-3/2*t)- 


16/5*exp(5/2*t)*(3*cosh(1/2*t*54(1/2))+5%(1/2)*sinh(1/2*t*54(1/2))) 


24+ Vee" phe + 


ree i amr e a 


G(t)= 2*exp(-2*t)*(7+8*t)+8* exp(-t)* (-2+t) 


25+] 
s°+6s° +1ls+6 


Part (h): G(s) = 


G(t)= -1/2* exp(-t)+3*exp(-2*t)-5/2*exp(-3*t) 


3s? +105? +8545 


Part (i): G(s) = 
) (s) gs +557 475° +5546 


G(t)= —_ -7*exp(-2*t)+10*exp(-3*t)- 
1/10*ilaplace(10‘(2*s)/(s*2+1)*s,s,t)+1/10*ilaplace(10“(2*s)/(s*2+1),s,t)+1/10*sin(t)*(10+dirac 
(t)*(-exp(-3*t)+2 *exp(-2*t))) 


3-15. Use MATLAB to find the partial-fraction expansion to the following 
functions. 


10(s+1) 
G = 
(a) (s) s°(s+4)(s+6) 
(s+1) 
G(s)= ; 
(b) s(s+2)(s +2s+2) 
5(s+2) 
G = 
es (s) s°(s+1)(s+5) 
5e°° 
G(s)= 2 
(d) (s+1)(s +s+1) 
G(s) 100(s* +s +3) 
s) =—_—-—_—_ 
(e) s(s? +5s+3) 
G(s)=—— 
(f) s(s* +1)(s+0.5)" 
Gi 2s? +57 +85+6 
(2) (s? +4)(s? +25 +2) 
(jz 25° +95 +155° +542 
(h) s?(s+2)(s+1) 
MATLAB code: 


clear all; 


s=tf('s') 


S$Part a 


[num, den]=tfdata(E 


[r,p] = residue(n 


[num, den]=tfdata(E 


[r,p] = residue(n 


$Part c 


[num, den]=tfdata(E 


[r,p] = residue(n 


SPart d 


Eq=10* (st1)/(s*2* (st+4) * (s+6)); 


Eq=(st+1)/(s* (st+2)* (s*2+2*s+2)); 


Eq=5* (s+2)/(s*2* (st1)*(s+5)); 


Eq=5* (pade (exp (-2*s),1))/(s*2+s+41); 


[num, den]=tfdata(Eq,'v'); 
[r,p] = residue (num, den) 
SPart e 


Eq=100* (s*2+s+3)/(s* (s*2+5%*s+3) ); 


[num, den]=tfdata(Eq,'v'); 
[r,p] = residue (num, den) 
SPart £f 


Eq=1/(s* (s*2+1)* (s+0.5)%2); 


[num, den]=tfdata(Eq,'v'); 
[r,p] = residue (num, den) 


SPade approximation oreder 1 used 


20 


SPart g 


Eq= (2*8%3+s*%2+8*s+6) / ((s*2+4) * (s*2+2*s+2) ); 


[num, den]=tfdata(Eq,'v'); 


[cr,p] = residue (num, den) 


S$Part h 


Eq= (2*S8*°4+9%*S8%3+15*8%2+8+2) / (S*2* (S+2) *(S+1)%2); 


[num, den]=tfdata(Eq,'v'); 


[r,p] = residue (num, den) 


The solutions are presented in the form of two vectors, r and p, where for each case, the partial 
fraction expansion is equal to: 


b(s r; r r 
Sees a ee a ae 


a(s) S—P, SP SP, 


Following are r and p vectors for each part: 


Part(a): 

r =0.6944 
-0.9375 
0.2431 


0.4167 


p =-6.0000 
-4,0000 
0 


0 
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Part(b): 

r =0.2500 
-0.2500 - 0.0000i 
-0.2500 + 0.0000i 


0.2500 


p =-2.0000 
-1,0000 + 1.0000i 


-1.0000 - 1.0000i 


Part(d): 
r =10.0000 
-5.0000 - 0.0000i 


-5.0000 + 0.0000i 
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p =-1.0000 
-0.5000 + 0.8660i 


-0.5000 - 0.8660i 


Part(e): 


r =110.9400 
-110.9400 


100.0000 


p =-4.3028 
-0.6972 


0 


Part(f): 


r =0.2400 + 0.3200 
0.2400 - 0.3200i 
-4.4800 
-1.6000 


4.0000 


p =-0.0000 + 1.0000i 
-0.0000 - 1.0000i 
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Part(g): 


r =-0.1000 + 0.0500i 
-0.1000 - 0.0500i 
1.1000 + 0.3000i 


1.1000 - 0.3000i 


p =0.0000 + 2.0000i 
0.0000 - 2.0000i 
-1.0000 + 1.0000i 


-1.0000 - 1.0000i 


Part(h): 


r =5.0000 
-1,0000 
9.0000 
-2,0000 
1.0000 

p =-2.0000 


-1.0000 
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-1.0000 


3-16. Use MATLAB to find the inverse Laplace transforms of the functions in 3- 
15. 


MATLAB code: 
clear all; 


syms s 


SPart a 


Eq=10* (st1)/(s*2* (s+4) * (s+6)); 


ilaplace (Eq) 


SPart b 


Eq=(st+1)/(s* (st+2) * (s*%2+2*s+2)); 


= 


ilaplace (Eq) 


SPart c 


Eq=5* (s+2)/(s*2* (st1)*(s+5)); 


ilaplace (Eq) 


SPart da 


xp_term=(-st+1l)/(s+1) %pade approcimation 


Eq=5*exp term/((st+1)*(s*2+st1)); 


ilaplace (Eq) 


SPart e 


Eq=100* (s*2+s+3) /(s* (s*2+5%*s+3) ); 
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ilaplace (Eq) 


SPart f 


Eq=1/(s* (s*2+1)*(s+0.5)%2); 


ilaplace (Eq) 


SPart g 


Eg= (2*s%3+s%2+8*st6) / ((s*2+4) * (s*2+2*st2)); 


= 


ilaplace (Eq) 


SPart h 


Eq= (2*8%4+9*8%3+15*S%2+84+2) /(S*°2* (St2)* (St1)%2); 


= 


ilaplace (Eq) 


MATLAB Answers: 


Part(a): 


G(t)= -15/16*exp(-4*t)+25/36*exp(-6*t)+35/144+5/12*t 


To simplify: 


syms t 


digits(3) 


vpa(-15/16*exp(-4*t)+25/36* exp(-6*t)+35/144+5/12*t) 


ans =-.938*exp(-4.*t)+.694* exp(-6.*t)+.243+.417*tPart(b): 
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G(t)= 1/4*exp(-2*t)+1/4-1/2*exp(-t)*cos(t) 


Part(c): 


G(t)= 5/4* exp(-t)-7/5+3/20* exp(-5*t)+2*t 


Part(d): 


G(t)= -5 *exp(-1/2*t)*(cos(1/2*34(1/2)*t)+34(1/2)*sin(1/2*34(1/2)*t))+5*(1+2*t)*exp(-t) 


Part(e): 


G(t)= 100-800/13*exp(-5/2*t)*134(1/2)*sinh(1/2*t*134(1/2)) 


Part(f): 


G(t)= 4412/25 *cos(t)-16/25* sin(t)-8/25*exp(-1/2*t)*(5*t+14) 


Part(g): 


G(t)= -1/5*cos(2*t)-1/10* sin(2*t)+1/5*(11*cos(t)-3*sin(t))*exp(-t) 


Part(h): 


G(t)= -2+t+5*exp(-2*t)+(-1+9*t)*exp(-t) 


Za 


Problems for Section 3-4 


3-17. Solve the following differential equations by means of the Laplace 
transform. 


PI) FU) p(t) eu, (1) 


(a) dt dt Assume zero initial conditions. 


From: £ ao) = s"F(s)-s""f (0)-s**f® (0)----- f° (0) 


ai 
{OO sr(s)-100) 
L{e"}==5 


1 


(s° +55+4)F (s)= 

1 
F ee ee eS 
oie (s+2)(s?+55+4) s'+7s° +145+8 


£'| F(s)]=- 1/2 e7'+1/6 e*'+1/3 e* 


ilaplace(1/(s*3+7*s42+14*s+8)) 
>> 
ans = - 1/2 exp(-2 t) + 1/6 exp(-4 t) + 1/3 exp(-t) 
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ae: 
“ 2x, (t)—3x, (1) +u, (0) 
x,(0)=1,,(0)=0 
(b)  x=%, 
yaa 
From 
{eo = sF (s)—f (0) 
| d" f(t) 
=f dt” 


Or 
(s-+35+2)x(s)=- 
X(5)-3 : 


s? +3s+2) 


ilaplace(1/(s43+3*s42+2*s)) 
ans = 1/2 + 1/2 exp(-2 t) - exp(-t) 


(c) 
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d’y(t d’y(t) dy(t 2 
za ye 2 Ms ) ay(1)=-¢ u, (t) 


“3 (0)=-1 ®(o)=1 y(0)=0 
From 
(28) - sr(s)-r00 
L oo) _ s"F(s)—s"*f (0)—-s*?f® (0)----— f° (0) 
{2} = s°¥(s)—s* y(0) —sy(0)— 5(0) 
tp 0 
{BO} 27 (6)-(0)-310) 
{AO ert) 
1 {SO sr (5)-r10) 
{SO} v6 
L{-e 'u, (t)} -— 
s°Y(s)-s+2s°¥(s)-2+sY¥(s) --— 


1 
3 2: wn Be 
(s +25 +s)¥(s)= sa tt) 


ye s° +3542 
(s+1)(s°+2s? +5) 
y(t)=2 + (?-3 1-2) e* 
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>> ilaplace(((-s*2+3*s+2))/((s+1)*(s*3+2*s2+s))) 


ans = 
2 
2+(t -3t- 2) exp(-t) 


3-18. Use MATLAB to find the Laplace transform of the functions in Problem 3- 
17. 


MATLAB code: 

clear all; 

syms t u 8s xl x2 Fs 
fl = exp(-2*t) 


Li=laplace (f1)/(s*2+5*s+t4) ; 


Bq2=solve ('se*xit=L7x2", \e*x2==27e1—s*x271").* RL", x2") 
q 


£2 x1l=Eq2.x1 


£2_x2=Eq2.x2 
£3=solve (' (s*3-st+2*s*2+s+2) *Fs=-1+2-(1/(1+s))','Fs') 
Here is the solution provided by MATLAB: 
Part (a): F(s)=1/(st+2)/(s*2+5*s+4) 
Part (b): X1(s)= (4+s)/(2+3*s+s%2) 
X2(s)= (s-2)/(2+3*s+s*2) 


Part (c): F(s) = s/(1+s)/(s*3+2*s*2+2) 


3-19. Use MATLAB to solve the following differential equation: 


dy ___o 
dt’ (Assuming zero initial conditions) 
MATLAB code: 


clear all; 
syms s Fs 


£3=solve('s*2*Fs-Fs=1/(s-1)','Fs') 
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Answer from MATLAB: Y(s)=1/(s-1)/(s*2-1) 


3-20. A series of a three-reactor tank is arranged as shown in Fig. 3P-20 for 
chemical reaction. 


Reactor 3 


Reactor 2 


Reactor | 


Figure 3P-20 
The state equation for each reactor is defined as follows: 
RI: oo = [1000 +100C,, ~1100C,, -kV,Cu] 
1 
R2: ws = mal 100C,, -1100C,, —k,V,C ya] 
2 
3 


when Vj and kj represent the volume and the temperature constant of each tank as 
shown in the following table: 


Reactor Vi kj 

i 1000 0.1 
p) 1500 0.2 
3 100 0.4 


Use MATLAB to solve the differential equations assuming Car =Car = Cas =9 at 


t=0 


MATLAB code: 

clear all; 

syms s CAl CA2 CA3 
vl=1000; 

v2=1500; 

v3=100; 
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k1=0.1 
k2=0.2 


k3=0.4 


f1='s*CA1=1/vl1* (1000+100*CA2-1100*CA1-k1*v1*CAl1) '! 
£2="s*CAZ=1/v2* (1100*CA1=1100*CA2=k2*v2*CA2) * 
£3="s*CA3=1/¥v3* (1000*CA2=1000*CA3=k3*v3*CA3) ' 
Sol=solve(f1,f2,£3,'CA1', 'CA2', 'CA3') 

CA1=Sol.CA1 

CA3=Sol.CA2 


CA4=Sol.CA3 


Solution from MATLAB: 


CA1(s) = 
1000*(s*v2+1100+k2*v2)/(1100000+s*2*v1*v2+1100*s*v1+s*v1*k2*v2+1100*s*v2+1100*k2* 
v2+k1*v1*s*v2+1100*k1*v1+k1*v1*k2*v2) 


CA3(s) = 


1100000/(1100000+s*2*v1*v2+1100*s*v1t+s*v1*k2*v2+1100*s*v2+1100*k2*v2+k1*v1*s*v2+ 
1100*k1*v1+k1*v1*k2*v2) 


CA4 (s)= 


1100000000/(1100000000+1100000*s*v3+1000*s*v1*k2*v2+1100000*s*v1+1000*k1*v1*s*v2 
+1000*k1*v1*k2*v2+1100*s*v1*k3*v3+1100*s*v2*k3*v3+1100*k2*v2*s*v3+1100*k2*v2*k3* 
v3+1100*k1*v1*s*v3+1100*k1*v1*k3*v3+1100000*k1*v1+1000*s*2*v1*v2+1100000*s*v2+1 
100000* k2*v2+1100000*k3 *v3+s*3*v1*v2*v34+1100*5%2* v1 *v3+1100*542 *v2*v3+s*2*v1*Vv2* 
k3*v3+s42*v1*k2*v2*v3+s*v1*k2*v2*k3*v3+k1*v1*s%2 *v2*v3+k1*v1*s*v2*k3 *v3+k1*v1*k2* 
v2*s*v3+k1*v1*k2*v2*k3*v3) 


Problems for Section 3-5 


3-21. Fig. 3P-21 shows a simple model of a vehicle suspension system hitting a 
bump. If the mass of wheel and its mass moment of inertia are m and J, 
respectively, then: 


(a) Find the equation of the motion. 
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(b) Determine the transfer function of the system. 
(c) Calculate its natural frequency. 


(d) Use MATLAB to plot the step response of the system. 


Figure 3P-21 
a) Rotational kinetic energy: Trot = ; J a” 
1 no”) 


Translational kinetic energy: [p= 5my 


Relation between translational displacement and rotational displacement: 


y=r7T0 
y=r0 
1J. 
Trot = 5-3) 


Potential energy: U = =K yo 


From conservation of energy T po; + T7 + U = constant, then: 


DY. i Bn ey ee 
572 +5 my +5 Ky* = constant 


By differentiating, we have: 
avy + myy + Kyy = 0 
fd 2 Lonea dey 0 
Pia) RO AY = 
y . 
Since y cannot be zero, then J “2 + my + Ky=0 
Alternatively using Newton’s law, take a moment about point P, assuming motion 


is counterclockwise, and as the wheel goes above the bump, y is upwards. Also we 
assume the system starts from equilibrium (in the vertical direction) where the 
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spring force and the weight of the system cancel each other. So mg does not appear 
in the equations. As the wheel moves up the spring compresses by y measured from 
the equilibrium. 


Assuming positive direction is counterclockwise, we have 


>) Mom, = —Kyr = J6 + mr¥ OS 
J y " - 

+ +my+ Ky =0 

fs 


b) 
Ky 


Natural frequency is the coefficient of y divided by the coefficient of jj 


pee’ =| K 
no > 2 
ee mro+J 


m 
r 


Time Response Solution: use a coordinate transformation where the new frame is fixed 
to ground on top of the bump with a height “h”. In that case, x()=y()+h. The new 
equation of the system then becomes: 


J = +mi+ Kx=Kh 
r 


Khr? 
(GG) = ah 
(J +mr )s +Kr 
% select values of m, J and K and use r= 1 and h=0.1 (arbitrary) 
sStep input 
K= 


h=-0.1; 
J=m*r*2; 
ilaplace (K*h*r%*2/ (J+m*r%*2) / (s* (Ss*2+K*r*2/ (J+m*r*2)))) 


ans = 
0.1000000000 - 0.1000000000 cos(2.236067977 t) 
t=0:0.01:20 
plot(t,-.1+.1*cos(2.236*t) ) 
xlabel( 'Time(sec)'); 


ylabel ('Amplitude'); 
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3-22. An electromechanical system has the following system equations. 


ee 
Lo +RL+ K,@=e(t) 


fo? ek 0 
dt 


For a unit-step applied voltage e(f) and zero initial conditions, find responses i(f) 
and w(t). Assume the following parameter values: 


L=1HmJ =lkg m’, B=2Nms, R=1Q, K,=1V 5s, K,=1Nm/A. 


Solution: First find the transfer functions for i(t) and w(t): 


L {se =sQ(s)-e(0),L {a =sI(s)-i(0),L {=o =sE(s)—e(0) 


dt dt dt 


Then for zero initial conditions we have: 
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Ls I(s)+RL+ K,Q(s) 
JsQ(s)+ BQ(s)—K,I(s)=0 


II 

& 
—™ 

oy 
a” 


_ JsQ(s)+ BQ(s) 
K, 
Q(s) RL+E(s) 
sS,= 
* JLs’ + BLs + K,K, 


I(s) 


Insert parameter values 


1+ E(s) 
Q(s)=— 
(s) Cae eee | 
o(s)- 1 1 


st 42541 ss’ +2s+1 


(s)=(542(s 5 tt | 


s+2s4+l ge +2541 


We can find the time responses through inverse Laplace transforms (e.g. Toolbox 
3-4-2), or more easily by using MATLAB simulation (similar to Toolbox 3-4-4). 


MATLAB code: 
1 1 1 1 s+l 


Q(s)= 7 

(s) all se poset ose 2s+1 
num = [1 1]; 

den = [1 2 1]; 


G = tf (num, den); 

step (G); 

title ('Step Response') 

xlabel ('Time (sec') 

ylabel ('Amplitude OMG(t)') 


a7 


1 


sy +3542 


1 


s+2 


1 1 1 
i) (549s + aa 
num = [1 2]; 
den = [1 1 O]; 
G = tf (num,den); 
step (G); 
title ('Step Response') 
xlabel ('Time (sec') 
ylabel (‘Amplitude I(t)') 


Ndg@s \Q00e4/4 08 eo 


| 


S 
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| 


s+2s* +5 


} 


S 


( 


Ss +s 


3-23. Consider the two-degree-of-freedom mechanical system shown in Fig. 3P- 
23, subjected to two applied forces, fi(t) and f2(f), and zero initial conditions. 
Determine system responses x1(t) and x2(t) when 


(a) f(t) =0, f, (t) =u, (t) 
wb) Ailt)=4. (1), £()=4, (0). 


Use the following parameter values: 
m, =m, =lkg, b, =2Ns/m, b, =1Ns/m, k, =k, =1N/m. 


Figure 3P-23 
Starting with the Free Body Diagram, we have 


x, wes x2 
F, Fy 
kx, kp(x2 a x1) 
bi, bj(é — in) 
The equations of motion using the Newton’s Law become: 
mx, =f, (t) =i Dix 
m,X, = fy (t) b, (4; x,) k, (3 x) 


md, +(b, +b, )4,-—b,x, +(k +k, ) xm —kx, = f(t) 


MX, — b,x, +b,x, —k,x,+k,x, = f, (1) 


In Laplace domain with zero initial conditions we get: 


dt 
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ms’ X,+(b, +b, )sX, —b,sX, +(k, +k,)X,-k,X, =F(t) 
m,s’X, —bysX, +b,sX, —k,X,+k,X, = F,(t) 
Solve for X; and X2 transfer functions. In matrix form: 


[m,s?+(b, +b,)st+(k,+k,)  —bs—k, Pe 


—b,s —k, ms’ +b,s +k, || X, F, 
[s?+45+2 25-1 ][X,]_[F, 

| -2s-1  s°+2s+2||X,| LA 

Pre-multiply by the inverse 

aan ae 


Jel sp oseD 


1 arn 25+1 | 


i 
. ~ (s?-+44s4+2)(s? +28+2)-(-2s-1) 2s+1 s’+45+2 


xX 
Solving for Fa we get 


2 


eae 1 s°+2s4+2 2541 | 
x, F, (s°+4s+2)(s?+2s+2)—(2s+1) Q2s¢1 = 8? +4542]|| F 


(s°+2s+2)F, -(2s+1)F, 
A (2s+1)F,+(s?+45+2)F, 
| (s?+4s+2)(s*+2s+2)-(2s+1) 


(a) 
—(2s+1) —(2s +1) 
+(s° ee +(s° cae -(Qs4]) | 
— user ace) 1 pcacea 


X, S S 
a (s? +4s+2)(s*+2s+2)—(2s+1)" 544653 +857 +8541 5 5446524857 4+8541 


We can use MATLAB to find the time responses. 


X]. 
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G = tf (num,den); 

step (G); 

title ('Step Response') 

xlabel ('Time (sec') 

ylabel (‘Amplitude x1(t)') 


Neus h/AsoSe4-/G/08/e0 


[ha 2) 

den = [1 6 8 1]; 

G = tf (num,den); 

step (G); 

title ('Step Response’) 


3 
S 
3 

I 


xlabel ('Time (sec') 
ylabel ('Amplitude x2(t)") 


IG M8/k | AAG9CA-|A 
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(s? +2s+2)-(2s+1) 2 


sal 
s s 
(2s+1)+(s?+4s+2) we ae 


He) a ce eee A a 
X, s'+69° +857 +8541 5° +65° +857 +8541 


num = [2 0 1]; 

den = [1 6 8 1]; 

G = tf (num, den); 

step (G); 

title ('Step Response') 


xlabel ('Time (sec') 
ylabel (‘Amplitude x1(t)') 


Dy Figuret -o-][-2- [aaa 
File Edit View Insert Tools Desktop Window Help s 


OGHs/k|4A09L4-\B/08)/e0 


Step Response 


Amplitude x1 (t) 
i) 
n 


0 10 20 30 40 50 60 
Time (sec (seconds) 


num = [1 6 3]; 
den = [1 6 8 1]; 
G = tf (num,den); 
step (G); 


title ('Step Response') 


xlabel ('Time (sec') 
ylabel ('Amplitude x2(t)') 
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Amplitude x2(t) 


Problems for Sections 3-6 and 3-7 


3-24. Express the following set of first-order differential equations in the vector- 


dx(t) _ Ax(t)+Bu(r) 
matrix form of , 
dx, (1) =: 
ea (1) +20 (1) 
al). —2x, (t)+3x, (1) +u, (t) 
(a) #30) 4 (1)-3y (mle) (0) 
AU) 2 (0) 42x, (1) +21 (0) 
a0) = 2x,(t)—x, (t)+u,(t) 
(b) A309 35, (1) 455 () (0) 
Solution: 
a) 
= o- i 0 0 
ee 
A=|0 2 3 B=/1 0 ae 
on i u, (t) 
b) 
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—1 2 0 7|1@ 
E 0 = X2(t) 


2 0 
+fo fa 


3 -4 -1]]x,(t) 


3-25. Given the state equation of the system, convert it to the set of first-order 
differential equation. 


0 

A=| 1 

(a) el 

| 3 

A=|-l 

(b) ? 
Solution: 
a) 
b) 


=] 2] 


[O -1 
B=|1 0 
10 0 
[-1 
0 
eo 
dx(t) _ 
[Fai Ax(t) + Bu(t) 
AO = —x2(t) + 2xa(t) — up(t) 
B20 @ 30+ BO + uO 
dx3(t) _ 
Ap —x1(t) — 2x2(t) + x3(t) 
MAO = 3x00) + (0) — 2ea(t) — uO 
oe = —x,(t) + 2x2 (t) + 2x3(t) 
dx3(t) _ 


= 2x3(t) + 2u(t) 


dt 


3-26. Consider a train consisting of an engine and a car, as shown in Fig. 4P-6. 
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Figure 3P-26 


A controller is applied to the train so that it has a smooth start and stop, along with 
a constant-speed ride. The mass of the engine and the car are M and m, 
respectively. The two are held together by a spring with the stiffness coefficient of 
K. F represents the force applied by the engine, and “ represents the coefficient of 
rolling friction. If the train only travels in one direction: 


(a) Draw the free-body diagram. 
(b) Find the state variables and output equations. 
(c) Find the transfer function. 


(d) Write the state-space of the system. 


Solution: 
a) 
— lat 
K(y, yn) 
<+ 
HINSY, uM sy, 
b) From Newton’s Law: 
My, = F— K(¥1 — y2) — uMgy. 
mMYz = KO. — y2) — umgy2 
If y1 and y2 are considered as a position and v; and v2 as velocity variables 
VA = V4 
Then: oe se 


Mv, = F—K(Q1.—y2) — uMgr, 
mv, = F —K(y, — y2) — umgv2 
The output equation can be the velocity of the engine, which means z = v, 
C) 
Ms?Y,(s) = F — K(¥%,(s) — Y2(s)) — uMgsY,(s) 
ms*Y,(s) = K(¥,(s) — Y2(s)) — umgsY,(s) 
Z(s) = V2(s) = sY(s) 
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Obtaining a requires solving above equation with respect to Y2(s) 


From the first equation: 
(Ms* + K + uMgs)Y,(s) = F + KY,(s) 
F + KY,(s) 
ere, Sey aT 
Ms* + uMgs+K 


Substituting into the second equation: 
KF + K*Y,(s) 


2y. =_ 
msaZ(S) Ms? + uMgs+K 


— KY,(s) — umgsY>(s) 


By solving above equation: 
Z(s) _ s¥,(s) 
F(s) F(s) 


7 ms*+myugst+1 
~ Mms? + (2Mm ywg)s2 + (Mk + Mm(ug)2 + mk)s + Kug(M +m) 


c) Ifyi and y2are considered as a position and v, and v2 as velocity variables 
WHY 
V2 = V2 
Mv, =F —K(yy—y2) — uMgry, 
mv2 = F — K(y, — y2) — wmgvz 


Then: 


The output equation can be the velocity of the engine, which means z = v, 


0 0 1 0 
V1 0 0 0 1 M1 : 
y2 K K y2 
2)=-|-— — - 0 1 
¥3 m M Hg V4 7 — f 
Va K K V2 : 
= M Ug 
V1 
z =[0001]|>’| + [o}F 
1 
V2 


3-27. A vehicle towing a trailer through a spring-damper coupling hitch is shown 
in Fig. 3P-27. The following parameters and variables are defined: M is the mass 
of the trailer; K,, the spring constant of the hitch; Bn, the viscous-damping 
coefficient of the hitch; B;, the viscous-friction coefficient of the trailer; yi(7), the 
displacement of the towing vehicle; y2(t), the displacement of the trailer; and f(d), 


the force of the towing vehicle. 
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OS yal) 


ag 


Figure 3P-27 
(a) Write the differential equation of the system. 


(b) Write the state equations by defining the following state variables: 
x,(t) = y,(t)- y,(t) and “2 (t) = dy, (t)dt 


(a) Force equations: 


dy, dy dy, _ dy, dy, ,W 
f= K,(3,-y,)+8,( SS) K,(,-9,)+8,( 2% Mh 


dt dt dt dt dt’ dt 
dy, 
(b) State variables: x,=y,-y,, x,=—* 
dt 
State equations: 
dx, K, 1 2 B, 1 
= +f) =-—tx, +— f(t) 
dt 4 B, M M 


3-28. Fig. 3P-28 shows a well-known “ball and beam” system in control systems. 
A ball is located on a beam to roll along the length of the beam. A lever arm is 
attached to the one end of the beam and a servo gear is attached to the other end of 
the lever arm. As the servo gear turns by an angle 9, the lever arm goes up and 
down, and then the angle of the beam is changed by @. The change in angle 
causes the ball to roll along the beam. A controller is desired to manipulate the 
ball's position. 


Beam 


Lever Arm 


Figure 3P-28 
Assuming: 
m= mass of the ball 
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r = radius of the ball 


d= lever arm offset 


g = gravitational acceleration 


L= length of the beam 


J = ball's moment of inertia 


p = ball position coordinate 


@ = beam angle coordinate 


0 = servo gear angle 


(a) Determine the dynamic equation of the motion. 
(b) Find the transfer function. 
(c) Write the state space of the system. 
(d) Find the step response of the system by using MATLAB. 
Solution: 
Considering the FBD of the ball: 
angular acceleration 
ni 

a) For a given a, the acceleration at point C will have two components due to 


~2 
the centripetal and tangential 


rotation of the beam; that is 


accelerations created by rotation of the bar. Also, we assume a case of rolling 
without slipping. Acceleration of the center of mass of the ball relative to the 
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a 39) 
a.=p-pa 
rotating axis x,y,zis ~ s ‘ _, where p=-—rf (rolling without slipping and 
a, = pat+2ap 
f is the angular acceleration of the ball). 
Note, in the case a is fixed, thena, = p =—rf?, which is in line with the rolling 


without slipping assumption in a fixed incline case. 


From the equation of motion in x direction and by taking a moment about the 
center of mass of the ball (see a second year dynamics of rigid bodies text in case 
you need to verify the following formula), we get: 


F_=ma,=m/(p- pa’ )= F —mgsin@ 
DF = ma, =m( 
EM, =Jp=- 


r 


=rF 


Combining the above we have 


(;+m)p+ mg sina — mpd? = 0 


Then 
& )p+ _ (dé d a _ 4 
72 m)|)p+mg sin T mp > = 


If we linearize the equation about beam angle a = 0, then sina ~ o and sin® ~ 0 


Then: 


) Considering 


Then the state-space equation is described as: 
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Pp] _ [0 1) /P mgd_|o 
| i allel L(5+m) 
d 
) CO- ena) 


clear all 
% select values of m, d, r, and J 
sStep input 

g=10; 

J=10; 

M=1; 

D=0.5; 

R=1; 

L=95; 

G=tf([M*g*D], [L* (J/R*2+M) 0 0)) 
step (G,10) 

xlabel( 'Time(sec)'); 


ylabel ('Amplitude'); 
Transfer function: 
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3-29. Find the transfer function and state-space variables in problem 2-12. 


If the aircraft is at a constant altitude and velocity, and also the change in pitch angle does 
not change the speed, then from longitudinal equation, the motion in vertical 
plane can be written as: 


._ * . 4) 
u=— —gsin qw 


Z 
w gcos@ + qu 


_ M 
q =7— 
lyy 
06=q 
Where u is axial velocity, @ is vertical velocity, q is pitch rate, and 0 is pitch 


angle. 


Converting the Cartesian components with polar inertial components and replace 
x, y, z by T, D, and L. Then we have: 
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tee weal! 
V=— [fcosa —D —mg siny| 


1 
y =~ lf sina +L —mg cosy] 


oM 

q=7— 

lyy 
d=q 


Where a = 8 — 7 is an attack angle, V is velocity, and y is flight path angle. 
It should be mentioned that T, D, L and M are function of variables a and V. 
Refer to the aircraft dynamics textbooks, the state equations can be written as: 


a = A,a+Biq +Ciy 
q = A,a + Boq + Czy 


a) = A3q 
b) The Laplace transform of the system is: 
G(s) A(s) 
s) =—~ 
y(s) 


By using Laplace transform, we have: 


sa(s) = A;a(s) + Byq(s)+Gy(s) @) 
sq(s) = A,a(s) + Baq(s) + Coy(s)  (@) 


s0(s) = A3q(s) (3) 
From equation (1): 
— By Cy 
a(s) = 74s) +s) 


Substituting in equation (2) and solving for q(s): 
C3(s — A,) + AzC, 
q(s) = 
s(s — Ay) — B2(s — Ay) — A2By 
Substituting above expression in equation (3) gives: 
A(s) = (Cys + AzC, — C2A,)A3 
y(s) sls? — (A, + Bz)s — (B24, + A2B,)] 


If we consider u = w” sin wt, then 


y(s) 


My+ By+Ky=mlu 
By using Laplace transform: 
(Ms* + Bs+K)Y(s) =mlU(s) (4) 


Which gives: 
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Y(s) | ml 
U(s) Ms?+Bs+K 


For plotting state flow diagram, equation (4) must be rewritten as: 


ml 
— U(s) 


(s+o+o)rOs) = IS 


M MS 

or 
B B X(s) 
sY(s) = — FG) +X(s)> Y(s)= vee AP er 


K ml 
X(s) = ys 9) +7 UG) 


So, the state flow diagram will plotted as: 


ml 1/Ms 1 l/s 
uv QO QF 0 y 
Zp 
. -B/M 
os _ -K _ Ss 


3-30. Find the transfer function Y(s)/Tin(s) in problem 2-16. 


Recall from (2-16) Torque equation about the motor shaft: Relation between linear 


and rotational displacements: 
2 2 
,d 0 
T =J “+ Mr ——"+B 
dt. m 


dé | 
dt 


y=r0 


m 


Taking the Laplace transform of the equations in part (a), with zero initial conditions, we have 


T,(s) =(J,, + Mr’ )s*, (s) + B,s®, (s) Y(s)=rO (s) 


Transfer function: 
T(s) s{(J,+Mr')s+B, | 


3-31. The schematic diagram of a motor-load system is shown in Fig. 3P-31. The 
following parameters and variables are defined: T;,(t) is the motor torque; On (t), 


the motor velocity; On (t) , the motor displacement; ,(t) , the load velocity; 4,(*) ; 
the load displacement; K, the torsional spring constant; Jin, the motor inertia; Bm, 
the motor viscous-friction coefficient; and Bz, the load viscous-friction coefficient. 


53 


(a) Write the torque equations of the system. 


(b) Find the transfer functions ©, (s)/T,.(s) and ®,,(s)/T, (s) ; 


(c) Find the characteristic equation of the system. 


(d) Let T,(t)=T, be a constant applied torque; show that @» ~: = constant in 
the steady state. Find the steady-state speeds ©” and @:. 
(e) Repeat part (d) when the value of Jz is doubled, but Jm stays the same. 


6,0) K 6, (0) 
; ) 
ent Flexible 
Jy By, Tn) shaft a(t) J 
On (t) B, 
Figure 3P-31 
(a) Torque equations: 
d 0, dé, d 0, do, 
T() =i, 2 +B, +K(6, -0,) K(@, 6,)=J, 2 +B, 
dt” dt dt™ dt 


State diagram: 


(b) Transfer functions: 


O,(s)_K ©,(s)_ J,s +Bs+K 


A(s)=s| J,J,8° +(B,J,+B,J,)s° +(KI, + KJ, +B,B,)s+B,K | 
T(s) As) (8) A(s) 


(c) Characteristic equation: | A(s)=0 


T 
(d) Steady-state performance: T (t)=T7 =constant. T (s)= 1. 
s 
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‘ . : is +Bst+kK 1 
lim @, (t) = lim sQ, (s) = lim : : = 
roe 590 0 J Js +(B I, +B J,)s +(KJ,+KI,+B,B )s+B KB, 


Thus, in the steady state, @,,=O;,- 


(e) The steady-state values of o ., and @ ,, do not depend on J and J L’ 


3-32. In problem 2-20, 

(a) Assume that 7; is a constant torque. Find the transfer function @(s)/A(s), 
where ©(s) and A(s) are the Laplace transforms of 6(r) and 6(t), respectively. 
Assume that 5(r) is very small. 


(b) Repeat part (a) with points C and P interchanged. The d in the expression of 
a, should be changed to do. 


(Recall) Torque equation: (About the center of gravity C) 
2 


do : . 
ae = Td, sind + Fd, Fd, = J a, = K,,d,0 sind =6 
2 2, 
do do 
Thus, J —=Td,6+K,d0 J —-K,d0=Td,6 
dt? s 2 Fl dt? Frl s 2 


(a) Js°@(s)-K,d,O(s)=T d,A(s) 


(b) With C and P interchanged, the torque equation about C is: 


do do 
T (d,+d,)6+F.d, =J— T (d,+d,)6+K,d,0 = J — 
. dt’ dt 
@(s) T(d,+d,) 
A(s) Js’ —K,d, 


Js‘@(s)— K,d,O(s) =T (d, +d, )A(s) 


3-33. In problem 2-21, 


(a) Express the equations obtained in earlier as state equations by assigning the 


B= Cie AO een ade Simplify these equations 


sin @ = 0 andcos@ = 1_ 


state variables as 
for small 9 by making the approximations 


(b) Obtain a small-signal linearized state-equation model for the system in the 
form of 
A * * 
aan) A’Ax(t)+B'Ar(t) 
t 


=) 


at the equilibrium point * (1) =1, %02(t) = 0,45 (#) = 0 ,and “% Oa ; 


(Recall) Nonlinear differential equations: 


a = v(t) dv(t) =—k(v)- g(x)+ f(t) =—-Bv(t)+ f(t) 
With R, =0, 
(2°) cepMsneO=Kiw- Teng Qse—— 
K v(t) ff ff re K,K vo) 
Ke = 
FD = K6OI,()= Thus, avis) =-By()+—, =a e(t 
KK pv (t) dt K Kv (1) 
(a) State equations: i, (¢) as input. 
SO yay SOL ayaa KK 2O) 
dt dt 


(b) State equations: (rt) as input. 


F()= KK i (0) i ()=1,()- 2 
ae ‘ K 

f 
dx(t) _ 


dt 


K. 
v(t) SD spiel © 
dt K, 


3-34. Vibration absorbers are used to protect machines that work at the constant 


speed from steady-state harmonic disturbance. Fig. 3P-34 shows a simple 
vibration absorber. 


fit) 


y(t) 
M 


Figure 3P-34 


Assuming the harmonic force F(t)= Asin( a) 


is the disturbance applied to the 
mass M: 


(a) Derive the state space of the system. 


56 


(b) Determine the transfer function of the system. 
Solutions: 
a) Assuming the harmonic force F(?) = Asin( ot) is the disturbance applied to the 
mass M, derive the equations of motion of the system. 
summation of vertical forces gives: 
My = f (t) Ky k(y x) Ky 
mx =k ( y- x) 


Mj +(2K +k) y—kx= f (t) 
eee ee 
Where _f (t) = Asin(at) 


If we consider y = gq and x = T, then: 


Ce oa itera 
mr—ky+kx =0 


The state-space model is: 


0 01 0 ; 
y 0 01 
v|  |-2K —k ‘é 0 
= k 0 0 +/11/F 
q M q = 
r k r M 
— k 0 0 0 
m 


b) Gs) = 


By applying Laplace transform for equations (1) and (2), we obtain: 
oe + (2K + k)]Y(s) — kX(s) = F(s) 
(ms? + k)X(s) = kY(s) 


Which gives: 
k 
X(s) = ———Y 
(s) ms§ +k (s) 
and 
2 
Z 2 = 
[Ins + (2K +k) ee aaa Y(s) = F(s) 
Therefore: 
Y(s) __ ms* +k 


F(s) Mms* + (Mk + 2Km+mk)s2 + 2Kk 
=i) 


3-35. Fig. 3P-35 represents a damping in the vibration absorption. 


Assuming the harmonic force F (t)= Asin(ar) 


is the disturbance applied to the 
mass M: 


(a) Derive the state space of the system. 


(b) Determine the transfer function of the system. 


F(t) y(t) 


Figure 3P-35 
a) Summation of vertical forces gives: 
aah de Ge ei cae and 
mx — by + bx —ky —kx =0 
Consider y = q and x =r, then 
ican ae nee Me aaa 
mr — bq + br—ky —kx =0 


So, the state-space model of the system is: 


0 0 1 0 
y 0 0 0 1|ry, ° 
x| |-(K+k) Kk Btb b fIy| | 
| = |—_- — -— = +/1/F 
q M M M M 9 — 
i k k b b |lr 4 
M m m m 
b) The Laplace transform of the system is defined by: 
G(s) Y(s) 
* XG) 
where 
ee +(B+b)s + (K +k))Y¥(s) — (bs + K)X(s) = F(s) 
(ms? + bs — k)X(s) = (bs + k)Y(s) 
as a result: 
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X(s) = bs +k - V(s) 


ms? + bs — 
Substituting into above equation: 
[(Ms? + (B + b)s + (K +k))(ms? + bs + k) — (bs +k)? |¥(s) 
= (ms* + bs —k)F(s) 
Y(s)__ ms* + bs —k 
X(s) [Ms2?+(B+b)s+(K +k)][ms2 + bs — k] — (bs +k)? 


3-36. Consider the electrical circuits shown in Figs. 3P-36(a) and (b). 


O 
eT 
Vin Cc ip R Vout 
(e; -O 
(a) 

? Ly Ly R 
OW TO LVOU™ O 
CL ie. 
Vin i(t) T C T Cy Vout 
O Oo 


Figure 3P-36 
For each circuit: 
(a) Find the dynamic equations and state variables. 
(b) Determine the transfer function. 


(c) Use MATALB to plot the step response of the system. 


a) According to the circuit: 


Vin — V4 out Vy 
i ag! oe 
Cd vz Cad 
Dap vin — V2) — at Dag Vout — v2) =0 
Cad Yy4- vv, t 
5 a 2 — Vout) + aR = 0 


By using Laplace transform we have: 
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Vin(s) — Vi (Ss) Vout(s) — Vi(s) _ 


OR + CsV;(s) + OR 0 
C V, C 
S (vn(s) — Vat) — 2 +S (veue(s) — Va(S)) = 0 


V,(s) = Vout (S) = 


0 
2R 


C 
= (Va(S) = Vour(s)) + 


From above equations: 


Vy (s) = Vin (Ss) + Vout(s)) 


1 
ZRes + 1 | 
RCS 
mrs +1) | 
Substituting Vi(s) and V2(s) into preceding equations, we obtain: 
Vout (Ss) R2C*s7 +1 
Vin(s)  R2C2s2+4RCs +1 


b) Measuring Vout requires a load resistor, which means: 


V2 (s) = Vin (s) + Vout (s)) 


Then we have: 


L,—i, =v;, -—ri, —v 
dt in 1 C1 


He lt C1 1 2 
L,—i5 = = 
U Vv, v 
2 dt z C1 C2 


Cy — Ven = i — idee 
mabe = eRe 


When 
R, 


Vout = R+R, 
If Ri >>R, then Vout = Vc2 


By using Laplace transform we have: 
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L1sI,(s) = Vin(s) — rl,(s) — Ver (s) 
CysVex(s) = (s) — 1(s) 
LySI2(s) = Vei(s) — Veo2(s) 
Vo2(s) 
R+R, 


C2SVe2(s) = 12 (s) -— 


Therefore: 
Co(R+R,)+1 
5 (s) - 2( i L) 
+R, 


LoCos(R+R,) +s+(R+R,) 
SR 


Vo2(s) 


Vo2(s) 


L,C,Cys*(R + Rp) + Cys? +Cys(R+R,) +C,(R+R,) +1 
Lis): = R+R Veo 
L 


aie) can be obtained by substituting above expressions into the first equation of 


Vin(s) 
the state variables of the system. 


3-37. The following differential equations represent linear time-invariant 
systems. Write the dynamic equations (state equations and output equations) in 


vector-matrix form. 


EN) 4D) ese 


(a) dt* dt 
3 2 
gf) (y) fatal (i) 5 2) +2y(t)=r(t) 
(b) dt dt dt 
d°y(t d’ y(t dy(t t 
a fH) FH) 5A) (a) fy(e)dr=r(e) 
eo) +1.5 ayy) + 2.5 ay(1) + y(t) = 2r(r) 
(d) dt* dt’ dt 
(a) State variables: x,=y, x, = “ 
t 
State equations: Output equation: 
a £ 
ala acl 
dx, | [-1 -4JLx,] Ls x, | 
dt 
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(b) State variables: 


State equations: 


dx, 
at 0 1 
dx, sala i 
dt 
de -1 -25 
Lar | 


(c) State variables: 


State equations: 


i] fo 1 0 
eH} Oe Oe 4 
x| |o 0 0 
gl Weed ey es 
(d) State variables: 
State equations: 
i] fo 1 0 
x | |O o 1 
x| |o o 0 
x -1 25 0 


3-38. The following transfer functions show linear time-invariant systems. Write 
the dynamic equations (state equations and output equations) in vector-matrix 


form. 
a G(s) 
rs G(s) 
G(s) 


2 
x,=y, xX, = ») x, = a 
pe at 8 at? 
Output equation: 
0 Xx, 0 Xx, 
1 |f x, J+] 0 Jr y=[1 0 OJ} x, J=x, 
—1.5 |] x, 0.5 Xx, 
t dx dy dy 
x, =| y(t)dt, x, > x, ic 3 4 2 
‘ dt dt dt 
Output equation: 
0 || x, 0 Xx, 
O || x 0 Xx, 
Te r y= [1 0 O 0] * |= x, 
1 || x, 0 x, 
—5 || x, 1 Xx, 
2 3 
X,=y, Xx dy Xx, = a x,= ao 
1 2 Ot i a 
Output equation: 
0 x, 0 Xx, 
0 x 0 x 
T+] |r y=[1 0 0 Of ° 
1 Xx, 0 x, 
-1.5 |x, | [1 %, 


+3 
ee ee 2 


6 
~ 9 446s? +119 +6 


_ s+2 
8° 4+-7s+12 
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3 2 
G(s)s s +11s° + 35s +250 


(a) s° (s° +45? +395 +108) 
¥(s) _ S+3 
a) G(s) = U(s)  s2+3s+2 
> (s* + 3s + 2)Y¥(s) = (s + 3)U(s) 
> sY(s) + 3Y(s) = -=Y(s) ES =U(s) +V(s) 
Let X(s) = —=¥(s) + =U(s) 
Then oe = X(s) + U(s) + 3Y(s) ”,; =-3y+xt+u 
sX(s) = —2Y(s) + 3U(s) = —2y + 3u 
If y = x, and x = X2, then 
xX, = —-3x, +X, +Uu 
X_q = —2x,+ 3u 
or 
x —3 4+1))*%1 1 
| = le 0 | [| [3] 
= ol[y)] 
b) Gs) == S 


U(s)  s3+6s2+4+11s+6 
> Y(s)(s? + 6s? + 11s + 6) = 6U(s) 
>sY(s) + 6Y(s) = — = Y¥(s) — = Y(s) + < U(s) 
Let X(s) = — <= Y(s) — < Y(s) + U(s), therefore sX(s) = — - Y(s) — 
11Y(s) + =U(s) and Let Z(s) = —“Y(s) 4 *U(s), then sZ(s) = —6Y(s) + 
6U(s). As a result: 
sY(s) = —6Y(s) + X(s) 
sX(s) = —11Y(s) + Z(s) 
sZ(s) = —6Y(s) + 6U(s) 


or 
y=-6y+x 
ail 
Z= —6y + 6u 


Ify=x, x =x,andz es 
:|-[5 11 


63 


x4 
se 


c) G(s) = 


Y(s) _ S+2 
U(s)  s2+7s+12 


>Y(s)(s* + 7s + 12) = (s + 2)U(s) 
>sY(s) = -7Y(s) — ~Y(s) Psy =U(s) 
Let sX(s) = — ~¥(s) + -U(s), then sX(s) = —12Y(s) + 2U(s). Asa 


result: 
y= —-7y+xt+u 
x=-12y+2u 
Let y = x, and x = X2, then 


bl ba 12 alle a +[)e 


= olf 
_ Y(s) _ s3+11s7+35s+250 

d) G(s) = U(s)  s2(s3-+452+39s+108) 

> (s3 +45 +39s + 108)¥(s) = [s +11+= ce ae ) 

& s¥(s) = —4¥(s) += Y(s) +S Y(s) vss = +) uU(s ) 
Let X)(s) = ~¥(s) +~SY(s) + [- + s+5 = U(s), then 
sX>(s) = 39Y(s) + 276) +U(s) + es S+o| U(s) 

Now, let X,(s) = ¥(s) + SU(s) + 2U(s ; + — U(s), therefore 


SX @= = 39Y(s). + X3(s) + U(s) 
11 35 250 
SX3(s) = 108Y(s) + a) + =z US) + sr UGS) 


Let X4(s) = —U(s) +> > U(s ) +22 y(5), then sX,(s) = 11U(s) + 


~u(s) +> ay ~ U(s) 
Let X.(s) = ~u(s ) + u(s), or sX<(s) = 35U(s) +=u(s ) 


Let X,(s) = = u(s) , then sX¢(s) = 250U(s). If Y(s) = X,(s), then: 

Xy = —4x, + X2 

X_q = 39x, +xX2+u 

X3 = 108x, + x4 

X,=11lut+xs 

Xs = 35u + 36%, 

X_ = 250u 

or 
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X4 -4 1 0 0 0 077% 0 
Xo 39 0 1 0 0 Offx2 1 
%3|_|108 0 0 1 0 Ofjxs], | 0 
x4 0 00 0 1 O}]*x4 11 
Xe 0 00 0 0 1|/*s 35 
Xe 0 00 0 0 olX%et 1250 


3-39. Repeat Problem 3-38 by using MATLAB. 


GY! S38 
oS)= GG) = 2 SSE 


The state variables are defined as 


Then the state equations are represented by the vector-matrix equation 


dx(t) 
dt 


= Ax(t) + Bu(t) 


where x(f) is the 2 x 1 state vector, u(t) the scalar input, and 


G(s)=C(sI-A) 'B+D 
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MATLAB 
>> clear all 
>> syms s 
>> A=[0,1;-2,-3] 
A= 
0 1 
-2 -3 
>> B=[0;1] 
B= 
0 
1 
>> C=[3,1] 
C= 
a 
>> s*eye(2)-A 
ans = 
[ s, -1] 
[ 2, s+3] 
>> inv(ans) 
ans = 
[ (S+3)/(s42+3*s+2),  1/(s®24+3*s+2)] 
[ -2/(s42+3*s+2), s/(s42+3*s+2)] 
>> C*ans*B 
ans = 
3/(s24+3*s+2)+s/(S424+3*s+2) 


Use ACSYS as demonstrated in section 10-19-2 
1) Activate MATLAB 
2) Go to the folder containing ACSYS 
3) Type in Acsys 
4) Click the “Transfer Function Symbolic” pushbutton 
5) Enter the transfer function 
6) Use the “State Space” option as shown below: 
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— — 
Enter Transfer Function: —H 


Enter the Numerator and Denominator of the transfer function 
using a vector of polynomial coefficients, or the numerator or ‘ 
denominator of the transfer function in symbolic form with 
complex variable 's'. Enter any symbolic variables in the box 
labeled 'Enter Symbolic Variables." 
ex: For numerator (s“2 + 3*kp*s + ki*2): 
enter '[1, 3*kp, ki*2]' in the Numerator box 
and ‘kp ki' in the symbolic variables text box. 
ex: The following are all equivalent: 
'(8°2 + 7#s + 12)' 
Tlerateh, 
and '(s+4)*(s+3)'. 


Enter Symbolic Variables | k 


Numerator 
[1] 


i 
U 
| 
Denominator 


[1] 
Routh-Hurwitz | 
Inverse Laplace Transform | 


Control Panel 


| 
[Transter Function Symbolic Md | 
il Transfer Function Symbolic 


State Space 


Inverse Laplace - ZPK 


You get the next window. Enter the A,B,C, and D values. 
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| Transfer Function Symbolic Ty cel) [mea 


Enter Matrix: 
Enter the Coefficient Matrices (empty matrices will give error) 


E.g. For a 2x2 identity matrix type in: [1 0; 01] 
(1; 0; 1) is a 3x1 column vector & [101] is a1x3 row 
vector 


Control Panel 


[State Space ’ | 


Inputs: 

A=|0 1| B=0| 
I2-3] || 

C=|3 1] D=0| 


State Space Representation: 
Dx =|0 1|x + [Olu 


}2-3] [I 
y=(|3 1|x + [Olu 
Determinant of (s*I-A): 
2 
s +3s+2 
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Characteristic Equation of the Transfer Function: 
2 
ie ee aie oe 
The eigen values of A and poles of the Transfer Function are: 
-1 
-2 
Inverse of (s*I-A) is: 
[ s+3 1 ] 


[ 2 2 ] 


[s +3s+2 s +3842] 


[ 2 2 ] 
[s+3s+2 s +3842] 
State transition matrix (phi) of A: 
[ 2 exp(-t) - exp(-2 t) exp(-t) - exp(-2 t) ] 
[ ] 
[-2 exp(-t) + 2 exp(-2 t) -exp(-t) + 2 exp(-2 t)] 
Transfer function between u(t)and y(t) is: 


s+3 


s+3s+2 
No Initial Conditions Specified 
States (X) in Laplace Domain: 


[ 1 ] 
 eraarae ] 
[(s + 2) (s+ 1)] 
[ ] 
Ls J] 
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[(s+ 2) (s+ 1)] 
Inverse Laplace x(t): 
[ exp(-t) - exp(-2 t) ] 
[ ] 
[-exp(-t) + 2 exp(-2 t)] 
Output Y(s): 


(s+2)(s+1) 
Inverse Laplace y(t): 
2 exp(-t) - exp(-2 t) 
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Use the same procedure for parts b, c and d. 


3-40. Find the time response of the following systems: 


% | [0 Lely ,|° 
iy Ge lee le i|" 

ML, SOG y 0.5 -[1 0] x, 
ie ls Ole 0 me x, 


— _ a Ss —]1 _ = Les al St 3 1 
a)x = Ax+Bu Ds] -—AZ= F ele al and (sI — A)~ == | ~ 
Therefore: 
-t -2t -t -2t 
@(t) = 11 1-ayy=| 2 yas are | 


If x(0) = 0, then x(t) = f(t — 1)Bu(t)dt = [9° es | 


e-t — en2t 
b) O(t) = L*{(sI — A)~*} 


= 1" (oreros F ee } 


- aes 0.5t — sin 0.5t) e~°5* sin 0.5t 
2e~9* sin 0.5t e~°5(cos 5t + sin 0.5t) 
If x(0) = 0, then 
sl AP AP = ese -sin0. — 
x =Ate*-pB=["% 1] | et 
“ | e~ 95 sin St 
—e~°5*(cos 0.5t + sin0.5t) +1 


and 


x 
y(t)=[1 0] lx: = Stes tein. 5t 


3-41. Given a system described by the dynamic equations: 


mt) =Ax(t)+Bu(t) y(t) =Cx(r) 


fo 1 O 0 
A=/|0 0 1] B=/0| C=[1 0 0] 
oe ee 1 
(a) 


(c) 
(1) Find the eigenvalues of A. 
(2) Find the transfer-function relation between X(s) and U(s). 


(3) Find the transfer function Y(s)/U(s). 


(a) (1) Eigenvalues of A: 2.325, —0.3376+ j0.5623, —0.3376— j0.5623 


(2) Transfer function relation: 
s -l 0 | |0 sy +3542 s+3 1 |} 0 1 


“i 1 1 
X(s)=(sI-A) BU(s)=——|]0 5s -1 0 |U(s) = —— -1 s(s+3) s |] 0]U(s)= s |U(s) 
AC: A 
“) s+3 1 -s —2s-1 ss |i 1 s 


A(s) = 5° +357 +2541 


(3) Output transfer function: 


1) _cu)(a-ay R=) 0 6]—_| » |-=—— 
U(s) A(s)| , gs +3s°+2s4+1 
Ss 


USE ACSYS as illustrated in section 10-19-1 
1) Activate MATLAB 


2) Go to the folder containing ACSYS 

3) Type in Acsys 

4) Click the “State Space” pushbutton 

5) Enter the A,B,C, and D values. Note C must be entered here and must have the 
same number of columns as A. We us [1,1] arbitrarily as it will not affect the 
eigenvalues. 

6) Use the “Calculate/Display” menu and find the eigenvalues and other State space 
calculations. 
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B State Space Tool 


Calculate/Display Time Response Accessories 


Block Diagram 


&O_) 4 x(0+| B | we 


yitv=| C xo +] D | ue) 


Input Module 


Enter coefficient Matrices. 
eg. For a 3x3 identity matrix enter [100/01 0:001] 


[1;0;1] is a 3x1 column [1 0 Oj is a1x3 row. 


A 
(a ( 9;0,0 ( 71 2 73] 


B 
[0;0;1] 
35 


[1,0,0] 
0 


Intitial Conditions 


Reset | 
Close V¥indow | 


The A matrix is: 


Amat = 
0 1 =O 
0 0 1 
1-2 3 


Characteristic Polynomial: 


ans = 
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$*343*54242*541 
Eigenvalues of A = Diagonal Canonical Form of A is: 
Abar = 


-2.3247 0 0 
0 -0.3376 + 0.5623: 0 
0 0 -0.3376 - 0.5623: 
Eigen Vectors are 
T= 
0.1676 0.7868 0.7868 
-0.3896 -0.2657 + 0.4424; -0.2657 - 0.4424i 
0.9056 -0.1591 - 0.29881 -0.1591 + 0.2988i 


State-Space Model is: 


a= 

xl x2 x3 
xl 01 0 
x2 001 
x3 -1 -2 -3 


xl x2 x3 
yl 100 


d= 
ul 
yl 0 


Continuous-time model. 
Characteristic Polynomial: 
ans = 


§$434+3%*5424+2*s+1 
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Equivalent Transfer Function Model is: 
Transfer function: 


1.776e-015 s*2 + 6.661e-016 s + 1 


843 +38424+2s+1 


Pole, Zero Form: 


Zero/pole/gain: 
1.7764e-015 (s42_ + 0.375s + 5.629014) 


(S+2.325) (S*2 + 0.6753s + 0.4302) 


The numerator is basically equal to 1 


Use the same procedure for other parts. 


(b) (1) Eigenvalues of A: -1, —1. 


(2) Transfer function relation: 


1 


7 1 [s+1 1 |[o (s+1) : 
X(s) =(sI-A) BU(s) = — i U(s)= , U(s) A(s) =s° +2541 


A(s)| 0 s+l1 
(s+1) 
(3) Output transfer function: 
1 
HY 6G) (AA) BE 1] (oe) = : + : = eb 
U(s) 1 (stl) s+l (s41) 
s+l1 


(c) (1) Eigenvaluesof A: 0, -1 —-L 


(2) Transfer function relation: 


TS 


gs +2s=1  g4+2 1 |[ 0 1 
4 1 1 

X(s) =(sI-A) | BU(s) = —— 0 s(s+2)) s |] 0 |U(s)= 
A(s) A 


2 
-s Ss 1 


2 
AY 


(3) Output transfer function: 


1 


2) Go (tay Beli 1 Oj] s |= a : 
U(s) ,| s(stly s(st1) 
S 


3-42. Given the dynamic equations of a time-invariant system: 


AU) = ax (1) +Bu() y(t) =Cx(t) 
where 
0 1 0 0 
A=|0 0 1] B={0} C=[I 1 O] 
-1 —2 -3 1 


Find the matrices A; and B; so that the state equations are written as 


FRU) _ 4 x (2)4+Byu(’) 
dt 

where 

My (1) 
x(t)=| y(t) 

dy t) 

dt | 
2 
We write ieee al eaerees d De ag Ns hy 
dt dt dt dt dt dt 
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s |U(s) A(s) = s(s° +25 +1) 


dx, 
#1) fo 1 ofx)] fo 
dx dy 
— = =|}0 1 1 |i x, |+]0}u (1) 
dt dt 
7 te Sella 
y 
La | 
x] fl 0 0 1 0 0 
K¥=|yl=/1 1 O|x x=|-1 1 O|x (2) 
y} [o 11 a 


Substitute Eq. (2) into Eq. (1), we have 


0 
dx _ _ 
—=A,x+Bu=|0 0 1 |x=/0 
dt 


3-43. Fig. 3P-43(a) shows a well-known “broom-balancing” system in control 
systems. The objective of the control system is to maintain the broom in the 
upright position by means of the force u(t) applied to the car as shown. In practical 
applications, the system is analogous to a one-dimensional control problem of the 
balancing of a unicycle or a missile immediately after launching. The free-body 
diagram of the system is shown in Fig. 3P-43(b), where 


a 


Figure 3P-43 


jx = force at broom base in horizontal direction 


fy = force at broom base in vertical direction 


Mp, = mass of broom 
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g = gravitational acceleration 
M. = mass of car 


J» = moment of inertia of broom about center of gravity COM Tee 

(a) Write the force equations in the x and the y directions at the pivot 
point of the broom. Write the torque equation about the center of gravity CG of the 
broom. Write the force equation of the car in the horizontal direction. 


(b) Express the equations obtained in part (a) as state equations by 


assigning the state variables as “! ~ O,%, = dOldt, x, = x,andx, = dxdt Simplify 


these equations for small 9 by making the approximations S2@=@ andcos@ = 1 


(c) Obtain a small-signal linearized state-equation model for the system 
in the form of 


dAx(t 2 z 
COND (A) eB Ke) 
dt 
at the equilibrium point Yo (1) = 1, 22 (#) = 0,445 (1) =0 and * (r)=0 : 
(a) Nonlinear differential equations: 
dx(t) dv(t) 
; = v(t) =—k(v)- g(x)+ f(t) =-Bv(t)+ ft) 
t 
With R, =0, 
e(t) ' e(t0 
f(t) = =K i,(t)=K,i,(t)=K,i (t) Then, i (t) =——_ 
Kvo. 2? ff ie g K,K v(t) 
Ke’ K. 
f(t)=K@t)i oo. Thus, USD) Bv(t)+—— e’(t) 
‘ ? Ki K v(t) dt KK v(t) 


(b) State equations: i (t) as input. 


dx(t) 2 


dt 


v(t) OO = Bv(t)+ KK, 20) 
dt 


(c) State equations: ¢(t) as input. 


fO=KK 2) =i, 9-22 
i a a ia 


dx(t) _ 
dt 


K 
a(t) = —Bv(t)+—- 4" (1) 
K 


ff 


v(t) 
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3-44. The “broom-balancing” control system described in Problem 3-43 has the 
following parameters: 


M,=|kg M,=10kg L=lm_ g=32.2ft/sec’ 
The small-signal linearized state equation model of the system is 


Ax(t) = A*Ax(t)+B*Ar(t) 


where 
0 100 0 
25.92 0 0 0 _| -0.0732 
“i= Grr. sage. A “| 9 
236 0 0 0 0.0976 


Find the characteristic equation of A* and its roots. 


3-45. Fig. 3P-45 shows the schematic diagram of a ball-suspension control system. 
The steel ball is suspended in the air by the electromagnetic force generated by the 
electromagnet. The objective of the control is to keep the metal ball suspended at 
the nominal equilibrium position by controlling the current in the magnet with the 
voltage e(t). The practical application of this system is the magnetic levitation of 
trains or magnetic bearings in high-precision control systems. The resistance of the 
coil is R, and the inductance is L(y) = L/y(t), where L is a constant. The applied 
voltage e(f) is a constant with amplitude E. 


(a) Let Eeq be a nominal value of EF. Find the nominal values of y(t) and 
q 
dy(t)/dt at equilibrium. 
(b) Define the state variables at %(1)=i(t),», (1) = y(t),and x, (t)=dy(t)/at_ 
x(t) 


Find the nonlinear state equations in the form of 4 


=i Re). 


(c) Linearize the state equations about the equilibrium point and express the 
linearized state equations as 

dAx(t ‘ " 
a = A’Ax(t)+B'Ae(r) 
i 


The force generated by the electromagnet is Ki*(t)/y(t), where K is a proportional 
constant, and the gravitational force on the steel ball is Mg. 
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Electromagnet 


— 


fe 


K 
, 7 
» y 
J Steel ball 
Mg 


Figure 3P-45 


L 
23 (a) Differential equations: 10) 4] 
y 


d| L(y)i(t dL(y) dy(t) L di(t L dy(t) Ldi(t 
e(t) = Ri(t)+ LL o] _ Rit) +i(t) OO) BO , BBO _ pi ~ i(t) MG) Pa) 
dt dy dt y dt y dt y dt 
2 : 2 
Ki (t di(t dy(t d y(t 
My(t) = Mg- A, Mageitrinn 22 =p. OS og, ae 
y (t) dt dt dt 
dy EL, | K 
Thus, i =—~ 4_¢ i= a oo 
R dt 7 RR \Mg 
; ; dy 
(b) Define the state variables as x, =i, x, = y, and x,=—. 
“dt 
A Eig | K 
Then, 5 Z Xooq = fj — X30, = 0 
The differential equations are written in state equation form: 
dx R XxX, Xx dx dx K Ee 
1 m3, 72 2 3 1 
eer as a aor ia, ain, a) ern aaron tary 
dt L Xx, L dt dt M x, 


(c) Linearization: 
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ce 1 2 3 
2 
G, 2K *tq  2Rg F, 2K eq 2Rg |Mg F;, ay 
& Mx, E a Mx EVNK a 
eq eq 2 2eq eq 


The linearized state equations about the equilibrium point are written as: 
Ax = A"Ax+B"Ae 


Fa | KL 0 ue Ea | K 
L \Mg K RL \ Mg 


A’ = 0 0 0 B = 0 
2Rg 2Rg |Meg 0 0 
E., E., K 


3-46. The linearized state equations of the ball-suspension control system 
described in Problem 3-45 are expressed as 


Ax(t) = A*Ax(t)+B*Ai(t) 


where 
0 1 0 0 0 
115.22 -0.05 -186 0 —6.55 
A*= B*= 
0 0 0 1 0 
—37.2 0 37.2. 0.1 —6.55 


Let the control current Ai(t) be derived from the state feedback Ai(t) = —KAx(t), 
where 


K=[k k& k& &] 


(a) Find the elements of K so that the eigenvalues of A* — B*K 
are at —1 + j, -1 —j, —10, and —10. 


(b) Plot the responses of Axi(t) = Ayi(t) (magnet displacement) 
and Ax3(t) = Ay2(f) (ball displacement) with the initial condition 


0.1 


(c) Repeat part (b) with the initial condition 
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Comment on the responses of the closed-loop system with the two 
sets of initial conditions used in (b) and (c). 


The solutions using MATLAB 


(a) The feedback gains, from ‘1: ' 2: 


—6.4840E+01—-5.6067E+002.0341E+01 2.2708E+00 
The A*-B’K matrix of the closed-loop system 


0.0000E+00 1.0000E+00 0.0000E+00 0.0000E+00 
—3.0950E+02 —3.6774E+01 1.1463E+02 1.4874E+01 
0.0000E+00 0.0000E+00 0.0000E+00 1.0000E+00 
—4.6190E+02 —3.6724E+01 1.7043E+02 1.477eE+01 


The B vector 
0.0000E+00 
—6.5500E+00 
0.0000E+00 


—6.5500E+00 


(b) Time Responses: Ax(0)=[0.1 0 0 0 
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TIME CSEC) 


With the initial states 4*=[01 0 0 0). the initial position of 41° js 
perturbed downward from its stable equilibrium position. The steel ball is initially 
pulled toward the magnet, so “342 is negative at first. Finally, the feedback 
control pulls both bodies back to the equilibrium position. With the initial states 


Ax(0)=|0 0 01 0]. the initial position o is perturbed downward from its 
stable equilibrium. For t > 0, the ball is going to be attracted up by the magnet 
toward the equilibrium position. The magnet will initially be attracted toward the 
fixed iron plate, and then settles to the stable equilibrium position. Since the steel 
ball has a small mass, it will move more actively. 


f Ax, or Ay, 
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Automatic Control Systems Chapter 4 Solutions 


Golnaraghi, Kuo 


Chapter 4 


4-1) a) 
b) 
c) 
d) 
e) 
4-2) 


1 
x—_ Geual —@—; s(s + 1)(s+ 2) 


_ [_ Kp _ KpKp 
G(s)H(s) = al Ae stp 
_. 
G(s) ~~ s(stp) 
E(s) _ al -_ stp 


R(s)  1-G(s)H(s) | s+p-KpKp 


Feedback ratio = 1) ee ae 
1-G(s)H(s) st+p—KyKp 
y(s)_ G(s) Kp 


X(s)1-G(s)H(s) s(st+p—KpKp) 


1 
xX < ) >» s(s + 2) 


s+1 


1 


ry 


Characteristic equation: s(s + 1)(s +2) + 1=0 


> s?+3s?+2s+1=0 
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4-3) 
—>| Hp» 
+ 
+ 
x *S Gi a. =. ©—- F 
1-G,H, + 
H; + 
A, 
>| 
G, 
»< + 
Bi D G2 |—- > G > Y 
: + 
H; id 
+ H 
xX G,G, eee Y 
1-G,H, 2 
H3 , 
GG, 


Y(s)_ 1-GA, (c =) _  G,G,G3 + GHz 
2 1 — G,H, + G,G,H, 
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4-4) 


G 


G, 


~ 
+ 
+ 
v 
- 
re 


H, «— 


H, 


+ + G [,| 
xX 2 Y 
-©@ _ 1+G,G,H, 2 


H, 


: 2G 
1+G,G,H,+G,H, 


Hy 
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Chapter 4 Solutions 


4-5) 


Y(s) _ 


G,G,G; 
1+G,G,H,+G,H, 
A, 
a i 
G, 


G1G2G3 


X(s) 1+ G,G.H, + GoH, + G2G3H; 


¥(s) =[I + G(s)H(s)] 'G(s)R(s) = M(s)R(s) 


2 
1 0 
I+ G(s)H(s) = 
01 2 


[1+ G(s)H(s)]" = 


M(s) =[I+ G(s)H(s)] 'G(s) = r 


M(s) = 2 
A 


10 s’+2s+2 


—> 10 
+| 5(s+2) =| s(s+2) 
5 l 5 S+2 
5 stl s s+l 
+ 
st+2 ~10 
s+] 


7S s +25+2 


S 


S(s+1) 
Ss 5(S+2) 
s+20 i 2 
S+1 ‘ s(s+2) 
-§ s +2s+2 5 1 
Ss S(s+2) S st] 
-50s-— 48 0 
5(s+1) 
5 


495s” - 1485-98 
5(s+1)(s +2) 


2 
Ke 48s-—48 
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4-6) MATLAB 


syms $s 
G=[2/(s*(s+2)),10;5/s,1/(s+1)] 
H=[1,0;0,1] 

A=eye(2)+G*H 

B=inv(A) 

Clp=simplify(B*G) 


Ge 


[ 2/s/(s+2), 10] 
[  5/s, 1/(s+1)] 


H= 

1 0 
0 1 
A= 


[ 1+2/s/(s+2), 10] 
[ 5/s, 1+1/(s+1)] 


B= 

[ s*(s+2)/(s*2-48*s-48), -10/(s*2-48*s-48)*(s+1)*s] 

[ -5/(s2-48*s-48)*(s+1), (SA2+2*8+2)*(st+1)/(st+2)/(s*2-48*s-48)] 
Clp = 

[ -2*(244+25*s)/(s42-48*s-48), 10/(s42-48*s-48)*(s+1)*s] 

[ 5/(s42-48*s-48)*(s+1), -(49*s42+148*s+98)/(s+2)/(S*2-48*s-48)] 
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4-7) 
(a) Open-loop transfer function: 
@ (s) KKK|K.N 
@,(s) L,J,s? +(L,B, +R,J, +K,K,J,)s+R,B, KK, + KKK, + KK,B,| 
(b) System transfer function: 
@ (s) KK,K\K,N 
= 3 2 
©,(s) [14,5 +(L,B, +R,J,+K,K,J,)s° +(R,B +K,K, +KKKK, +K,K,B,)s+ KK.K,K,N| 
4-8) 
(a) 
10(s +4) 
¥(s)) s(s+1) _ 10(s+4) 
R(s\yeg 145 4 10S +2) 57 4165420 
S(s+1)  5(s+1) 
(b) 
10(s+4) 
YO) _ YOS)/ ROS) | s(s+1) _ 10(s+4) 
E(s) N=0 E(s)/ R(s) N=0 1+ 5s = 20 3 +65—-— 20 
S(s+1) s(s+1) 
(c) 
N(5)|p-0 14 25_ , 1065+2) sx” +165+20 
S(s+1) s(s+1) 
(d) 
Y y 
¥(sy=2 9} arse) sy 
R(s) Neo S)I p90 
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4-9) 
(a) 
Y(s) - G,(s)G, (s)G,(s)+G, (s) Y(s) _14+6,(9)G, (9H, (5) 
R(S)}y~0 A N(S)\p-0 A 
A=1+G,(s)G,(s)H,(s) +G,(s)G,(s)H,(s) +G,(s)- G, (s)G,(s)H,(s) A, (s) 
Y(s)= 1@) R(s) +! N(s) 
R(S)|y-0 (S)] p20 
(b) When 1+G,(s)G,(s)H,(s) =0 Y(s) is not affected by Ns). 
4-10) 
10(s +5) 
Y(s) ~ s(s-+5)(s-+10) a0) s(s+10) 
Set = = 0 Then, G(s) = ———- 
N(S)|p-0 A 10 
4-11) 
(a) 
¥(s)| - 1+G(s)H(S) _ ije es 
N(S)\p-0 A G(s) K(s+3) 
(b) 
1 
N=0. _ js Oe R(s)=— 
14+G(s)+G(s)H(s) G(s) K(s+3) RY 


S+1)(s+2 2 
lim e(t) = lim sE(s) = ig eens ee 0.1 K =6.67 
{900 s0 s>0 Ks(s+3) 3K 
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4-12) 


(a) Controller transfer function: 


F(s) 100 30 70 880(s+6818) 


SE (Ss) Ss s+6 s+10  s(s+6)(s+10) 


(b) Open-loop transfer function: 
V(s) K 
<= Gs 
E(s) Ms 

(c) System transfer function: 

V(s)____ KG,(s)/' Ms 


(d) Steady-state speed: E =1V, 


lim v(t) = lim sV(s) = lim 


ise 530 s90 5° +165” +(0.0044K + 60)s+0.03K 


4-13) 


syms t 

f=100*(1-0.3* exp(-6*t)-0.7 *exp(-10*t)) 
F=laplace(f) 

syms s 

F=eval(F) 

Gc=F*s 

M=30000 

syms K 
Olp=simplify(K*Gc/M/s) 
Kt=0.15 

Clp= simplify(Olp/(1+Olp*Kt)) 
s=0 

Ess=eval(Clp) 


f= 
100-30* exp(-6*t)-70*exp(-10*t) 


F= 
80*(11*s+75)/s/(s+6)/(s+10) 


ans = 


Golnaraghi, Kuo 


F(s) _ 880(s+6818) 


(ss 


E(s) (s+6)(s+10) 


___880K(s+6818) — 0.0293K(s +6818) 
30000s(s + 6)(s +10) 5(5+6)(s +10) 


KG,(s) 0.0293K(s +6818) 


——— rc a 


E,(s) 1+KK,G.(s)/Ms Ms+KK,G(s) s°+16s” +(0.0044K + 60)s+0.03K 


E(s)=E,/s=1/s 
0.0293K(s +6818) 


= 6.66 ft/sec 
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(880*s+6000)/s/(s+6)/(s+10) 


Gc= 
(880*s+6000)/(s+6)/(s+10) 


Olp = 
1/375*K*(11*s+75)/s/(s+6)/(s+10) 


Kt= 
0.1500 


Clp = 
20/3*K*(11*s+75)/(2500*s*3+40000*s*2+150000*s+11*K*s+75*K) 


sS= 
0 


Ess = 
20/3 


4-14) 


(a) Controller transfer function: 
F(s) _ ( 100 30 aa _ 70(s+8.5714) 0.55 


SE (s) 5s s+6 5(S+6) 
Fi : és 
G(s) 7 (s) 2 J0(S+8.5714) | 0.55 
E (s) S+6 


(b) Open-loop transfer function: 
V(s) _ KG (,)_ T0K(s+85714) 056 


0.002333K(s+8.5714) _o5; 
= ie 


E(s) Ms “ 300005(s +6) s(5+6) 
(c) System transfer function: 
V(s)__KG(s)/Ms___(0,002333K(s+8.5714)e °° 


E,(s) 1+KK,G.(s)/Ms s* +6s+0.00035K(s+8.5714)e°* 
(d) Steady-state speed: E =1V, E(s)= E /s=1/s 
~-0.55 
Hien Wee) lit VCR) = ke 0.002333K(s+8.5714)e 
{30 s30 


ee = 6.66 ft/sec 
£90 §° +65 +0,00035K(s+8.5714)e~ 
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4-15) 


Note: If L G(s) = g(t), then tL “Ye%G(s)} = u(t - a) ¢ g(t - a) 


syms t s 
f=100*(1-0.3*exp(-6*(t-0.5))) 
F=laplace(f)*exp(-0.5*s) 
F=eval(F) 

Gc=F*s 

M=30000 

syms K 

Olp=simplify(K*Gc/M/s) 

Kt=0.15 

Clp= simplify(Olp/(1+Olp*Kt)) 

s=0 

Ess=eval(Clp) 

digits (2) 
Fsimp=simplify(expand(vpa(F))) 
Gcsimp=simplify(expand(vpa(Gc))) 
Olpsimp=simplify(expand(vpa(Olp))) 
Clpsimp=simplify(expand(vpa(Clp))) 


f= 
100-30* exp(-6*t+3) 


F= 
(100/s-30*exp(3)/(s+6))*exp(-1/2*s) 


F= 
(100/s-2650113767660283/4398046511104/(s+6))*exp(-1/2*s) 


Gc= 
(100/s-2650113767660283/4398046511104/(s+6))*exp(-1/2*s)*s 


M= 
30000 


Olp = 
-1/131941395333120000*K*(2210309116549883*s-263882 7906662400)/s/(s+6)*exp(-1/2*s) 


Kt= 
0.1500 


Clp = 
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20/3*K*(2210309116549833*s-263882 7906662400) *exp(-1/2*s)/(-879609302220800000*s2- 
5277655813324800000*s+2210309116549883*K*exp(-1/2*s)*s-2638827906662400*K*exp(-1/2*s)) 


s= 
0 


Ess = 
20/3 


Fsimp = 
-.10e3 *exp(-.50*s)*(5.*s-6.)/s/(s+6.) 


Gcsimp = 
-.10e3*exp(-.50*s)*(5.*s-6.)/(s+6.) 


Olpsimp = 
-.10e-2*K*exp(-.50*s)*(17.*s-20.)/s/(s+6.) 


Clpsimp = 
5.*K*exp(-.50*s)*(15.*s-17.)/(-.44e4*s42-.26e5*s+11.*K*exp(-.50*s)*s-13.*K*exp(-.50*s)) 


4-16) 


Taking the Laplace transform of the differential equations and expressing in matrix form, the following matrix 


equations are obtained. All the initial conditions are sct to zero. 


ss+2) 3 THO] fi PRO] [RO] yf st-as-1 s?-4 TRO) 


3s+1 8-1 ¥(5)] [s 1P RCs) ¥,(s)| 4] s?+2s?-35-1 s?-s-1] (5) 


A(s)=s* +2s°-s?-11s-3 
_s-4 no _s'=s-1 
R=0 A R,(s) R=0 A 


¥(s)} ss’ 38-1 ¥,()} s+ 257-35-1 (5) 


R(s) R=0 A Rs) R=0 A R,(s) 
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4-17) 


>® ‘? rO > y 


-H; 


4-18) 
X,(s) = ~[-5X,(s) — 6X,(s) + 3X3(s) + 0.5U;(s)] 
1 
X,(s) = 5 ii) — X3(s) + 0.5U2(s)] 
X3(s) = ~[-0.5x,(s) + 1.5X5(s) + 0.5X3(s) + 0.5U;(s) + 0.5 U2(s)] 


Z1(s) = 0.5X,(s) + 0.5X>(s) 
ee = 0.5X,(s) + 0.5X3(s) 


O05 
‘~ eee ie _ eee 0 5 1 Z\ 
a 9 ne ee ei 
3 ee ee ae 
0.5 \ ae 0 
i I/s | Q L/s #6 x" 1/s X] a 5 
as 4 QOS a Nm a N05 
e A Se eat oe wT yt ia 
OK poe ee ~~ —— 5 oe Pe A. % 1 
U> 0.5, ge 7 05 % 
ss es ty s. 47, 
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4-19) 
Y(s) B,s+Bo 
OS) = GG) > SF As + Ay 
> (s + Ays + Ap) Y(s) = (Bis + By) U(s) 
> (s ee *s) Y(s) = B,U(s) + 2U(s) 
sY(s) = —A,Y(s)+ X(s) + B,U(s) 
= X(s) = —“¥(s) + 2u(s) 


a ‘aa = —A,Y(s) + X(s) + B,U(s) 
sX(s) = —ApY¥(s) + BoU(s) 
g = —Ay+x+B,u(t) 
x= —Aopy + Bou(t) 


ae 


4-20) 


3-13 
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(b) Rewrite the equations as (This is not unique): 
X, = 2x, +x, +1 X, =(-2/3)x, -(1/3)x, -1 x, =-3x, 


4-21) 


¥(s)}_ G,(S)G, (8) +G,(9)G, (5) 24C)) eee E(s)) al 

 R(s) hae A N(s) R=0 A N(s) R=0 A 
E(s) _ 1G 9H )- G (9G, (9) A =1+G,(s)G,(s)+G,(s)H,(s) 
R(s) N=0 A 


4-22) 


Auto 


(a) 


(b) 


(©) 


(d) 


(e) 
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Me SGGEtEG! ty Gi | Ty A GO Gs 
Y, A Y, A ¥, ¥,/¥,  1+G,H, 
4=1+G,H,+G,H, +G,G,H, +G,G,G,H,+G6,G,H,H, 
Y, GG,G,+G,G, ¥, _1+G,H, +H, ¥, _¥/¥, _G,G,6,+G,G, 
f A Y, A Y, Y,/¥, 1+G,H, +H, 
A=1+G,H,+G,H, +G,G,H, +G,G,G,H, +H, +G,6,7,4,+G,AH, 
Y, GG,G,+G, ¥, _1+G,G,H, ¥, _Y/%,_GG,G,+6,G, 
‘ A Y, A Y, ¥,/Y,  14+G6,G,H, 
A=1+G,H,+G,G,H, +G,G,H, -G,G,H,H, 
¥; = GG, +G,G,G, yy & oe XS = ¥, 'Y, ea G,G, +G,G,G, 
Y, A Y, A y, Y/Y,  14+G,H, 
A= 14G,H, +G,H, +G,G,H, +G6,G6,G,H, -G,H,H, 
ae G,G,G,(1+H,)+G6,G,(1+G,H,) ¥, _14+G,H,+G,H, +H, +C,H\H, +G,H,H, 
: A Y, A 
Am Abe G,G,G, (1+ H,)+G,G,(1+G,H, 


2 
Y Y,/Y., 1+G,H,+G,H, +H, +G,HH,+G,HH, 


4=14+G,H,+G,H,+H, +G,GH. +G,G,G,H, +G,H\H,+G,H,H, +G,G,G,H,H, +G,G,4..H. 


7°3 2-403 


4-23) 
(a) 
Y, _GG,G,G,G,+6,G,(1+ GH, +G,H,) 
Y, A 
¥, _1+G,H, +G,H, +G,G,H, +H, +G,C,G,G,H, +G,H,G,G,H, +G,H)H, +G,HH, 
Y¥ A 
1 


A=1+G,H,+G,H, +.G,H,+G,G,H, +H,+G GGG, 


+G, 
(b) 


-G,G,H,H, - G,G,H,H,H,H, + G,G,H,H, 


2°37 40s 5S 


G,G,H,H, +G,H,H, +G,G,G,H,H, +G,H,H, +G,H,H, - G,G,G,H,H,H, + GG,H,H,H, 


45 256 3° "6 
We G,G,G,G,G, +G,(1+G,H, +G,H,) ¥, _1+G,H, +G,H, +G,6,6,G,1, 
Y A Y A 
A=1+G,G,H, +G,H, +G,H, +G,G,G,G,H, -G,G,H,H, +G,G,G,H,H, -G,G,G,H,H,H, 
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4-24) 


ar pees e=Ri e 


=e, +R, -i,)+G, +4, -i,)R, 


4-25) 
(a) (b) 
eee) YG 
3 1+GH 4 1+GH 
4-26) 


(a) The three loops are not in touch. 


A= 1+G.H, +G,H, +G,H, +G,G,H,H, +G.G,H. H, +G,G,H,H, +G,G,G 


27 3°°2 3/1, HH, 


(b) The three loops areintouch, A=1+G,H,+G,H,+G,H,+G,G,H,H, 


4-27) 


Automatic Control Systems Chapter 4 Solutions 
(a) 
¥,| _ GG,G,G, +G,G,G, Y teGH, 
Y A Y. A 
Hy, =0 TY =0 


A=1+G,H, +G,H, +G,G,G,G,H, +G,G,G,H, +G,G,H,H, 


(b) 
¥,)  _GG,G,G,+G,6,G, -¥,|_1+G,H,+G,H, +G,G,H.H, 
ie A Tyo A 
A=14+G\H, +G,H,+G,G,G,H, +G,G,G,G,H, + G,G,H,H, +G,G,G,H,H, 
4-28) 
(a) 
Y,| _ G,G,G,G,G, +G,G,G,G, 
“ly <0 A 
A=1+G,H, +G.H, +G,G,G,G,G,H, +G,G,G,G,H, +G,G,HH, 
(b) 
%|  _G,G,0+6,4,) 
"ely a0 7 
(c) 
YX] _YI) _GG,C,6,6,+6,6,6,G, 
re ALLA (G,G, +G,)(1+G,H,) 
(d) 
Y| _¥%/%| __ -G,G,+G,H,) 
Are YI%| | G,G,l,(G, +G,G,) 


The results in (c) and (d) are different because different inputs are used. 
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4-29) 


(a) Equivalent SFG: 


(b) A=1-2G(s)/’ 


(c) 
¥(s)}_ G(s)f1-G(s)) Ks} _ (G(s) 
Rp 0 A RM,» 4 
AG) ae G(s)’ Y(s)}_ G(s) + G(s)] 
Rn 4 R(Np A 


(d) Transfer function in matrix form: Y(s) = G(s)R(s) 
: ne [G(oy" | 


G(s) 
Al (G(s)P — G(s)[1 + G(s)] 
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4-30) Use Mason’s formula: 


(a) 
¥(s) _ G(s [1+G,(s)H(s)] yy! _ G(s) 
R(S)\ v9 1+G,(s)H(s) N(S)|p-9 1+G,(s)H(s) 
When G_(s)= G, (s) a) = G, (s) 
R(S)|y-0 
(b) 
cee. OF, we ye 
(s+1)(s+5) R(s)|y- (s+1)(s+5) 
R(s)= Pi ee ge? y(t) =(20-25e" +5e™ Ju (2) 
Ss S(s+1)(s+5) 5s stl s+5 
(c) 
G 
102) Pee Sole 2a es eee 
N(S)\p-0 1+G,(s)H(s) (s+1)(s+5)+100A(s) S ~  §(S+1)(s+5)+100s 


H(s) must have a pole at s= 0, but the system must be stable. 


K 

H(s)=—. A= s(st+1)(s+5)+100K 
Ss 

K must be sclected so that the system is stable. 


4-31) MATLAB 


symss K 
G=100/(s+1)/(s+5) 
g=ilaplace(G/s) 

H=K/s 
YN=simplify(G/(1+G*H)) 
Yn=ilaplace(YN/s) 


G — 
100/(s+1)/(s+5) 


g = 
-25*exp(-t)+5*exp(-5*t)+20 


H= 
K/s 
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YN = 
100*s/(s43+6*s42+5*s+100*K) 


Apply Routh-Hurwitz within Symbolic tool of ACSYS (see chapter 3) 


Bp Transfer Function Symbolic Lo X_) 


Enter Transfer Function: 


Enter the Numerator and Denominator of the transfer function 
using a vector of polynomial coefficients, or the numerator or 
denominator of the transfer function in symbolic form with 
complex variable 's'. Enter any symbolic variables in the box 
labeled ‘Enter Symbolic Variables." 
ex: For numerator (s*2 + 3*kp*s + ki*2): 
enter '[1, 3*kp, ki*2]' in the Numerator box 
and ‘kp ki’ in the symbolic variables text box. 
ex: The following are all equivalent: 
'(s*2 + 7*s + 12) 
sDleeealeety 
and '(s+4)*(s+3)'. 


Enter Symbolic Variables k 


Numerator 
[1] 


Denominator 


[1 6 5 100*k) 


Inverse Laplace Transform | 


Control Panel 


[Transter Function Symbolic ’ | 


[ di 5] 

[ 6, 100*k] 

[ -50/3*k+5, 0] 

[ 100*k, 0] 

Stability requires: 0<k<3/10. 
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4-32) 


(a) State diagram: 


(b) Characteristic equation: A=1+2s'+5s'+15s'+10s? =0 s°+75+25=0 
(c) Transfer functions: 

X(s) _ 6s” ___ 6 X(s) _ 2s '(1+257') __ %s+2) 

Ris) A s?4+75+25 R(s) A s’ +75+25 
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4-33) MATLAB solutions are in 4-34. 


(a) Write the differential equation as 


3 2 
SO ery sO 2-620 10y 


di 


State diagram: 


(b) State equations: 
dx 
BW 25 a0 =x,(1) AO -105,(0)-65,0-5e() +700 
t t 


(c) Characteristic equation: 
A=1+5s' +657 +105 =0 s°+5s’ +6s+10=0 
Characteristic equation roots: : 
—4.1337, — 0.43313 + /L4938, — 0.43313 — 1.4938 
(d) Transfer function: 
Y(s)_ s° 1 
= ees ee: ee 
R(s) 1+5s° +65 ~ +105 S +5s° +6s+10 
(e) R(s) = 1s. 
¥(s)= 1 0.1 0.01519 0.0848 1(s + 0.4331) 0.09953 


V—_—_—_—O_O a 


s(s'+5s°4+65+10) 8 s+4.1337 (s+0.4331)° +2232 (s+0.4331)* +2.232 
W(t)= [0.1 -0.01519e *"” — 0.0848 le °*?" cos(1.4941) - 0.066626 74?" sin(1494r)|u,(t) 


4-34) MATLAB 

clear all 

p= [1 5 6 10] % Define polynomial s%3+5*s%2+6*s+10=0 
roots (p) 

G=tf(1,p) 

step (G) 
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p= 

1 5 6 10 
ans = 

-4.1337 


-0.4331 + 1.4938i 
-0.4331 - 1.4938) 
Transfer function: 


File Edit View eae aorents Desktop Window Help 5 | ™ | 
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Alternatively: 

clear all 

syms s 

G=1/( s*3 + 5*s*2 + 6*s + 10) 
y=ilaplace(G/s) 

s=0 

yfv=eval (G) 


G = 
1/ (s*3+5*s*2+6*s+10) 


VY = 
1/10+1/5660*sum((39* alpha*2-91+160* alpha) *exp( alpha*t), alpha = 
RootOf (_2*3+5* Z*2+6* Z+10)) 


yfiv = 
0.1000 


Problem finding the inverse Laplace. 


Use Toolbox 2-5-1 to find the partial fractions to better find inverse Laplace 
clear all 


A = [1 5 610 0] % Define polynomial s*(s%3+5*s*2+6*s+10)=0 
[r,p,k]=residue (B, A) 


B= 
1 
A= 
1 5 6 10 0 
r= 
-0.0152 
-0.0424 + 0.03331 
-0.0424 - 0.03331 
0.1000 
p= 
=41:3:3') 
-0.4331 + 1.49381 
-0.4331 - 1.49381 
0 
k = 


‘ ; _ 1. 0.0152 —0.0424 + 0.03331 -—0.0424 - 0.03331 
So partial fraction of Y is: = + + A _ ¢_ 
s s—4.1337  s—0.4331 + 1.49381 s—0.4331 - 1.49381 
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4-35) MATLAB solutions are in 4-36. 


} (a) Write the differential equation as 
£10. d° 20) 34 O_O 
at‘ dt’ dt? 


r(t)-4—— 5——~ y(t 
=r(t)- a y(t) 


State diagram: 


(b) State equations: 
dx (t) dr, (t) dx,(t) 
dt dt 


= 3300 


ao EA) 
t 


= —x,(t)-Sx,(t)-3x,()- 44, (0 +r) 


(c) Characteristic equation: 
si +4599 +357 +55+1=0 
Characteristic equation roots: 
3.5286, - 0.2212, — 0.12514 f1.125 -0.1251- f1125 


(d) Transfer function: 
ye) 


Rs) 5° +45° +357 +5541 


(e) R(s)=1/s. 
vie 1 _1_ 1072 | 0.006668 0.06558(s-+ 01251) : 0.2054 
5(51 445° 435745541) 5 540.2212 5435286 (5+0.1251)? +1.2656 (5+0.1251)? + 1.2656 


y(t) =[1-1072e°”?"™ + o.006668e7°°** +.0,06558e °°" cos(1.125t) - 0.1826e "7" sin(L125¢)}u, (¢) 
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4-36) 

clear all 

p= [1 4 3 5 1] % Define polynomial s%4+4*s%3+3%*s%2+5*s+1=0 
roots (p) 

G=tf(1,p) 

step (G) 


pe 


ans = 
-3.5286 
=0) 1251 + 1.12502: 
-0.1251 - 1.12501 
-0.2212 


Transfer function: 


s°4 + 4 s%3 + 3 s%2+5s+4 1 


Ee 
OsceeS ei Qans € OF 
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Alternatively: 
clear all 


syms 


St 


Chapter 4 Solutions 


G=1/ (s*4+4%*s%3+3%*s*%2+5*s+1) 
y=ilaplace(G/s) 


s=0 


yfiv=eval (G) 


1/ (s*44+4%*8%3+3*s*%24+5*s+1) 


y= 
1- 
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1/14863*sum((3955* alpha*®3+16873+14656* alpha’%2+7281* alpha) *exp(_alpha*t), alp 
RootOf (_2*4+4* Z*3+3* Z*2+5* Z+1)) 


ha = 


Problem finding the inverse Laplace. 


Use Toolbox 2-5-1 to find the partial fractions to better find inverse Laplace 


clear all 


A= [1 43 5 1] 
[r,p,k]=residue (B, A) 


B= 
ee 
r= 
=0 
-0 
=0 
0 
p= 
=3 
=0 
-0 
=0 
ae 


12502 
»1250i 


% Define polynomial 
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s*4+4%*s%34+3%*s%2+5%*st+1=0 
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4-37) 
(a) 


(b) 


G.G,G 


Ms) a3 


R(s) 


N=0 


Chapter 4 Solutions 


ee 2 
Y(s) _ (1+G,G,H,)-G,G,G, 


N(s)|p.9 1+G,G,H,+G,G,H, +G,G,G, 
E(s) 1+G,G,H, 
R(s) 


G E+ 
) G,(s)G,(s) 10(s 


+1) 


7 - 100(s +1) 
~14+G,G,H,+G,G,H,+G,G,G, 101s? +2122s” +3050s+1010 
_ (101s? + 2122s” +2040s)- 10(s+1)G, 
101s? +2122s? +30505+1010 


s° +2257 +505+10 


1+G,(s)G,(s)H,(s)__ 101s’ +2122s” + 2040s 


(c) Characteristic equation: 101s° + 2122s” + 3050s+1010=0 


Characteristic equation roots: —0.5029, 


(d) R(s)= 1s. 


s +228” +50s+10 


ES ret a a kad Gen GA 
s(101s° + 2122s” + 2050s +1010) 
100(s+1) 
(e) Y(s)= 


s(101s° +2122s” +3050s +1010) 
y(t) = (0.099 + 0.002679 '*4* —0,002078e 


4-38) MATLAB 
Use TFcal in ACSYS (go to ACSYS folder and type in TFcal in the MATLAB Command 
Window). 
TFcal 


~ 10205, 


{00 


0.099 


Ss 
-1.02¢ 


— 0.00996e 


Se Ee OE ae GE MN pg Bes AE 
neo 1+G,G,H,+G,G,H,+G,G,G, 101s +2122s° +3050s+1010 


Golnaraghi, Kuo 


s° +2101s” +30.1985+10=0 


-0.50291 ) 


~— 19.4867 


_ 0.099 | 0.002679 0.002078 _ 


5+19.49 s+102 


u,(0) 


lim e(t) = lim sE(s) = 0.0099 
s—0 


0.00996 


5+0.5029 
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Help for 1st Time User 


Transfer Function Calculator 
Multiply two Transfer Functions 


Add Two Transfer Functions 
Single Loop Feedback 


Close and Exit 


Alternatively use toolboxes 4-4-1 and 4-3-2 

clear all 

syms s 

G1=100 

G2=(st1)/(s+2) 

G3=10/s/ (s+20) 

G4= (101*s8*3+2122*s*2+2040*s) /10/ (s+1) 

H1=1 

H2=1 

simplify (G1*G2*G3/ (1+G1*G2*H1+G1*G2*H2+G1*G2*G3) ) 


G3 = 
10/s/(st+20) 


G4 = 
(101/10*s%*3+1061/5*s%*2+204*s) /(st1) 


Hl = 
1 

H2 = 
1 

ans = 


1000* (st1) / (201%*8%3+4222*s*%2+5040*s+1000) 
clear all 

TF=tf£({[1000 1000], [201 4222 5040 1000]) 
step (TF) 
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4-39) 


[ile Edit View Insert Tools Desktop Window Help 
Dees s/QAQmrea\2\/08\/eo0 


clear all 

syms s 

Pl 2%*s8*%6+9%*S*%5415*8%44+25%*8%34+25%*s8*%2414*s+6 % Define polynomial 
P2 = s%648%*S%5423%*8%44+36%*8%3438%*S8%2428*st16 % Define polynomial 
solve(Pl, s) 

solve(P2, s) 

collect (P2-P1) 

collect (P2+P1) 

collect ((P1-P2) *P1) 

Pl = 

2*S°64+9%*8S%5415%*S%4425%*8%34+25%*8%24+14* 846 


P22 S 
S*6+8*S*%5423*8*44+36%S°3438*8°24+238* S416 
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=I 
3 
i*2* (1/2) 
-i*2* (1/2) 
—1/44+1/4*i*7% (1/2) 
-1/4-1/4*i*7*% (1/2) 
ans = 
-2 
-4 
1 
-1 
Sha 
-1-2 
ans = 


ans = 
-604+2*S*124+11%*5%11+8%*s5%10-54%*5%9-195*s5*%8-471%*s8*%7-796*s5*6-1006*s%5-1027*s*4- 


848*s*%3-524%*s%*2-224%*5 


Alternative: 
clear all 


Pl = [2 9 15 25 25 14 6] % Define polynomial 
roots (P1) 
P2 = [1 8 23 36 38 28 16] % Define polynomial 
roots (P2) 

Pl = 

Zz 9 as) 25 25 14 6 

ans = 

-3.0000 


-0.0000 + 1.41421 
-0.0000 - 1.41421 


-0.2500 + 0.66141 
-0.2500 - 0.66141 
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Pe = 
1 8 23 36 38 28 16 
ans = 
-4.0000 
-2.0000 
-1.0000 + 1.00001 
-1.0000 - 1.0000i 
0.0000 + 1.0000i 
0.0000 - 1.00001 
4-40) 
clear all 
syms s 


P6 = (S+1)*(S*%2+2) * (Sst+3) * (2*sS*%2+S+1) % Define polynomial 


) 
P7 (s*2+1) * (s+2) * (st+4)*(s*%2+st+1) % Define polynomial 
digits (2) 
vpa(solve(P6, s)) 


vpa(solve(P7, s)) 
collect (P6) 
collect (P7) 


P6 = 
(st3) * (st1)* (2*s°2+841)* (s*%2+2) 


=e a 
=,004% 85 *a 
= 005. 852: 


ans = 
2* STO 9O*S*O +154 S°4t25%S7°3425*S°24 144846 


ans = 
8+S*64+7*S*%5416%*S%44+21%*8%3423%*5%24+14%*5 
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4-41) 


Use Toolbox 2-5-1 to find the partial fractions 


clear all 


B= conv(conv(conv([11],[1 0 2]),[1 4]),[1 
A= conv(conv(conv([1 0],[1 2]),[1 2 5]),[2 
[r,p,k]=residue (B, A) 


B 


~ 74671 
~ 74671 


~72621 
~72621 


-00001 
-00001 


139197 
LAS 9 LOR 


45 
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108 


80 
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4-42) Use toolbox 4-3-2 


clear all 
B= conv(conv(conv([11],[1 0 2]),[1 4]),[1 10]) 
A= conv(conv(conv([1 0],[1 2]),{[1 2 5]),[2 1 4]) 


Gl=tf (B,A) 
YR1=G1/ (1+G1) 
pole (YR1) 
B= 
1 15 56 70 108 80 
A= 


2 9 26 45 46 40 O 

Transfer function: 

S45 +15 5444+ 56 543 + 70542 +1085 +80 
2546+9545 + 26544445 543 + 46542 +405 
Transfer function: 
2511 + 39 s410 + 273 s49 + 1079 s48 + 3023 S47 + 6202 S*6 + 9854 s45 + 12400 s*4 

+ 11368 s*3 + 8000 s*2 + 3200s 
45412 + 38 s*11 + 224 510 + 921 s49 + 2749 s*8 + 6351 S*7 + 11339 s*6 + 16074 S45 
+ 18116 s*4 + 15048 s‘3 + 9600 s*2 + 3200s 
ans = 
0 

-0.7852 + 3.2346) 

-0.7852 - 3.2346i 

-2.5822 

-1.0000 + 2.0000i 

-1.0000 - 2.0000i 

-2.0000 

-0.0340 + 1.3390i 

-0.0340 - 1.3390i 

-0.2500 + 1.3919i 

-0.2500 - 1.3919 

-0.7794 


C= [1 12 47 60] 
D= [4 28 83 135 126 62 12] 
G2=tf (D, C) 
YR2=G2/ (1+G2) 
pole (YR2) 
GS 
1 12 47 60 
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4 28 


83 


Transfer function: 
4 s*6 + 28 s*5 + 83 s*4 + 135 s%3 + 126 s*2 + 62 3s + 12 


Se30 ck 12) 342° +047 73. + 60 


Transfer function: 
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126 62 12 


4 s*9+76 s*8+607 S*74+2687 s*6+7327 s*54+12899 s*4+14778 s*3+10618 s%*2 


+ 4284 s + 720 


4 s*9+76 s*8+607 s*74+2688 s*6+7351 s*54+13137 s%*4+16026 s%*34+14267 s%*2+9924 


s+4320 


-5.0000 
-4.0000 
0.0716 + 
0.0716 - 
-1.4265 + 
-1.4265 - 
-3.0000 


Eo "© 


-2.1451 + 0. 
-2.1451 - 0. 


~ 99741 
~9974i 
133904 
“399% 


33661 
33661 


4-43) Use Toolbox 4-3-1 


G3=G1+G2 
G4=G1-G2 
G5=G4/G3 
G6=G4/ (G1*G2) 


G3=G1+G2 
G4=G1-G2 
G5=G4/G3 
G6=G4/ (G1*G2) 


Transfer function: 


BsM12 +. 92 s*1 do + b22 stl. + 1925. 8°9 + 5070 Stet - 9978 sft + LoT54 s*e4 


18427 s*5 


4800 


+ 18778 s*4 + 16458 s*3 + 13268 s*2 + 10720 s + 
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2400 s 


Transfer function: 
-8 s*12 - 92 s*11 - 522 s*10 - 1925 s*9 - 5068 s*8 - 9924 s*7 - 14588 s%*6 


- 15413 s*5 - 9818 s*4 - 406 s*3 + 7204 s*2 + 9760 s + 


2400 s 


Transfer function: 
-16 s*21 - 448 s*20 - 5904 s*%19 - 49252 s*18 - 294261 s*17 - 1.346e006 s%*16 
- 4.906e006 s*15 - 1.461e007 s*14 - 3.613e007 s%13 - 7.482e007 s%12 


- 1.3e008 s*11 - 1.883e008 s*10 - 2.234e008 s*9 - 2.078e008 s%*8 - 
1.339e008 s*7 


- 2.674e007 s*6 + 6.595e007 s*5 + 1.051e008 s*4 + 8.822ce007 s*3 + 


4.576007 s%*2 


1.152e007 s 


16 s*21 + 448 s*20 + 5904 s*%19 + 49252 s*18 + 294265 s*17 + 1.346ce006 s%16 
+ 4.909e006 s*15 + 1.465e007 s*14 + 3.643e007 s*13 + 7.648e007 s*12 


+ 1.369e008 s*11 + 2.105e008 s*%10 + 2.803e008 s*9 + 3.26e008 s*8 + 
3.343e008 s%*7 


+ 3.054e008 s*6 + 2.493e008 s*5 + 1.788e008 s*4 + 1.072€008 s%*3 + 
4.8e007 s%*2 
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1.152e007 s 


Transfer function: 
-16 s*21 - 448 s*%20 - 5904 s*%19 - 49252 s*18 - 294261 s*17 - 1.346e006 s%16 
- 4.906e006 s*%15 - 1.461e007 s%14 - 3.613e007 s%13 - 7.482e007 s%12 


- 1.3e008 s*11 - 1.883e008 s*10 - 2.234e008 s*9 - 2.078e008 s%*8 - 
1.339e008 s*7 


- 2.674e007 s*6 + 6.595e007 s*5 + 1.051e008 s*4 + 8.822e007 s*3 + 


4.57e007 s%*2 


1.152e007 s 


8 8°20 + 308 S*19 + 5270 s*18 + 54171 s*l] + 379254 s*Le + 1..9559e006 s*15 
+ 7.778e006 s*%14 + 2.471e007 s*13 + 6.416e007 s*12 + 1.383e008 s*11 


+ 2.504e008 s*10 + 3.822e008 s*9 + 4.919e008 s*8 + 5.305e008 s*7 + 
4.73e008 s%*6 


+ 3.404e€008 s*5 + 1.899e008 s*4 + 7.6436e007 s*3 + 1.947e007 s*2 + 
2.304e006 s 
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CHAPTER 5 


STABILITY OF LINEAR CONTROL 
SYSTEMS 


Problems 


5-1. Without using the Routh-Hurwitz criterion, determine if the 
following systems are asymptotically stable, marginally 
stable, or unstable. In each case, the closed-loop system 
transfer function is given. 


10(s +2) 
M (s)=—————— 
(s) s° +357 +5s 
—1 
b) M fee eee, 
Pe rairaa) 
K 
M (s)=—————— 
©) (s) s+5s+5 
(4) M(s)= 100(s—1) 
(s+5)(s° +25 +2) 
100 
M = 
©) (s) s° —2s*°+3s5+10 
10(s+12.5) 
Mi\o—— ee 
IES) s* +3s° +5057 +5+10° 
(a) Poles are at s =0,—15+ j1.6583, —1.5— 1.6583 One poles at s = 0. Marginally stable. 
(b) Poles are at s=—5,— jV2, jV2 Two poles on j@ axis. 
Marginally stable. 


(c) Poles are at s = 0.8688, 0.4344+ j2.3593, 0.4344— 72.3593 Two poles in RHP. Unstable. 


(d) Poles are at s=—5,—-1+ j,-1-j All poles in the LHP. Stable. 


(e) Poles are at 5 = —1.3387, 1.6634+ j2.164, 1.6634— 2.164 | Two poles in RHP. Unstable. 


(f) Poles are at s =—22.8487+ j22.6376, 2134874 j22.6023 Two poles in RHP. Unstable. 


5-2. Use the ROOTS command in MATLAB to solve Problem 5- 
1. 


Find the Characteristic equations and then use the roots command. 
(a) 

p=[135 0] 

sr = roots(p) 

p= 

13 5 0 

sr = 

0 
-1.5000 + 1.6583: 
-1.5000 - 1.6583: 


(b) p=conv([1 5],[1 0 2]) 


sr = roots(p) 


1 5 2 10 


c= 
-5.0000 
0.0000 + 1.41421 
0.0000 - 1.4142: 

(c) 

>> roots({1 5 5]) 


ans = 
-3.6180 


-1.3820 


(d) roots(conv({1 5],[1 2 2])) 


ans = 
-5.0000 
-1.0000 + 1.0000i 
-1.0000 - 1.00001 


(e) roots({1 -2 3 10]) 


ans = 
1.6694 + 2.1640 
1.6694 - 2.1640i 
-1.3387 


(f) roots({1 3 50 1 106]) 

-22.8487 +22.6376i 
-22.8487 -22.6376i 
21.3487 +22.6023i 
21.3487 -22.6023i 


Alternatively Problem 5-2 
MATLAB code: 

& Question 5-34, 

clear all; 


s=tf('s') 


SPart a 


Eq=10* (s+2) /(s*3+3*s*2+5*s8) ; 


[num, den]=tfdata(Eq,'v'); 


roots (den) 


S$Part b 
Eq=(s-1)/((st+5) * (s*2+2)); 


[num, den]=tfdata(Eq,'v'); 


roots (den) 


SPart c 


Eq=1/ (s*3+5*st5); 


[num, den]=tfdata(Eq,'v'); 


roots (den) 


SPart d 
Eq=100* (s-1)/((s+5) * ($*2+2*s+2)); 


[num, den]=tfdata(Eq,'v'); 


roots (den) 


SPart e 


Eq=100/ (s*3-2*s*2+3*s+10) ; 


[num, den]=tfdata(Eq,'v'); 


roots (den) 


SPart £f 
Eq=10* (s+12.5) /(s*4+3*s8%3+50*s%2+sS+10%6) ; 


[num, den]=tfdata(Eq,'v'); 


roots (den) 


MATLAB answer: 


Part(a) 
0 
-1.5000 + 1.65831 
-1.5000 - 1.65831 


Part(b) 
-5.0000 
-0.0000 + 1.41421 
-0.0000 - 1.41421 
Part(c) 
0.4344 + 2.35931 
0.4344 - 2.35931 
-0.8688 


Part(d) 

-5.0000 

-1.0000 + 1.00001 
-1.0000 - 1.00001 


Part(e) 
1.6694 + 2.16401 


1.6694 - 2.16401 
-1.3387 


Part(f) 

-22.8487 +22.63761 
-22.8487 -22.6376i 
21.3487 +22.60231 
21.3487 -22.60231 


Alternative using ACSYS: 


1. Activate MATLAB 


2. Go to the directory containing the ACSYS software. 
3. Type in 


Acsys 


Ae 


Tra bole 


Close and Exit 


“transfer function Symbolic button 


Bl Transfer Function Symbolic cso 
Enter Transfer Function: 2 


Enter the Numerator and Denominator of the transfer function 
using a vector of polynomial coefficients, or the numerator or 
denominator of the transfer function in symbolic form with 
complex variable 's'. Enter any symbolic variables in the box 
labeled ‘Enter Symbolic Variables’ 
ex: For numerator (s"2 + 3*kp*s + ki*2): 
enter '[1, 3*kp, ki*2]' in the Numerator box 
and ‘kp ki' in the symbolic variables text box. 
ex: The following are all equivalent: 
(842 + 7*s +12) I 
1 712] 
and '(s+4)*(s+3)'. | 


Enter Symbolic Variables j k 


4. Then press the 


I [1 2515 20k] 


Control Panel 


Inverse Laplace Transform | 
[Transfer Function Symbolic Md | 


Close | 


5. Enter the characteristic equation in the denominator and press the “Routh- 
Hurwitz” push-button. 


[ L bey k] 

[ 25, 20, 0] 

[ 715, k, 0] 

[ -125/71*k+20, 0, 0] 
[ k, 0, 0] 


6. Find the values of K to make the system unstable.. 


Using ACSYS toolbar under “Transfer Function Symbolic”, the Routh-Hurwitz 
option can be used to generate RH matrix based on denominator polynhomial. The 
system is stable if and only if the first column of this matrix contains NO negative 
values. 


Alternative MATLAB code: to calculate the number of right hand side poles 
SPart a 
den _a=[1 25 10 450] 


roots (den_ a) 


$Part b 
den b=[1 25 10 50] 


roots (den _b) 


SPart c 
den c=[1 25 250 10] 


roots (den c) 


SPart d 
den d=[2 10 5.5 5.5 10] 


roots (den _d) 


sPart e 
den e=[1 2 8 15 20 16 16] 


roots (den e) 


SPart £f 
den f=[1 2 10 20 5] 


roots (den f) 


SPart g 
den g=[1 2 8 12 20 16 16 O 0} 


roots (den _g) 


using ACSYS, the denominator polynomial can be inserted, and by clicking on the 
“Routh-Hurwitz” button, the R-H chart can be observed in the main MATLAB command 
window: 


Part(a): for the transfer function in part (a), this chart is: 


RH chart = 
[ 1, 10] 
[ 25, 450] 
[ -8, 0] 
[ 450, 0] 


Unstable system due to -8 on the 3 row. 

2 complex conjugate poles on right hand side. All the poles are: 
-25.3075 

0.1537+4.2140i and 0.1537 - 4.21401 


By Transfer Function Symbolic 


Enter Transfer Function: 


Enter the Numerator and Denominator of the transfer function 
using a vector of polynomial coefficients, or the numerator or 
denominator of the transfer function in symbolic form with 
complex variable 's'. Enter any symbolic variables in the box 
labeled ‘Enter Symbolic Variables." 
ex: For numerator (s“2 + 3*kp*s + ki*2): 
enter ‘[1, 3*kp, ki*2]' in the Numerator box 
and ‘kp ki' in the symbolic variables text box. 
ex: The following are all equivalent: 
"(82 + 7*s + 12)' 
[1 7127 
and '(s+4)*(s+3)'. 


Enter Symbolic Variables k 


Numerator 


(1] 


Denominator 


[1 2510 450] 


Inverse Laplace Transform | 


Control Panel 


[Transfer Function Symbolic od | 
Close | 


Part (b): 


RH chart: 
[ 1, 10] 
[ 25, 50] 
[ 8, 0] 
[ 50, 0] 


Stable system >> No right hand side pole 


Part (c): 


RH chart: 
[ 1, 250] 
[ 25, 10] 


[ 1248/5, 0] 
[ 10, 0] 


Stable system >> No right hand side pole 


Part (d): 


RH chart: 

[ 2, 11/2, 10] 
[ 10, 11/2, 0] 
[ 22/5, 10, OJ] 
[ -379/22, 0, OJ 
[ 10, 0, OJ 


Unstable system due to -379/22 on the 4" row. 
2 complex conjugate poles on right hand side. All the poles are: 
-4.4660 
-1.1116 
0.2888 + 0.961 1i 
0.2888 - 0.96111 


Part (e): 


RH chart: 
[ 1, 8, 20, 16] 


[ 124/11, 16, 0, QJ 
[-36/31, 0, 0, O] 
[ 16, 0, 0, O] 


Unstable system due to -33 and -36/31 on the 4" and 6" row. 
4 complex conjugate poles on right hand side. All the poles are: 
0.1776 + 2.35201 
0.1776 - 2.35201 
-1.2224 + 0.81691 
-1.2224 - 0.81691 
0.0447 + 1.15261 
0.0447 - 1.15261 


Part (f): 

RH chart: 

[ 1 10, 5] 

[ 2s 20, 0] 

[ eps, 5, 0] 

[ (-10+20*eps)/eps, 0, 0] 
[ 35 0, 0] 


Unstable system due to ((-10+20*eps)/eps) on the 4", 
2 complex conjugate poles slightly on right hand side. All the poles are: 
0.0390 + 3.10521 
0.0390 - 3.10521 
-1.7881 
-0.2900 


Part (g): 


RH chart: 
[ 1, 8, 20, 16, OJ] 
[ 2, 12, 16, 0, O] 
[ 2, 12, 16, 0, OJ 
[ 12, 48, 32, 0, O] 
[ 4, 32/3, 

[ 16, 32, 
[ 8/3, 0, 
[ 32, 0, 
[ 0, 0, 0, 0, O] 


Stable system >> No right hand side pole 
6 poles wt zero real part: 
0 
0 
0.0000 + 2.00001 
0.0000 - 2.00001 
-1.0000 + 1.0000i 
-1.0000 - 1.00001 
0.0000 + 1.4142 
0.0000 - 1.41421 


5-3. Using the Routh-Hurwitz criterion, determine the stability of 
the closed-loop system that has the following characteristic 
equations. Determine the number of roots of each equation 
that are in the right-half s-plane and on the jq@-axis. 


(a) s°+25s°+10s+450=0 

(b) s°+25s*+10s+50=0 

(c) s°+25s*+250s+10=0 

(d) 2s*+10s* +5.5s? +5.55+10=0 

(e) s°+2s5° +85*+15s5° + 205° +165+16=0 
(f) s*+2s°+10s?+205+5=0 

(g) s°+2s7 +85° +12s° +20s* +165? +165’ =0 


(a) s°+25s* +10s+450=0 Roots: —25.31, 0.1537+ j4.214, 0.1537—4.214 


Routh Tabulation: 


Ss 1 10 
2 
s 25 450 
1 250-450 Two sign changes in the first column. Two roots in 
5s ———=-8 
25 
s° 450 
RHP. 
(b) 5° +2557 +10s+50=0 Roots: —24.6769, —0.1616+ 1.4142, —0.1616— j1.4142 
Routh Tabulation: 
s 1 10 
s 25 50 
1 250-50 No sign changes in the first column. No roots in 
Ss =8 0 
25 
s’ 50 
RHP. 
(c) s° +25” +250s+10=0 Roots: —0.0402, —12.48+ j9.6566, — 9.6566 
Routh Tabulation: 
e a 250 
s° 25 10 
, 6250-10 No sign changes in the first column. No roots in 
Ss ———=2496 0 
25 
s° 10 
RHP. 
s +10s° +5.5s° +5.55+10= oots: 
(d) 2s* +10s° +5.5s7 +5.59+10=0 R 


4.466, — 1116, 0.2888+ 70.9611 0.2888 — 70.9611 


Routh Tabulation: 


s 10 5.5 
» 55-11 
Ss =44 10 
10 
1 24.2—100 
so ——=-758 
4.4 
s° 10 


Two sign changes in the first column. Two roots in RHP. 


(e) 5° +25° +85°+15s° +205 +16s+16=0 Roots: 
—1.222+ j0.8169, 0.0447+ 1.153, 0.1776 + j2.352 


Routh Tabulation: 
s° 1 8 20 16 
s. ) 15 16 
16-1 40-1 
,¢ 16-15 _ O16. 3s 
2 2 
3 
5 233 —48 
2 24 
ge EOD EE Sito. 
2333 
1 54114528 
s os e116 0 
11.27 
ee 0 


Four sign changes in the first column. Four roots in RHP. 


s 425° +1057 +20s+5=0 Roots: 
—0.29, — 1.788, 0.039 + 73.105, 0.039— 73.105 


Routh Tabulation: 
s 1 10 5 
s 2 20 
20-20 
? =0 5 
2 


S é 5 Replace 0 in last row by ¢ 


é é Two sign changes in first column. Two roots in 
s° 5 
RHP. 
(g) 
s° 1 8 20 16 0 
s’ 2 12 16 0 
oe Zz 1B 16 0 
s° 0 0 0 0 


A(s) = 2s®° + 12s° + 16s* 


“oe = 125° + 60s* + 64s? 

s° 12 60 64 
s* a 16 0 

2. 
s° 28 64 
s? 0.759 O 
s! 28 
3° 0 


5-4. Use MATLAB to solve Problem 5-3. 
Use MATLAB roots command 
a) roots({1 25 10 450]) 


ans = 

-25.3075 
0.1537 + 4.21401 
0.1537 - 4.21401 


b) roots({1 25 10 50]) 


ans = 


-24.6769 
-0.1616 + 1.41421 
-0.1616 - 1.41421 
c) roots({1 25 250 10]) 
ans = 
-12.4799 + 9.65661 
-12.4799 - 9.65661 
-0.0402 


d) roots({2 105.5 5.5 10]) 


ans = 
-4.4660 
-1.1116 
0.2888 + 0.96111 
0.2888 - 0.96111 
e) roots({1 2 8 15 20 16 16]) 
ans = 
0.1776 + 2.35201 
0.1776 - 2.35201 
-1.2224 + 0.81691 
-1.2224 - 0.81691 
0.0447 + 1.15261 
0.0447 - 1.15261 


f) roots({1 2 10 20 5]) 


ans = 
0.0390 + 3.10521 
0.0390 - 3.10521 
-1.7881 
-0.2900 


g) roots([1 2 8 12 20 16 16]) 


ans = 


0.0000 + 2.00001 
0.0000 - 2.00001 
-1.0000 + 1.00001 
-1.0000 - 1.00001 
0.0000 + 1.41421 
0.0000 - 1.41421 


(a) Alternatively use the approach in this Chapter’s Section 5-4: 


1. Activate MATLAB 


2. Go to the directory containing the ACSYS software. 


Close and Exit 


4. Then press the “transfer function Symbolic button 


i} Transfer Function Symbolic see 


— Enter Transfer Function: 


Enter the Numerator and Denominator of the transfer function 
using a vector of polynomial coefficients, or the numerator or 
denominator of the transfer function in symbolic form with 
complex variable 's'. Enter any symbolic variables in the box 
labeled ‘Enter Symbolic Variables." 
ex: For numerator (s“2 + 3*kp*s + ki*2): 
enter '[1, 3*kp, ki*2]' in the Numerator box 
and 'kp ki' in the symbolic variables text box. 
ex: The following are all equivalent: 
'(s*2 + f*s + 12) 
[1 7 12] 
and ‘(s+4)*(s+3)'. 


Enter Symbolic Variables 


Numerator 
[1] 
Denominator 


[1 25 10 450] 


Routh-Hurwitz 


Inverse Laplace Transform | 


Control Panel 


[Transfer Function Symbolic Sa | 


Close | 
=I) 


5. Enter the characteristic equation in the denominator and press the “Routh- 
Hurwitz” push-button. 


RH = 


[ 1, 10] 
[ 25, 450] 
[ -8, 0] 
[ 450, 0] 
Two sign changes in the first column. Two roots in RHP=> UNSTABLE 


5-5. Use MATLAB Toolbox 5-3-1 to find the roots of the 
following characteristic equations of linear continuous-data 
systems and determine the stability condition of the systems. 


(a) s°+10s* +10s+130=0 


(b) s*+12s°+57+25+10=0 

(c) s*+12s*?+10s? +10s+10=0 

(d) s*+12s?+57+10s+1=0 

(ec) s°+6s° +125s* +100s* + 100s? + 20s +10 =0 

(f) s°+125s* +100s* +100s” +20s+10=0 
Solution: 

(a) >> p=[1 10 10 130] 

p= 1 10 10 130 

>> roots(p) 

ans = 

-10.2603 + 0.00001 

0.1301 + 3.55721 

0.1301 - 3.55721 


For the rest, use the MATLAB “roots” command same as in the previous problem. 


5-6. For each of the characteristic equations of feedback control 
systems given, use MATLAB to determine the range of K so 
that the system is asymptotically stable. Determine the value 
of K so that the system is marginally stable and determine the 
frequency of sustained oscillation, if applicable. 


(a) s*+25s°+15s°+20s+K =0 
(b) s*+Ks°+2s?+(K+1)s+10=0 


(c) s°+(K+2)s°+2Ks+10=0 


(d) s°+20s? +5s+10K =0 
(e) s*+Ks?+5s°+10s+10K =0 
(f) s*4+12.58°+5°+5s+K =0 


(a) To solve using MATLAB, set the value of K in an iterative process and find the roots 
such that at least one root changes sign from negative to positive. Then increase 
resolution if desired. 


Example: in this case 0<K<12 ( increase resolution by changing the loop to: for 
K=11:.1:12) 


for K=0:12 
K 


roots([1 25 15 20 K]) 


end 


ans = 


-24.4193 
-0.2904 + 0.8572i 
-0.2904 - 0.8572i 
K= 
1 
ans = 
-24.4192 
-0.2645 + 0.8485i 
-0.2645 - 0.8485i 
-0.0518 
re 
2 
ans = 
24.4191 
-0.2369 + 0.84193 
-0.2369 - 0.84193 
-0.1071 
Ke 


ans = 
-24.4191 
-0.2081 + 0.83791 
-0.2081 - 0.83791 
-0.1648 


K= 
4 
ans = 
-24.4190 
-0.1787 + 0.83694 
-0.1787 - 0.83691 
0.2237 
K= 
5 
ans = 
-24.4189 
-0.1496 + 0.8390i 
-0.1496 - 0.8390i 
0.2819 
K= 
6 
ans = 
-24.4188 
0.1215 + 0.8438: 
-0.1215 - 0.8438: 
-0.3381 
K= 
3 
ans = 
-24.4188 
0.0951 + 0.8508: 
-0.0951 - 0.8508: 
-0.3911 
K= 
8 
ans = 
-24.4187 
-0.0704 + 0.8595i 


-0.0704 - 0.8595i 
-0.4406 
K= 
9 
ans = 
-24.4186 
-0.0475 + 0.8692i 
-0.0475 - 0.8692i 
-0.4864 
K= 
10 
ans = 
-24.4186 
-0.0263 + 0.8796i 
-0.0263 - 0.8796i 
-0.5288 
K= 
1 
ans = 
-24.4185 
-0.0067 + 0.8905i 
-0.0067 - 0.8905i 
-0.5681 
K= 
12 
ans = 
-24.4184 
0.0115 + 0.9015i 
0.0115 - 0.9015: 
-0.6046 


Alternatively use the approach in this Chapter’s Section 5-4: 


7. Activate MATLAB 
8. Go to the directory containing the ACSYS software. 
9. Type in 


Acsys 


Close and Exit 


er Tunctl 


~ 10. Then press the “transfer function Symbolic button 


(Pil Transfer Function Symbolic (cul aia 
|| Enter Transfer Function: - | 


Enter the Numerator and Denominator of the transfer function 
using a vector of polynomial coefficients, or the numerator or 
denominator of the transfer function in symbolic form with 
complex variable 's'. Enter any symbolic variables in the box 
labeled ‘Enter Symbolic Variables." 
ex: For numerator (s*2 + 3*kp*s + ki*2): 
enter '[1, 3*kp, ki*2]' in the Numerator box 
and ‘kp ki in the symbolic variables text box. 
ex: The following are all equivalent: 
"(842 + 74s +12)! 
"1 7412 
and ‘(s+4)*(s+3)'. 


Enter Symbolic Variables | k 


Numerator 


J 1] 


Denominator 


| [1 25 15 20k] 


Inverse Laplace Transform | 


Control Panel 


[Transfer Function Symbolic x | 


Close | 


11. Enter the characteristic equation in the denominator and press the “Routh- 
Hurwitz” push-button. 


[ 1, 15, k] 

[ 25; 20, 0] 

[ 715, k, 0] 

[ -125/71*k+20, 0, 0] 
[ k, 0, 0] 


12. Find the values of K to make the system unstable following the next steps. 


(a) 5° +25s° +15s° +20s+ K =0 


The 


(b) s 


Routh Tabulation: 
ree | 15 K 
s° 25 20 
2 375-20 
=14.2 K 
25 
1 284-25K 
—— = 20-176K 20-176K >0 or K < 1136 
14.2 
s° K K>0 


Thus, the system is stable for 0 < K < 11.36. When K = 11.36, the system is marginally stable. 


auxiliary equation is A(s) = 14.25” +1136 =0. The solution of A(s) = 0 is s° =-08. The 


frequency of oscillation is 0.894 rad/sec. 


44 Ks? +257 +(K+1)s+10=0 


Routh Tabulation: 


Ss K K+1 K>0 


10 K>1 


LOK HIS) 


The conditions for stability are: K > 0, K > 1, and -9K *_1>0. Since K? is always positive, 


the 
last condition cannot be met by any real value of K. Thus, the system is unstable for all values 
of K. 
(c) s°+(K+2)s’ +2Ks+10=0 
Routh Tabulation: 
s 1 2K 
s’  K+2 10 K>-2 
iy “OR AAR A10 , 
5 K° +2K-5>0 
K+2 
s’ 10 
The conditions for stability are: K > —2 and K *42K-—5>0 or (K +3.4495)(K — 1.4495) > 0, 
or K > 1.4495. Thus, the condition for stability is K > 1.4495. When K = 1.4495 the system is 
marginally stable. The auxiliary equation is A(s) = 3,4495s° +10=0. The solution is 
2 
s =—2.899. 


The frequency of oscillation is 1.7026 rad/sec. 


(d) s°+20s?+5s+10K =0 


Routh Tabulation: 
s 1 5 
2 
RY 20 10K 
100-10K 
SE 05K 
20 
s° 10K 


5-0.5K >Oork <10 


K>0 


The conditions for stability are: K > 0 and K < 10. Thus, 0 < K < 10. When K = 10, the system 


(e) 


marginally stable. The auxiliary equation is A(s) = 20s” + 100 = 0. The solution of the auxiliary 


equation is s° =—5, The frequency of oscillation is 2.236 rad/sec. 


s'4Ks° +5s*+10s+10K =0 


Routh Tabulation: 
s 1 5 10K 
s K 10 K>0 
> 5K-10 
10K 5K-10>0o0rK>2 
K 
50K —100 
Sg P 
; K 50K —100-10K ; 
s 7 5K-10—-K°>0 
SKA 5K-10 
K 
s° 10K K>0 


The conditions for stability are: K > 0, K > 2, and 5K —10— K*> 0. 


Use Matlab to solve for k from last condition 


>> syms k 


>> kval=solve(5*k-10+k‘3,k); 


>> eval(kval) 


kval = 
1.4233 


-0.7117 + 2.55331 


-0.7117 - 


2.55331 


So K>1.4233. 


Thus, the conditions for stability is: K > 2 


(f) s*+12.5s°+5°+5s+K=0 


Routh Tabulation: 
s 1 1 K 
s 125 5 

x 125=5 

= 0.6 K 
12.5 

; ~B4TOsK 

5 7 =5-2083K 5—2083K>0 or K <0.24 
0.6 

s° K K>0 


The condition for stability is 0 < K < 0.24. When K = 0.24 the system is marginally stable. The 
auxiliary 


equation is A(s) = 0.6s” + 0.24 =0. The solution of the auxiliary equation is s° =-0.4. The 
frequency of 


oscillation is 0.632 rad/sec. 


5-7. The loop transfer function of a single-loop feedback control 
system is given as 


K(s+5) 
COVES) aay iets) 


The parameters K and T may be represented in a plane with K as the 
horizontal axis and 7 as the vertical axis. Determine the regions in the 7- 
versus-K parameter plane where the closed-loop system is asymptotically 


stable and where it is unstable. Indicate the boundary on which the system 
is marginally stable. 


The characteristic equation is Ts? + (2T+ Ds? +(2+ K)s+5K =0 


Routh Tabulation: 


KY T K+2 T>0O 


Pad 5K fsa1/2 


1 (274+1)(K+2)-5KT 
S 
2T +1 


K(U-37)+4T+2>0 


SK K>0 


4T +2 
3T -1 


The conditions for stability are: T>0O, K>O,and K< 


. The regions of stability in the 


T-versus-K parameter plane is shown below. 


6 

5 Ustable 
Unstable 4 

3 

2 


‘Unstable 
2 3 AS. 607. 8. 9) 10. Li 12 
Unstable 


5-8. Given the forward-path transfer function of unity-feedback 
control systems, apply the Routh-Hurwitz criterion to 
determine the stability of the closed-loop system as a function 
of K. Determine the value of K that will cause sustained 
constant-amplitude oscillations in the system. Determine the 
frequency of oscillation. 


_ K(s+4)(s+20) 
(a) G(s) = 50 5100)(s+500) 
olay Klos 03520) 


s°(s+2) 


K 


© CO) SHO 


K(s+l1 
C= wy 


5-9. Use MATLAB to solve Problem 5-8. 


Solution 5-8 and 5-9: 
Use the approach in this Chapter’s Section 5-4: 


1. Activate MATLAB 
2. Goto the directory containing the ACSYS software. 


3. Type in 


Close and Exit 


4. Then press the “transfer function Symbolic button.” 


r — 
<9} Transfer Function Symbolic =a 


— Enter Transfer Function: 


Enter the Numerator and Denominator of the transfer function 
using a vector of polynomial coefficients, or the numerator or 
denominator of the transfer function in symbolic form with 
complex variable 's'. Enter any symbolic variables in the box 
labeled ‘Enter Symbolic Variables." 
ex: For numerator (s“2 + 3*kp*s + ki*2): 
enter '[1, 3*kp, ki*2]' in the Numerator box 
and ‘kp ki in the symbolic variables text box. 
ex: The following are all equivalent: 
'(s*2 + 7*s + 12)' 
1 7 12]' 
and '(s+4)*(s+3)'. 


Enter Symbolic Variables k 


Numerator 
[1] 


Denominator 


[1 600 50000 k 24*k 80*k] 


Routh-Hurwitz 


Inverse Laplace Transform | 


Control Panel 


[Transter Function Symbolic 6 
Close | 


5. Enter the characteristic equation in the denominator and press the “Routh- 
Hurwitz” push-button. 


RH = 

[1, 50000, 24*k] 

[600, k, 80*k] 
[-1/600*k+50000, 358/15*k, 0] 

[ (35680*k-1/600*k*2)/(-1/600*k+50000), 80*k, 0] 

[ 24*k*(k*2-21622400*k+5000000000000)/(k-30000000)/(35680*k-1/600*k‘2)*(- 
1/600*k+50000), 0, 

0] 

[80*k, 0, 0] 


6. Find the values of K to make the system unstable following the next steps. 


(a) Characteristic equation: s° +600s* +50000s° + Ks’ +24Ks +80K =0 


Routh Tabulation: 


s 1 50000 24K 


5 600 K 80K 
2 3210 aK 14320K 3 
ee K <3x10 
600 600 
5 21408000K — K* 
ee 80K K < 21408000 


3x10’-K 
1 -7.2x10'° +3.113256x 10'' K —14400K” 
S 
600(21408000— K) 


K? —2162x10’K+5x10' <0 


s 80K K>0 


Conditions for stability: 
From the s° row: K <3x10' 
From the s” row: K <2.1408~10’ 


From the s" row: 
K? ~2.162x10'K+5x10'" <0 or (K—2.34x 10° )(K—2.1386x 10") <0 


Thus, 2.34x10° < K <2.1386x 10" 
From the s° row: K>0O 

Thus, the final condition for stability is: 234x10° < K <2.1386x 10’ 
When K = 2.34x10° @=106 rad/sec. 
When K = 2.138610’ @=18859 rad/sec. 


(b) Characteristic equation: 5° +(K +2)s* +30Ks + 200K =0 


Routh tabulation: 


s° 1 30K 
s. R42 200K Ks 29 
| 30K? -140K 
‘ mod K > 4.6667 
K+2 
s’ 200K K>0 


Stability Condition: K > 4.6667 


5 When K = 4.6667, the auxiliary equation is A(s) = 6.66675” +933.333=0. The solution is 
s° =-140. 


The frequency of oscillation is 11.832 rad/sec. 


(c) Characteristic equation: s* +30s7 +200s+ K =0 


Routh tabulation: 

s° 1 200 
s° 30 K 

_K 
ay. Se K < 6000 
30 

0 

Ss K K>0 


Stabililty Condition: © 0< K <6000 


When K = 6000, the auxiliary equation is A(s) = 30s” + 6000=0. The solution is s* =—200. 


The frequency of oscillation is 14.142 rad/sec. 


(d) Characteristic equation: s° + 2s* +(K+3)s+K+1=0 


Routh tabulation: 
s° 1 K+3 
s° 2 K +1 
1 K+5 
K>-5 
30 
s° K +1 K>-1 
Stability condition: K>-1. When K = -—1 the zero element occurs in the first element of 
the 


one 


s° row. Thus, there is no auxiliary equation. When K = —1, the system is marginally stable, and 


of the three characteristic equation roots is at s=0. There is no oscillation. The system response 


would increase monotonically. 


5-10. A controlled process is modeled by the following state 
equations. 


i =x(1)-2n(1) #219 _ 05, (1) +u(0) 


The control u(t) is obtained from state feedback such that 
u (t) =—k,x, (t) = kX (t) 
where k; and k2 are real constants. Determine the region in the kj- 


versus-k2 parameter plane in which the closed-loop system is 
asymptotically stable. 


42 State equation: Open-loop system: x(t) = Ax(ft)+ Bu(t) 


ean a 


Closed-loop system: x(t) = (A—BK)x(t) 


1 -2 
A-BK = 
10-k, -k, 


Characteristic equation of the closed-loop system: 


sl 
sl—-A+BK|= 


=s +(k,-1)s+20-2k, -k, =0 


-10+k, stk, 


Stability requirements: 


k,-1>0 or k,>1 


20—2k, —k, >0 or k, <20—2k, 


Parameter plane: 


5-11. A linear time-invariant system is described by the following 
state equations. 


dx(t 
( ) = Ax(t)+Bu(t) 
where 
0 1 O 0 
A=|0 0 1] Be=/0 
0 4 -3 1 


The closed-loop system is implemented by state feedback, so that 
u(t)=—Kx(t), where K=[k,k,k,] and ki, ko, and kz are real constants. 


Determine the constraints on the elements of K so that the closed-loop 
system is asymptotically stable. 


) Characteristic equation of closed-loop system: 
s -1 0 
|sI-A+BK|=|0 ss -1 |=s'+(k,+3)s°+(k,+4)s+k, =0 
kK, k +4 st+k,+3 


Routh Tabulation: 
s 1 k,+4 
ca k, +3 k, k,+3>0 ork, > -3 
s GOs, (k, +3)(k, +4)-k >0 
k,+3 
s k k >0 


Stability Requirements: 
k,>-3, k,>0, (k,+3)(k,+4)-k, >0 


5-12. Given the system in state equation form, 
dx(t) 


ae Ax(t)+Bu/(t) 


(b) A=|0 -2 0| B= 
|o 0 3 


[1 0 O 1 
(a) A=|0 -3 0 ne 
1 

0 

1 

1 


Can the system be stabilized by state feedback w(t) =—Kx(r), where 
K =[k,k,k,]? 


(a) Since A is a diagonal matrix with distinct eigenvalues, the states are decoupled from each other. The 


second row of B is zero; thus, the second state variable, x, is uncontrollable. Since the 


uncontrollable 


state has the eigenvalue at —3 which is stable, and the unstable state x, with the eigenvalue at —2 


controllable, the system is stabilizable. 


(b) Since the uncontrollable state x, has an unstable eigenvalue at 1, the system is no stabilizable. 


5-13. Consider the open-loop system in Fig. 5P-13(a). 


d’y g dz 
where —-2y=z and f(t)=r— +z. 
| a | oe F(t) "le 


Fs) —>} Go) }—> %) 


Figure 5P-13(a) 


Our goal is to stabilize this system so the closed-loop feedback 
control will be defined as shown in the block diagram in Fig. 5P-13(b). 


Figure 5P-13(b) 


Assuming f(t)=k,e+k, “ ; 
t 


(a) Find the open-loop transfer function. 

(b) Find the closed-loop transfer function. 

(c) Find the range of kp and ka in which the system is stable. 

(d) Suppose = 10 and r=0.1. If y(0)=10 and o 0, then plot 
the step response of the system with three different values for kp 


and kg. Then show that some values are better than others; 
however, all values must satisfy the Routh-Hurwitz criterion. 


5-45) a) 
_ YG) 
9) = FG) 
1f2% —£y =z, then s?¥(s) —£¥(s) = Z(s) or Y(s) = 2 
If f= << + z, then F(s) = (ts + 1)Z(s). As a result: 
Z(s) 
s%— 7 1 
OS= Tape (2° -Das+n 
l 
F(s) = (ts + 1)Z(s) pe 
m) ee = (K, + Kas)E(s) arr gs 
As a result: 
Y(s) Ky, + Kas 


— 2 Cer) =—— - _ 
E(s) eer (ts + 1) (s? - #) 


Y(s) _ G(s)H(s) Ky, + Kas 


XQ) 1+6@HS)  Gs+(s?— J) +k, tks 


l 
Y(s)_—G(s)H(s)_ (K, +K,S) 
X(s) (+G(s)H(s)) (ts +1(s?-g/D+K, +K,s) 
(K, +K,5) 


~ (ts +(t(—g/D) +s? + Ks—g/1+K,) 


Use the approach in this Chapter’s Section 5-4: 
1. Activate MATLAB 


2. Go to the directory containing the ACSYS software. 
3. Type in 


Acsys 


essesesssisaassensesessssnbstensehevronberensevevehriet eh 1 


Close and Exit 


4. Then press the “transfer function Symbolic button.” 


“Pil Transfer Function Symbolic (uml aiba 


— Enter Transfer Function: 


Enter the Numerator and Denominator of the transfer function 
using a vector of polynomial coefficients, or the numerator or 
denominator of the transfer function in symbolic form with 
complex variable 's'. Enter any symbolic variables in the box 
labeled ‘Enter Symbolic Variables 
ex: For numerator (s“2 + 3*kp*s + ki*2): 
enter '[1, 3*kp, ki*2]' in the Numerator box 
and ‘kp ki' in the symbolic variables text box. 
ex: The following are all equivalent: 
'(s42 + 7*s + 12)' 
Hl eas 
and '(s+4)*(s+3)'. 


Enter Symbolic Variables kp kd 


Numerator 


[kd kp] 


Denominator 


[0.1/0.1*(-10)+1 kd kp-10] 


Routh-Hurwitz | 
Inverse Laplace Transform | 


Control Panel 


[Transfer Function Symbolic Y | 
Close | 


a — 4 


5. Enter the characteristic equation in the denominator and press the “Routh- 
Hurwitz” push-button. 


RH = 

[ 1/10, kd] 

[ eps, kp-10] 

[ (-1/10*kp+1+kd*eps)/eps, 0] 
[ kp-10, 0] 


For the choice of g// or tT the system will be unstable. The quantity 7 g// must be >1. 


Increase rt g// to 1.1 and repeat the process. 
a) Use the ACSYS toolbox as in section 5-4 to find the inverse Laplace 
transform. Then plot the time response by selecting the parameter values. Or 
use toolbox 5-4-1. 


Use the approach in this Chapter’s Section 5-4: 


1. Activate MATLAB 
2. Go to the directory containing the ACSYS software. 


3. Type in 


Acsys 


—_— er functi 


Close and Exit 


4. Then press the “transfer function Symbolic button.” 


| Enter Transfer Function: ) 


Enter the Numerator and Denominator of the transfer function 
using @ vector of polynomial coefficients, or the numerator or 
denominator of the transfer function in symbolic form with 
complex variable 's'. Enter any symbolic variables in the box 
labeled ‘Enter Symbolic Variables.’ 
ex: For numerator (s*2 + 3*kp*s + ki*2): 

enter '[1, 3*kp, ki*2]' in the Numerator box: 

and ‘kp ki in the symbolic variables text box. 
ex: The following are all equivalent: 


| 10.1]0.1°¢-10)+4 kel kp-10] 


Raatheturwtz 
Inverse Laplace Transform | 


Control Panel 


[Transfer Function Symbolic M4 ] 
Close | 


5. Enter the characteristic equation in the denominator and press the “Inverse 
Laplace Transform” push-button. 


Inverse Laplace Transform 


G(s) = 


[ kd kp 
[-aanvennnecneceneteeeee ceeteetcettententeteeteetee 
[ 3 3 ] 
[1W/10s +skd+kp-10 1/10s +skd+kp- 10] 
G(s) factored: 

[ kd kp 

[10 -------------------------- 10 -------------------------- ] 

C2 3 ] 


[ s +10skd+10kp- 100 s + 10skd+ 10 kp - 100] 


Inverse Laplace Transform: 

g(t) = 
matrix([[10*kd*sum(1/(3*_alpha*2+10*kd)*exp(_alpha*t),_alpha=RootOf(_ 
ZA3+10*_Z*kd+10*kp- 
100)),10*kp*sum(1/(3*_alpha*2+10*kd)*exp(_alpha*t),_ alpha=RootOf(_Z* 
3+10*_Z*kd+10*kp-100))]]) 


While MATLAB is having a hard time with this problem, it is easy to see the solution 
will be unstable for all values of Kp and Kd. Stability of a linear system is 
independent of its initial conditions. For different values of g/l and t, you may solve the 
problem similarly — assign all values (including Kp and Kd) and then find the inverse 
Laplace transform of the system. Find the time response and apply the initial conditions. 


Lets chose g/l=1 and keep t=0.1, take Kd=1 and Kp=10. 


¥(s)___G(s)H(s)__ (K, +Kjs) 
X(s) (+G(s)H(s)) (ts+)(s* -—g/D)) +K,+K,8) 
(10+s) = (10+5) 


2 (0.18? +(0.1(-1) + 1)s?+5-1+410) (0.157 +0.95? +.5+9) 


Using ACSYS: 
RH = 


[ 1/10, 1] 


[9/10, 9] 

[ 9/5, 0] 

[ 9, 90] 

Hence the system is stable 


G(s) = 
s+ 10 
3 2 
1/10s +9/10s +s4+9 
G factored: 
Zero/pole/gain: 
10 (s+10) 


(s+9) (s42 + 10) 


Inverse Laplace Transform: 


g(t) = -10989/100000*exp(- 

2251801791980457/405648 19207303340847894502572032*t)*cos(79057/25000*t)+86 
8757373/250000000*exp(- 

2251801791980457/405648 19207303340847894502572032*t)*sin(79057/25000*t)+109 
89/100000*exp(-9*t) 


Use this MATLAB code to plot the time response: 
for i=1:1000 
t=0.1*i; 


tf(i)=-10989/100000*exp(- 
2251801791980457/40564819207303340847894502572032*t)*cos(79057/25000*t)+8 
68757373/250000000*exp(- 
2251801791980457/40564819207303340847894502572032*t)*sin(79057/25000*t)+10 
989/100000*exp(-9*t); 


end 
figure(3) 
plot(1:1000, tf) 


| 


“0 100 200 300 400 500 600 700 800 900 § 1000 
time (sec) 


lets choose 7 = 10 andt=0.1. 


5-14. The block diagram of a motor-control system with tachometer 
feedback is shown in Fig. 5P-14. Find the range of the 
tachometer constant K; so that the system is asymptotically 
stable. 


100 
S(s + 5.6)(s + 10) 


r(t) e(t) 
10 
a 


Figure 5P-14 


Solution: Using block diagram reduction, the transfer function of the system is: 


Y(s)_ 1000 
R(s) 5° +15.6s° +(56+100K, )s +1000 


The characteristic equation is: 5° +15.6s° + (56+ 100K, )s+1000=0 


Routh Tabulation: 


3 


5 1 56+ 100K, 
s° 15.6 1000 
| 873.6+1560K —1000 
s t 1560K —126.4>0 
15.6 
s° 1000 
Stability Requirements: K, > 0.081 


5-15. The block diagram of a control system is shown in Fig. 5P- 
15. Find the region in the K-versus-a plane for the system to 
be asymptotically stable. (Use K as the vertical and a as the 
horizontal axis.) 


e(t) S+Q K(s +2) 


Figure 5P-15 


Solution: Using block diagram reduction, the closed-loop transfer function is 


Y(s) 7 K(s+2)(st+a@) 
R(s) s+ Ks’ +(2K+a@K-1)s+ 20K 


The characteristic equation: s° + Ks” +(2K +aK —1)s+2akK =0 
Routh Tabulation: 
s { 2K+aK-1 
s° K 20K K>0 


i Otk’ =K=tak 
S 


(2+a)K-1-2a>0 


K 
0 
Ss 2aK a>0 
a , 1+2a 
Stability Requirements: a>0, K>0, K> : 
2+a 


K-versus-o Parameter Plane: 


Approaches 2 as 
@ approaches infinity 


5-16. The conventional Routh-Hurwitz criterion gives information 


only on the location of the zeros of a polynomial F(s) with 
respect to the left half and right half of the s-plane. Devise a 
linear transformation s=f(p,a@), where p is a complex 


variable, so that the Routh-Hurwitz criterion can be applied to 
determine whether F(s) has zeros to the right of the line 
s=-a, where a is a positive real number. Apply the 
transformation to the following characteristic equations to 
determine how many roots are to the right of the line s =—1 in 
the s-plane. 


(a) F(s)=s°+5s+3=0 

(b) s°+3s57+3s4+1=0 

(c) F(s)=s°+4s°+3s+10=0 
(d) s°+4s7+45+4=0 


Let s,=s+a, then when s=—a, s, = 0. This transforms the s =—q@ axis in the s-plane onto the imaginary 


axis of the s,-plane. 
(a) F(s)=s° +5s+3=0 Let = 5-1 We get (s,-1)' +5(s,-1)+3=0 
Ors, +3s,-1=0 


Routh Tabulation: KY 


Since there is one sign change in the first column of the Routh tabulation, there is one root in 
the 


region to the right of s =—1 in the s-plane. The roots are at —3.3028 and 0.3028. 


(b) F(s)=5°+3s°+3s+1=0 Let s=s,-1 We get 


(s,-1)’ +3(s,-1)° +3(s,-1) +1 =0 


Or $ =(. The three roots in the 5, -plane are all at 5,= 0. Thus, F(s) has three roots at s = 


-1. 


(c) F(s)=s°+4s°+3s+10=0 Lets=s,-1  Weget 
(s,-1) +4(s, -1) +3(s,-1)+10=0 


Or s; +s) —2s,+10=0 


oo =) 
s 1 10 
Routh Tabulation: 
1 
Sie 12 


in the 


Since there are two sign changes in the first column of the Routh tabulation, F(s) has two roots 


region to the right of s = —1 in the s-plane. The roots are at —3.8897, —0.0552 + j1.605, 
and —0.0552 — j1.6025. 


(d) F(s)=s°+4s°+4s+4=0 Lets=s,-1  Weget 


(s,-1) +4(s,-1) +4(5,-1)+4=0 


in the 


3. 2 
Or 5, +5, —s,+3=0 


Routh Tabulation: 


s 1 =i 
s; 1 3 
si -4 
oy 3 


Since there are two sign changes in the first column of the Routh tabulation, F(s) has two roots 


region to the right of s =—1 in the s-plane. The roots are at —3.1304, —0.4348 + 71.0434, 
and —0.4348 —j1.04348. 


5-17. The payload of a space-shuttle-pointing control system is 


f(t)= K,y(t)+M 


modeled as a pure mass M. The payload is suspended by 
magnetic bearings so that no friction is encountered in the 
control. The attitude of the payload in the y direction is 
controlled by magnetic actuators located at the base. The total 
force produced by the magnetic actuators is f(t). The controls 
of the other degrees of motion are independent and are not 
considered here. Because there are experiments located on the 
payload, electric power must be brought to the payload 
through cables. The linear spring with spring constant Ks is 
used to model the cable attachment. The dynamic system 
model for the control of the y-axis motion is shown in Figure 
5P-17. The force equation of motion in the y-direction is 


d* y(t) 
dt’ 


where K,=0.5N-m/m and M =500kg. The magnetic actuators are 
controlled through state feedback, so that 


f(t) 


-K,9()-K, 2 


(a) Draw a functional block diagram for the system. 


(b) Find the characteristic equation of the closed-loop system. 


(c) Find the region in the Kp-versus-Kp plane in which the system is 
asymptotically stable. 


t (0) 


Figure 5P-17 


(a) Block diagram: (b) Characteristic equation: 
2 
Ms +K,s+K +K, =0 


500s° + K,s+500+K, =0 


(c) For stability, K,>0, 0.5+K,>0. Thus, K,>-05 


Stability Region: 


5-18. An inventory-control system is modeled by the following 
differential equations: 


dx, (t) s 
az —x, (t)+u/(t) 
a be -Ku(t) 


where xi(f) is the level of inventory; x2(t), the rate of sales of 
product; u(t), the production rate; and K, a real constant. Let the output of 
the system by y(t)=.x,(r) and r(t) be the reference set point for the desired 


inventory level. Let u(t)=r(t)— y(t). Determine the constraint on K so that 
the closed-loop system is asymptotically stable. 

5-19. Use MATLAB to solve Problem 5-18. 

5-20. Use MATLAB to 


(a) Generate symbolically the time function of f(2) 


f (1) =5+2e sin [2 + *) ~4e™' cos [2 — <) +3e" 


(b) Generate symbolically G(s) oy) 
enerate symbolica s) = —.__11_—_ 
e 5(s+2)(s? +2s+2) 

(c) Find the Laplace transform of f(t) and name it F(s). 

(d) Find the inverse Laplace transform of G(s) and name it g(?). 


(e) If G(s) is the forward-path transfer function of unity-feedback 
control systems, find the transfer function of the closed-loop 
system and apply the Routh-Hurwitz criterion to determine its 
stability. 


(f) If F(s) is the forward-path transfer function of unity-feedback 


control systems, find the transfer function of the closed-loop 
system and apply the Routh-Hurwitz criterion to determine its 
stability. 

(g) State diagram: 


(h) 


(i) 

(j) A=1+54+ Ks” 
(k) 

() Characteristic equation: 

(m) s’+s+K=0 
(n) 

(0) Stability requirement: K>0 


CHAPTER 6 


IMPORTANT COMPONENTS OF 
FEEDBACK CONTROL SYSTEMS 


PROBLEMS 


6-1. Write the force equations of the linear translational systems shown in Fig. 6P-1. 


(a) Draw state diagrams using a minimum number of integrators. Write the state 
equations from the state diagrams. 


(b) Define the state variables as follows: 

(i) x1 = y2, x2 = dy2/dt, x3 = y1, and x4 = dy,/dt 
(ii) x1 = y2, x2 = y1, and x3 = dy;/dt 

(iii) x1 = yi, x2 = y2, and x3 = dy2/dt 


Write the state equations and draw the state diagram with these state variables. Find the 
transfer functions Yi(s)/F(s) and Y2(s)/F(s). 


Figure 6P-1 


(a) Force equations: 


d’ d dy d 
FEM, te mal * *)e(y-9,) 


' dt dt dt 

d d d° d 
(2-22) 4x (,-9,)4m, “2 4B? 
dt dt dt dt 

Rearrange the equations as follows: 
By ABB) Be Oe Te a 
2 =~ + ~ (y,-y,)+ 
dt M dt M, dt M, M, 


1 


° B,+B 
dy, _ B, dy, ( 2+ ) ay. K (y, y) 


dt’ M, dt M, dt M, 


(i) State diagram: Since ¥, — > appears as one unit, the minimum number of integrators is 


three. 
dx. dx. K BL+B B dx. K B B+B 1 
— =-x, +x, i ye Dig a ee Sree 1 3 uF 
dt dt M, M, M,~ at M, M, M, M 
sd dy dy 
(ii) State variables: x,=y,, x, =—2, MGs. 2 =—1. 
dt dt 
State equations: 
aoe ae a emcee Bi he cai 
dt dt M, M, M, f 
ea eR cae, af Fi ily) ahs 
ae dt M,' M,* M° M, * M, 


State diagram: 


= 
Ss 


l 
C) —r——C) 


Xy X3 
=(By+B3)/My 


-K/M, 
B3/My 


Transfer functions: 


Y(s) _ M,s'+(B,+B,)s+K 

F(s) s{M,M,s° +[(B, +B,)M, +(B, +B,)M,]s*+[K(M, +M,)+B,B, + B,B, + BB, ]s+(B, + B,)K} 
Y,(s) 7 Bust+K 

F(s) s{M.M,s°+[(B,+B,)M,+(B,+B,)M,]s°+[K(M, +M,)+B,B, +B,B, + B,B,]s+(B, +B,)K} 


(b) Force equations: 


Yi SEO) BD, 1 M2052 
dt M dt M dt M dt dt B 


(i) State diagram: 


dy 
Define the outputs of the integrators as state variables, Ky =Fyx y= maa 
dt 
State equations: 
dx, K dx, K B, | 
SS ty x, Lb 
dt B, dt M M M 


(ii) State equations: State variables: x,=y,, %,=y,, %;=— 


dt 
dx, dx, dx, K B, ] 
Sap ee es — 3 = x x,+—f 
dt 5 dt dt M M 
Transfer functions: 
Y,(s) _ Bys+K Y,(s) B, 


F(s)  s[ MB,s°+(B,B,+KM)s+(B,+B,)K] — F(s) MB," +(B,B, + KM)s+(B,+B,)K 
(c) Force equations: 


2 
a 1 d’y,_  (B+B,) dy, Body, Body K 


roars y 
dt dt B dt’ M dt Md Md M 


(i) State diagram: 


State diagram: 


Transfer functions: 


Y¥(s) Ms’ +(B,+B,)s+K Y,(s) 1 
F(s) B.s(Ms° +B,s+K) F(s) Ms’ +B,s+K 


6-2. Write the force equations of the linear translational system shown in Fig. 6P-2. 
Draw the state diagram using a minimum number of integrators. Write the state equations 
from the state diagram. Find the transfer functions Y1(s)/F(s) and Y2(s)/F(s). Set Mg = 0 
for the transfer functions. 


(1 


fit) + Meg fit) + Meg 


{a) (b) 


Figure 6P-2 


(a) Force equations: 


2 
1 dy, Bdy, K,+K K 
y,=—(f+Ms)+y, So = 2-—t_2y +—y, 
K, dt Md M M 


State diagram: 


d 
State equations: Define the state variables as: x,=y,, x, = ae 
dt 

dx, dx, K. 1 
S85 = x, x, +—(f + Mg) 

dt dt M M 

Transfer functions: 

¥(s) 8° +Bs+K,+K, Y,(s) 1 

F(s) K,(Ms’+Bs+K,) F(s) Ms’ +Bs+K, 


(b) Force equations: 


dy, 2 


dt 


1 dy, K, dy, B, (* *.) K, B, B, dy, 
(t)+ Mg |4 = + 
F Lf fa as (,-y,) Fa eer (8) rac y,) 


State diagram: (With minimum number of integrators) 


To obtain the transfer functions Y(s)/ F(s) and Y,(s)/ F(s), we need to redefine the state 
variables as: 


X,=Y>, X, =dy,/dt, andx,=y,. 


State diagram: 


Transfer functions: 


Y¥(s) Ms’ +(B,+B,)s+K, EUs) Bs+K, 
F(s) s°[MBs+(B.B,+MK,)| F(s) s' [MBs +(B,B, +MK, )] 


6-3. Write the torque equations of the rotational systems shown in Fig. 6P-3. Draw state 
diagrams using a minimum number of integrators. Write the state equations from the state 


diagrams. Find the transfer function © (s) a (s) for the system in (a). Find the transfer 
functions o, (s)/T (s) and C (s)/T (s) for the systems in parts (b), (c), (d), and (e). 


+ 
+ ~~ Rigid shaft 
(a) (b) 


+ #,(1) O,(1) K 6,4) O(D) O(n) 
Flexible 
7 


shaft 


Ao A(t) 2B 


Fy! | Flexible a ii 


Ti) ~ shaft 


(c)} (d) 


Gz ™) @(1) K Horo | 4, A(T) 
a : JH{ moro | MOTOR =H 
. ZZ T(t) ], ? Witla 


(e) 


Figure 6P-3 


(a) Torque equation: State diagram: 


d’0 Bdo 1 
= + 


de da 


State equations: 


Transfer function: 
O(s) | 1 
T(s)  s(Js+B) 


(b) Torque equations: 


K 1 dé 
0 -6,)+-—T K(6 -@,)=B— 
= (0,-8,) += (0,-0,)=2 


dO, _ 
dt’ 


State diagram: (minimum number of integrators) 


State equations: 


dx, K dx, K 1 
ee LES Se 
dt B dt J J 
: do, 
State equations: Let x, = 6, x= 0 Fe and x,= a 
dx, K dx, Gi Ke Ke 
— =-—X,+—x, — =x, = x, Kook T 
dt B B dt dt J J J 


Transfer functions: 
©,(s) = Bs+K ©,(s) 7 K 
T(s)  s( BJs’ + JKs + BK) T(s) s( BJs’ + JKs + BK) 
(c) Torque equations: 


ry=1 + K(6-0,) (6-0, =, 
dt d 


1 


State diagram: 


State equations: state variables: x,=0,, x,=—~, x,=0,, x,=—+. 
dt dt 
dx, dx, K K dx, dx, K K 1 
=x, =-—x,+ x, =X, =x, x, + T 
dt de od dt re ae ae pi 
Transfer functions: 
O,(s) _ Js +K ©, (5) _ K 
T(s)  s°| JJ,s°+K(J,+J,) | T(s)  s°*[JJ,8°+K(J,+J,) | 
(d) Torque equations: 
do, d’0, dO, 
T(t)=J, a K,(6,-0,)+K,(0,-9,)  K,(0,-@)=J, me K,(6,-0,)=J, 7 


Osan 


At 7 ~~. ~~~. - 


dx dx, K dx K K 1 dx dx, K 
L=—x, +x, i= +x, 3 = 1x, 2x + T 4 =x, Xs i= +x, 
dt dt J, dt Jn J, ds dt dt J 


Transfer functions: 


O(s) | K,(J,s +K,) 


Tis) 8° [ s* +(KJ,J,+KJJ,+KJ,J,+K,J,J,)s +KK, (J, +3,+J, )| 
0,(s) _ 


K,(J\s' +K,) 
T(s) os [s* +(KJ,J,+KJJ,+KJJ,+KJJ,)s +KK,(J,+3,+4, )| 


(e) Torque equations: 


K K 1 do «K B dé do, K 
ig Ce ee a - ae 2) As 


State diagram: 


10 


: do, dé d0, 
State variables: x, = 6, - @., 4, =—,, x, = —, 4, = oO - G., 4 —— 
dt dt dt 
State equations: 
dx K dx K K 1 dx dx K B 
2 = x, - +x, 3 +x, - 2x,+ T + =x,-x, 5 = 2x,-—x, 

dt J, J dt Jn Jn Jn dt dt J, wh 
Transfer functions: 

0s) _ Kis + B,s +K,) @,(s) K,(J,s° +Bs+K,) 

T(s) A(s) T(s) A(s) 


A(s)=s°{J,J,J,8° +J,(B,+B,)s'+[(KJ,+KJ,)J, +(K,+K,)JJ,+BB,J, |s° 
+[(B,K,+B,K,)J,+BK,J,+B,KJ,|s+K,K,(J,+J,+J,)} 


6-4. An open-loop motor control system is shown in Fig. 6P-4. The potentiometer has a 


maximum range of 10 turns 


(20rad) . Find the transfer functions E,(s)/Tin(s). The 


0,,(t) . 0, (t 
following parameters and variables are defined: ” ( ) is the motor displacement; “” ( ) : 
the load displacement; T;,(t), the motor torque; Jm, the motor inertia; Bm, the motor 


viscous-friction coefficient; By, the potentiometer viscous-friction coefficient; e,(t), the 
output voltage, and K, the torsional spring constant. 
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Potentiometer 


640 K Ato 


Figure 6P-4 


System equations: 


2 2 


dO do d 0, d0, 
T,(t)=J, —*+B,—*+K(0,-6,) K(0,-6,)=J,—++B,— 
dt dt dt" dt 
EO, 
Output equation: =e = 
202 


State diagram: 


Transfer function: 


©, (s) 7 K 
T.(s) s|J,J,s°+(B,J,+B,J,)s°+(J,K+J,K+B,B,)s+B,K | 


m pm 


E(s)_ KE/20zx 
T,(s) s[J,J,s°+(B,J,+B,J,)s°+(J,K+J,K+B,B, )s+B,K | 


m m* L pm 


6-5. Write the torque equations of the gear-train system shown in Fig. 6P-5. The 
moments of inertia of gears are lumped as Ji, J2, and J3. Tn(t) is the applied torque; N1, 
N2, N3, and N4 are the number of gear teeth. Assume rigid shafts. 


(a) Assume that J, J2, and J3 are negligible. Write the torque equations of the system. 
Find the total inertia of the motor. 


(b) Repeat part (a) with the moments of inertia Ji, J2, and J3. 
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Figure 6P-5 


(a) 
; 1 N, N, dO, 1 
Tt)=J,— +1, i ings S L=—T, Oe) oe i=, =, 
: N, N, dt N, 
NN, N,. N,. dO, do. NN, NN, | |d’0, 
0, = 0, T, =— T= — J, 2 a 2 y J, ; J, 2 
N,N, N, N, ° dt dt WN, N,N, dt’ 
(b) 
do, 6, do. N, N, 
Lad 3t Leas 3t, TL=-VUsei)—] Fh Lear 
dt" : t : dt" A N, 
NN dé, N do d’0 
C——— C20 Le, ss 
N, N,N, dt’ , dt al d 
79 =N( dO, N, dO, Nn, \ NN, 0. 
T, (t) a m =a J, 7 + = (J, + J,) 5 = J, + aa J, f (J, J, 
: dN, dt’ N,) ° \NN, 


6-6. A vehicle towing a trailer through a spring-damper coupling hitch is shown in Fig. 


6P-6. The following parameters and variables are defined: M is the mass of the trailer; Kn, 


the spring constant of the hitch; By, the viscous damping coefficient of the hitch; B;, the 
viscous-friction coefficient of the trailer; yi(7), the displacement of the towing vehicle; 
y2(t), the displacement of the trailer; and f(z), the force of the towing vehicle. 


(a) Write the differential equation of the system. 
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(b) Write the state equations by defining the following state variables: 
x,(t)= y,(t)-y,(t) and x,(t) = dy,(t)dt 


FOO yA 


= rr * 
aa Tae 
© i rH 


Figure 6P-6 


(a) Force equations: 


dy, dy, dy, dy, dy dy 
f= K,(y,-y,)+8,{ 2-2) KO,-9)+8,(2 —|=M eB : 


dt dt dt dt 
dy, 
(b) State variables: x,=y,-y,, x,=— 
dt 
State equations: 
dx, K, 1 2 t 1 
= +f) =-—x,+—f() 
dt 3 B, M 


6-7. Figure 6P-7 shows a motor-load system coupled through a gear train with gear ratio 
n= Nj/N2. The motor torque is T(t), and T1(t) represents a load torque. 


_ 72 2 
(a) Find the optimum gear ratio n* such that the load acceleration @: = dO,Jdt” jg 


maximized. 


(b) Repeat part (a) when the load torque is zero. 


Figure 6P-7 
(a) 
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2, 2 


0 
m _ L = 1 = = 
m ds 2 a T, T, a Jy +7, T, > —T, = nT ON ~ ON, 
t dt N, 
do : E J —n'T, 
T=J,, “+n, wid nT, =| —+nJ, \a, +n?, Thus, a, = —— 
dt n J tnd, 


“ =0. (Z,-2n7,)(J, +n°J,)-2nJ, (nT, -n°J,)=0 Or, 


m m 
n 


Set 


a) 2 
es Jf, Mat, +4J JT 


m Lom 
25,7, 25,7, 


Optimal gear ratio: n where the + sign has been 


chosen. 


(b) When T, =0, the optimal gear ratio is 


n = mee 


6-8. Figure 6P-8 shows the simplified diagram of the printwheel control system of a 
word processor. The printwheel is controlled by a dc motor through belts and pulleys. 
Assume that the belts are rigid. The following parameters and variables are defined: T;,(f) 


7 0 (t : : : 

is the motor torque; =” ( ) , the motor displacement; y(t), the linear displacement of the 
printwheel; Jin, the motor inertia; Bm, the motor viscous-friction coefficient; r, the pulley 
radius; M, the mass of the printwheel. 


(a) Write the differential equation of the system. 
(b) Find the transfer function Y(s)/Ti(s). 


Printwhee! 
ra 
(* r\ (Cc (Rr 
} —>y ery, 
T. Pulley 
Oy, 
Motor F 
Figure 6P-8 
(a) Torque equation about the motor shaft: Relation between linear and rotational 
displacements: 
do ot dO 
m = m 7 +Mr a m _ y= vO, 
t dt 
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(b) Taking the Laplace transform of the equations in part (a), with zero initial conditions, we have 


T (s)= (J, +Mr° ) sO (s)+B sO (s) Y(s)=rO, (s) 


m m 


Transfer function: 
Y(s) r 
Ts) s{(J,+Mr')s+B, | 


m 


6-9. Figure 6P-9 shows the diagram of a printwheel system with belts and pulleys. The 
belts are modeled as linear springs with spring constants K, and K2. 


(a) Write the differential equations of the system using On, and y as the dependent 
variables. 


=r0,,—y,x, = dy/dt and %3 = @m = d@,/dt 


(b) Write the state equations using a as the 


state variables. 
(c) Draw a state diagram for the system. 
(d) Find the transfer function Y(s)/Tin(s). 


(e) Find the characteristic equation of the system. 


(a) 
d’ 
f,=I,— 7 tr -f) T, = K,(r0,-r0,)=K,(r0,-y) — T,=K,(y-r0,) 
2 
dad 2 
T-T,=M Thus, Pag oe 4r(K +K,)(10.-y) 
. dt dt” 
dy 
Me ey) 
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(b) State diagram: 
1/J 
m 


(c) State equations: 


(d) Transfer function: 
Y(s) r(K,+K,) 


T.(s) s*| J,Ms*+(K,+K,)(J, +7M) | 


(e) Characteristic equation: 
s'[J,Ms’ +(K,+K,)(J, +) ]=0 


6-18) (a) System equations: 


di, 


dao 
T, =Ki, nal am +Bo, e,=Ri,+L, : +K,o, y=n, y=y(t-T,) 
t t 


ie -< (sec) e=r-b b=K,y E (3s) = KG (s)E(s) 


Block diagram: 


(b) Forward-path transfer function: 
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Y(s) _ KK nG (s)e 
E(s) s{(R,+L,s)[(J,+J,)s+B,]+K,K,} 


Closed-loop transfer function: 


Y(s) - KK nG (s)e 
R(s) s(R,+L,s)[(V, +J,) +B, ]+K,K,s + KG (s)K ne" 


6-10. The schematic diagram of a motor-load system is shown in Fig. 6P-10. The 
following parameters and variables are defined: Tin(t) is the motor torque; Om (t)_ the 


. Ot ; o, (t . Olt 

motor velocity; =” ( ) the motor displacement; * ( : the load velocity; ( ) , the load 
displacement; K, the torsional spring constant; Jin, the motor inertia; Bm, the motor 
viscous-friction coefficient; and Bz, the load viscous-friction coefficient. 


(a) Write the torque equations of the system. 


(b) Find the transfer functions o (s)/T,, (s) and 
(c) Find the characteristic equation of the system. 


(d) Let Tn (") =Tn be a constant applied torque; show that mn = @1 = constant in the 


steady state. Find the steady-state speeds On and @r 
(e) Repeat part (d) when the value of Jz is doubled, but Jin stays the same. 
6,,(0) 6,(t) 


. K 
MOTOR | } } | LOAD 
Flexible - 


(Tt) 
W(t) B 


Figure 6P-10 
(a) Torque equations: 
d’0 dé do dé 


T (t)=J._ —"+B —*+K(6 -0 K(@0 -0)=J 
= 1, +B, 24K (0,-8,) — K(0,-8,)= 5, + 8, — 


State diagram: 
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(b) Transfer functions: 


Os) K ©.(s) J, +B.s+K 
T(s) A(s) T(s) ACs) 


A(s) = s| J,J,s° +(B,J, +B,J,)s° +(KJ, + KJ, +B,B,)s+B,K | 


(c) Characteristic equation: | A(s)=0 


(d) Steady-state performance: T(t) = T = constant. T (s) =, 
s 


‘ : : Js. +Bst+kK 1 
lim @, (t) = lim sQ, (s) = lim ; : = 
0 0 J Js +(B I, +B J,)s +(KJ,+KI,+BB )s+B KB, 


too s 


Thus, in the steady state, O,,=O;,- 


(e) The steady-state values of @ and @, do not depend on J, and J,. 


6-11. The schematic diagram of a control system containing a motor coupled to a 
tachometer and an inertial load is shown in Fig. 6P-11. The following parameters and 
variables are defined: T;, is the motor torque; Jin, the motor inertia; J;, the tachometer 


inertia; Jz, the load inertia; K; and K2, the spring constants of the shafts; 0, , the 


0 


tachometer displacement; Gr, , the motor velocity; “4, the load displacement; Pe , the 


tachometer velocity; ®, | the load velocity; and Bm, the motor viscous-friction coefficient. 


0,,0,,9,0,,0,,and @ 


(a) Write the state equations of the system using se ™ as the state 


variables (in the listed order). The motor torque Tin is the input. 


(b) Draw a signal flow diagram with Tin at the left and ending with A, on the far right. 
The state diagram should have a total of 10 nodes. Leave out the initial states. 
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©, (s) O, (s) oO, (s) 
(c) Find the following transfer functions: T, (s) T, (s) T, (s) 


(d) Find the characteristic equation of the system. 


6, 6 


my rn Arye yy O; : 


T, m Wy. 
Tachometer Motor Load 


Figure 6P-11 


(a) State equations: 


t=0, Ey x 26 29, t=a, —_— +6 “6. 
dt dt J , J : dt dt J ; J ' 
do do (K,+K,) K, : 
7 == Qo, = = m 0, + 0, + 0, a m 
dt dt J J J 


m m m m m 


(c) Transfer functions: 


@(s) K,(Js°+K,)  @) K(s,°+K,) © (8) JJ,s'+(K,+K,J,) 8° + KK, 


m 


T, (8) A(s) T,(s) A(s) 7, (8) A(s) 


m 


A(s) =s[J.J,s +B J 


mL m~ L 


Js +(KJJ,+KJJ,+KJ,J,+K,J,J,)s° 


1" m*" Lb 2° m 


+B J,(K,+K,)s +K,K,(J,+J,+J,)s+B,K,K,]=0 


mL 
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(d) Characteristic equation: A(s) =0. 


6-12. The voltage equation of a dc motor is written as 


di 
elt) = Ri (1) +6, HD+ Kyo (1) 
where e,(f) is the applied voltage; i,(¢), the armature current; Ra, the armature resistance; 
La, the armature inductance; Kp, the back-emf constant; On (:) , the motor velocity; and 
On (*) , the reference input voltage. Taking the Laplace transform on both sides of the 


voltage equation, with zero initial conditions and solving for On (s) , we get 
E —-(R,+Ls)1 
Q,, (s) _— 4 (s) ( a + aS) a (s) 

K, 


which shows that the velocity information can be generated by feeding back the armature 
voltage and current. The block diagram in Fig. 6P-12 shows a dc-motor system, with 
voltage and current feedbacks, for speed control. 


(a) Let Ki be a very high gain amplifier. Show that when 


‘ (s) oe (s) . AR, re s) , the motor velocity Om On (t) is totally independent of the load- 
disturbance torque 77. 


(b) Find the transfer function between On (s) and a, (s) (7, 7 0) when Hi(s) and 
H_(s) are selected as in part (a). 


| He | Current feedback 
o, a lon 
7 Be R, + Las ren s i 


Voltage feedback « Motor and load > 


rer 


—— «} 


Figure 6P-12 
(a) 


-| KH (s) -K, H(s) 
——| 1+ K,H(s)+ i H (s)+— 
_ Btds R, +L s = BJs R +L s 


A(s) . A(s) 


Q.(s) 
FCS) | 


Thus, 
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Fee ee ze) sg) 


R,+L,s H(s) 
KK, 
Q, (5) R +L s)(B+Js 
(b) Q,(9)) _ (R+Es)(B+ 4s) 
Q(s) 7,<0 A(s) 
KK KH KKK AH (: 
A(s) =14+ K\H,(s)+ 1b pi! LOR its AS) 
(R,+L,s)(B+Js) R,+L,s (R,+L,s)((B+Js) 
KK, K,K, 


=1+ + 
(R,+L,s)(B+Js) (R,+L,s)(B+Js) 


Q.(s) 
Q (s) 


KK, ore: 
(R,+L,s)(B+Js)+K.K,+K,K,K,H(s)  K,H.(s) 


1,=0 


6-13. This problem deals with the attitude control of a guided missile. When traveling 
through the atmosphere, a missile encounters aerodynamic forces that tend to cause 
instability in the attitude of the missile. The basic concern from the flight-control 
standpoint is the lateral force of the air, which tends to rotate the missile about its center 
of gravity. If the missile centerline is not aligned with the direction in which the center of 


gravity C is traveling, as shown in Fig. 6P-13, with angle 0 which is also called the 
angle of attack, a side force is produced by the drag of the air through which the missile 


travels. The total force F, may be considered to be applied at the center of pressure P. As 
shown in Fig. 6P-20, this side force has a tendency to cause the missile to tumble end 
over end, especially if the point P is in front of the center of gravity C. Let the angular 


acceleration of the missile about the point C, due to the side force, be denoted by eo 
Normally, “* is directly proportional to the angle of attack @ and is given by 
K,d 
Ar = Ful 
where Kr is a constant that depends on such parameters as dynamic pressure, velocity of 
the missile, air density, and so on, and 
J = missile moment of inertia about C 
d = distance between C and P 


The main objective of the flight-control system is to provide the stabilizing action to 
counter the effect of the side force. One of the standard control means is to use gas 
injection at the tail of the missile to deflect the direction of the rocket engine thrust 7;, as 
shown in the figure. 
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(a) Write a torque differential equation to relate among 7;, ) ; 0 and the system 


parameters given. Assume that O is very small, so that sin 5(t) is approximated by 5(!) 


(b) Assume that 7; is a constant torque. Find the transfer function @(s) /A(s) , where 
8(s) and A(s) are the Laplace transforms of a(t) and b(t) respectively. Assume that 


(*) is very small. 
(c) Repeat parts (a) and (b) with points C and P interchanged. The d; in the 


expression of “F should be changed to d. 


Figure 6P-13 


(a) Torque equation: (About the center of gravity C) 


d°0 


ar = Td, sind + Fd, Fd, = J a = K,,d,0 sind =6 
do dO 
Thus, J —=Td,6+K_d0@ J —-K.d0=Td,6 
dt” s 2 Fl dt? Fri s 2 


(b) Js°@(s)- K,d,O(s) =T,d,A(s) 
(c) With C and P interchanged, the torque equation about C is: 


dO d 0 
ea ee bars a ae arn 
i t 


Os) T (d,+d,) 


Js'@(s)—K,d,@(s) =T (d, +d, )A(s) ‘ 
: A(s) Js —K,d, 


6-14. Figure 6P-14(a) shows the schematic diagram of a dc-motor control system for the 
control of a printwheel of a word processor. The load in this case is the printwheel, which 
is directly coupled to the motor shaft. The following parameters and variables are 
defined: K; is the error-detector gain (V/rad); Ki, the torque constant (oz-in./A); K, the 
amplifier gain (V/V); Ko, the back-emf constant (V/rad/sec); n, the gear train ratio 

= 9,10, = Tn ITs Bn» the motor viscous-friction coefficient (0z-in.-sec); Jim, the motor 
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inertia (oz-in.-sec”); Kz the torsional spring constant of the motor shaft (oz-in./rad); and 
Jz, the load inertia (0z-in.-sec”). 


(a) Write the cause-and-effect equations of the system. Rearrange these equations into the 


=0),xX, =0,,x,=0,,x,=@, 


m? and Xs =1,. 


form of state equations with ml 
(b) Draw a state diagram using the nodes shown in Fig. 3P-38(b). 
(c) Derive the forward-path transfer function (with the outer feedback path open): 


G(s) = (s) ©, (s) . Find the closed-loop transfer function i (s) =O. (s) wn (s) ; 


(e) Repeat part (c) when the motor shaft is rigid, that is, K, =. Show that you can 
obtain the solutions by taking the limit as Kz approaches infinity in the results in part (c). 


"DA LOAD 
Flexible J 
shaft 


@ w 
0 0 


= 


(b) 


Figure 6P-14 


(a) Cause-and-effect equations: 6, = 0. —0, e=K 0, e, = Ke 
di 1 
SS ea (ee) I, = Kj, 
dt L, a 
d’0 B. dé, 1 nK, 
Te Mt ng) = a=, 
dt J, dt J J, : 
d0 K 
Kaa) 
dvs, 
State variables: x,= G. X=, X= Gs X,=O, X =i, 


State equations: 
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nk dx 
— =X, —2 = —x,+—*x, =x, 
dt dt by he dt 
dx, mK, nK, B K. dx, KK : KK 
= x, Xx, ata = = ars X, te =e. 
dt J J dt L L L L 
m m m m a a a 


(c) Forward-path transfer function: 


@,(s) 


KK KnK, 
© (s) S| Fadl iG (RI SBT EBD 4 (WKLJ, +K J,L.+B RJ )s? fa 


moaieL 
(WR,K,J,+R,K,J,, +B,K,L, )8+K,K,K,+R,B,K, | 


Closed-loop transfer function: 
@,(s) | 
O(s) JJ 


mL 


KK KK, 


Ls tds (RJ, +B, +BL)s° +(0°K,L,J, +K JL, +B,RJ,)s° z 


(WRK,J,+R,K,J, +B,K,L, )s° +(K,K,K, + R,B,K, )s +nKK,K.K, 


(d) K =x, 0 =0,=n@.. J. isreflected to motor side soJ,, =J_ +n°J.. 
L oO 2 m L T m L 


State equations: 


da B K, dé di KK KK i 
ma=——"q@w + ty =o, f= mt e “nn o., 
dt J, J, dt dt L L, L L 


State diagram: 
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Forward-path transfer function: 


© (s) KK Kn 
@(s) s[J,L,s°+(RJ,+B,L,)s+R,B,+KK, | 


Closed-loop transfer function: 


©, (s) KK Kn 
O(s) J,L,s'+(RJ,+B,L,)s +(R,B,+KK,)s+KK Kn 


From part (c), when 
K, = 00, all the terms without K, in 0 (s)/ ©,(s) and © ((s)/ © (s) can be neglected. 


The same results as above are obtained. 


6-15. The schematic diagram of a voice-coil motor (VCM), used as a linear actuator in a 
disk memory-storage system, is shown in Fig. 6P-15(a). The VCM consists of a 
cylindrical permanent magnet (PM) and a voice coil. When current is sent through the 
coil, the magnetic field of the PM interacts with the current-carrying conductor, causing 
the coil to move linearly. The voice coil of the VCM in Fig. 6P-15(a) consists of a 
primary coil and a shorted-turn coil. The latter is installed for the purpose of effectively 
reducing the electric constant of the device. Fig. 6P-15(b) shows the equivalent circuit of 
the coils. The following parameters and variables are defined: ea(t) is the applied coil 
voltage; ig(t), the primary-coil current; i;(f), the shorted-turn coil current; Ra, the primary- 
coil resistance; La, the primary-coil inductance; Las, the mutual inductance between the 
primary and shorted-turn coils; v(7), the velocity of the voice coil; y(t), the displacement 


of the voice coil; ‘4 (:) = Kyv(t) , the force of the voice coil; Kj, the force constant; Kz, the 


e,(t)= K,v(t ; . 
back-emf constant; ” ( ) G ( ) , the back emf; M7, the total mass of the voice coil and 
load; and Br, the total viscous-friction coefficient of the voice coil and load. 


(a) Write the differential equations of the system. 
(b) Draw a block diagram of the system with E, (s) 1, (s).2, (s),V (s),andY (s) as 
variables. 
(c) Derive the transfer function Y(s)/Ea(s). 
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Primary 
Magnet turns 


Spindle 
motor 


Magnetic Shorted 
flux turns 


(a) 


Figure 6P-15 


(a) System equations: 


di di di 
“-[ —+e 0=Ri,+(L,+L,)—--L, 
dt dt 


dv 
a a e,=Ri,+(L,+L,) 


iS 


dt 


(b) Take the Laplace transform on both sides of the last three equations, with zero initial 
conditions, we have 
K1,(s)=(M,s+B,)V(s) E (s)=[R,+(L, +L, )s]7,(s)-L,s1,(s)+ K,V(s) 
0=-L, sI,(s)+[R,+5(L,+L,)]7,(s) 


Rearranging these equations, we get 


K V(s) K 
V(s) =——— 1 (s) Y(s)= = 1 (s) 
M,s+B, S s(M,s+B,) 
1 Ls 
1, (s) = —————__[E,(s) + L, sI,(s)- K,V(s)] I (s) = ———*—— 1 (s) 


R +(L,+L,)s R +(L,+L,)s 


Block diagram: 
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I 
Lass ig Lass I 
Ra +(L, + Las )® Ra + (Ly + Lis)§ 
+ 


(c) Transfer function: 


Y(s) K [R,+(£,+L,)s] 
E (s) ~ [R +(L,+L,,)s][R, +(L, +L, )s](M,5+B,)+KK,[R +(L,+L,)s|-Lis’(M,s+B,) 


6-16. A dc-motor position-control system is shown in Fig. 6P-16 a). The following 


parameters and variables are defined: e is the error voltage; e,, the reference input; A, : 
the load position; Ka, the amplifier gain; ea, the motor input voltage; ep», the back emf; ic, 
the motor current; Tin, the motor torque; Jm, the motor inertia = 0.03 oz-in.-s7; Bm, the 
motor viscous-friction coefficient = 10 oz-in.-s”; Kz, the torsional spring constant = 
50,000 oz-in./rad; Jz, the load inertia = 0.05 oz-in.-s*; Kj, the motor torque constant = 21 
oz-in./A; Kp, the back-emf constant = 15.5 V/1000 rpm; Ks, the error-detector gain = 


E/2n ; E, the error-detector applied voltage = 20 V; Ra, the motor resistance = 1.15 : 
and % = 9-9, 
(a) Write the state equations of the system using the following state variables: 


x, =6,,x, =dO,/dt=@,,x,=6,,andx,=d6,,/dt=o,, 


(b) Draw a signal flow diagram using the nodes shown in Fig. 6P-16(b). 


(c) Derive the forward-path transfer function G(s) =O; (s) ne (s) when the outer 


feedback path from @, is opened. Find the poles of G(s). 


(d) Derive the closed-loop transfer function Me (s) =e (s) 1. (s). Find the poles of 


M(s) when K, =1,2738 , and 5476. Locate these poles in the s-plane, and comment on 
the significance of these values of Ka. 


28 


Flexible 
shaft 


(a) 


° ro) re) fo) o> o—>—o oo) 
6, 4, € XM X4 iy x3 ib X3 a 
(b) 
Figure 6P-16 
(a) Cause-and-effect equations: 
: e, —%, 
6 =0-86, e=KO. K, =1 V/tad e, = Ke i= 
R 
do 1 B K do K 
T, = Ki, ie he —@ =. 0,) += —(e. oa 0,) = K,o,, 
dt J, Ji, Ji, dt J, 
15.5 
K, =15.5 V/KRPM = = 0.148 V/rad/sec 
1000 x 27/60 
State equations: 
dé, do, L K, dé da B K, 1 K, 
=O, aad 6, 6, eee O. es . @,, 6, te (KK 6, K,o,) 
dt a dS, J, dt dt J J R 


(b) State diagram: 
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- - - -1 
i KKK. /J.Rq el ant K,/Jy, qt F 


(c) Forward-path transfer function: 


KKKK, 
s| J,J,R,s° +(B,R, +K,K,)J,s° +R,K, (J, +J,)5+K, (BR, +K,K,) | 


m~ Loa ma 


G(s) = 


J RI, = 0.03 x LIS x 0.05 = 0.001725 BUR J, =10x 115 x 0.05 = 0.575 K,K, J, = 210.148 x 0.05 = 0.1554 


RK, J, =115x 50000x0,05= 2875 RK, J, =115x50000x0.03=1725 — K,KK,K, = 21x1x50000K = 1050000K 


K,(B,R, + KK, ) =50000010x 1.15 +21 0.148) = 730400 


608.7 x10°K 


G(s) = 3 2 6 8 
s(s° +423.42s° + 2.6667 x 10° s + 4.2342 x 10°) 


(d) Closed-loop transfer function: 


@,(s) G(s) K.KK.K, 


M(s)= = - 
O(s) 1+G(s) J,J,R.s'+(B,R.+K.K,)J,s +RK,(J,+J,)s°+K, (BR +KK,)s+K.KKK, 


6.087x10°K 
s* 4.423.425° + 2.6667 x 10° s” +. 4.2342 x 10° s+6.087x10°K 


M(s)= 


Characteristic equation roots: 


K=1 K =2738 K =5476 
s=-145 s=+ 1000 s = 405+ j1223.4 
5 =-159.88 s =—2117+ j12735 s = 617.22 + j1275 


s=—-13105+ j1614.6 


6-17. Figure 6P-17(a) shows the setup of the temperature control of an air-flow system. 
The hot-water reservoir supplies the water that flows into the heat exchanger for heating 
the air. The temperature sensor senses the air temperature 740 and sends it to be 
compared with the reference temperature T,. The temperature error T; is sent to the 
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controller, which has the transfer function G,(s). The output of the controller, u(t), which 
is an electric signal, is converted to a pneumatic signal by a transducer. The output of the 
actuator controls the water-flow rate through the three-way valve. Figure 6P-17(b) shows 
the block diagram of the system. 


The following parameters and variables are defined: dM,, is the flow rate of the heating 
fluid = kyu, Ky = 0.054 kg/sec/V; Tw, the water temperature = KrdMw; Kr = 
65 1C/kg/sec; and Tao the output air temperature. 


Heat-transfer equation between water and air: 


dT 
T, “2 =T, -Tyo T, = 10 seconds 
dt 
Temperature sensor equation: 
aT. 
in 7 =T,,—-T. T, =2 seconds 
, : ‘ 


(a) Draw a functional block diagram that includes all the transfer functions of the system. 


(b) Derive the transfer function T40(s)/T(s) when G(s) = 1. 
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HOT-WATER 
RESERVOIR 


ELECTRIC-TO- 
PNEUMATIC 
TRANSDUCER 


CONTROLLER 


> : 
——~» Heated air 
——-» T 


Ao 


Air intake Heat Temperature 
Th; exchanger sensor T, 


(a) 


Output air 
temperature 
Tro 


ELECTRIC-TO- : ae 


PNEUMATIC 
TRANSDUCER EXCHANGER 


(b) 


Figure 6P-17 


(a) Block diagram: 
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(b) Transfer function: 


T,,,(s) K,,K, 3.51 
T(s) (l+zs)(+7,s)+K,K, 205° +125+4.51 


6-18. The objective of this problem is to develop a linear analytical model of the 
automobile engine for idle-speed control system shown in Fig. 1-2. The input of the 
system is the throttle position that controls the rate of air flow into the manifold (see Fig. 
6P-18). Engine torque is developed from the buildup of manifold pressure due to air 
intake and the intake of the air/gas mixture into the cylinder. The engine variations are as 
follows: 


qi(t) = amount of air flow across throttle into manifold 

dqi(t)/dt = rate of air flow across throttle into manifold 

Qn(t) = average air mass in manifold 

go(t) = amount of air leaving intake manifold through intake valves 
dq)(t)/dt = rate of air leaving intake manifold through intake valves 
T(t) = engine torque 


Ta = disturbance torque due to application of auto accessories = constant 
a\t ; 

( ) = engine speed 
aA\t ae 

( ) = throttle position 


"> = time delay in engine 
Je = inertia of engine 


The following assumptions and mathematical relations between the engine variables are 
given: 


1. The rate of air flow into the manifold is linearly dependent on the throttle position: 


mk) Ae (i ) K, = proportional constant 


2. The rate of air flow leaving the manifold depends linearly on the air mass in the 
manifold and the engine speed: 


m1 = Fade (:) + K,o(t) K,, K, =constants 


3. A pure time delay of tp seconds exists between the change in the manifold air mass 
and the engine torque: 


T(t)=K,q,,(t-tp) K,= constant 
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4. The engine drag is modeled by a viscous-friction torque Ba(t), where B is the viscous- 
friction coefficient. 


5. The average air mass qgn(t) is determined from 


oe (22 “att , 


dt dt 
6. The equation describing the mechanical components is 


do(t) 


T(t)=J a 


+ Bo(t)+T, 


(a) Draw a functional block diagram of the system with a (:) as the input, a(t) as the 
output, and Ty as the disturbance input. Show the transfer function of each block. 


(b) Find the transfer function ( s) ue (s) of the system. 


(c) Find the characteristic equation and show that it is not rational with constant 
coefficients. 


(d) Approximate the engine time delay by 
_l-tps/2 
~ 1+tys/2 


-Tps 


e 


and repeat parts (b) and (c). 


> > TO 
AIR FLOW > > MANIFOLD 
— > } > —_ 
+> / iad 
of . 
/ 
r / 
| IDLE-SPEED / 
| CONTROL. ——_ 
| MOTOR 


Figure 6P-18 


(a) Block diagram: 
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(b) Transfer function: 


Q(s) K K,e” 
a(s) Js +(JK,+B)s+K,B+KK,e 


(c) Characteristic equation: 


Js’ +(JK,+B)s+K,B+K,K,e" =0 


(d) Transfer function: 
Q(s) _ K,K,(2-t,s) 
as) A(s) 


Characteristic equation: 


A(s) = Jt,s +(2J+JK,r, +Br,)s° +(2JK,+2B-7c,K,B-1,K,K,)s+2(K,B+K,K,)=0 


6-19. Phase-locked loops are control systems used for precision motor-speed control. 
The basic elements of a phase-locked loop system incorporating a dc motor is shown in 
Fig. 6P-19(a). An input pulse train represents the reference frequency or desired output 
speed. The digital encoder produces digital pulses that represent motor speed. The phase 
detector compares the motor speed and the reference frequency and sends an error 
voltage to the filter (controller) that governs the dynamic response of the system. Phase 
detector gain = Kp, encoder gain = Ke, counter gain = 1/N, and dc-motor torque constant = 
K;. Assume zero inductance and zero friction for the motor. 


(a) Derive the transfer function E,(s)/E(s) of the filter shown in Fig. 6P-19(b). Assume 
that the filter sees infinite impedance at the output and zero impedance at the input. 


(b) Draw a functional block diagram of the system with gains or transfer functions in the 
blocks. 


(c) Derive the forward-path transfer function Q,n(s)/E(s) when the feedback path is open. 
(d) Find the closed-loop transfer function Qyn(s)/F(s). 
(e) Repeat parts (a), (c), and (d) for the filter shown in Fig. 6P-19(c). 
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(f) The digital encoder has an output of 36 pulses per revolution. The reference frequency 
fr is fixed at 120 pulse/sec. Find K: in pulse/rad. The idea of using the counter N is that 
with f, fixed, various desired output speeds can be attained by changing the value of N. 
Find AN if the desired output speed is 200 rpm. Find WN if the desired output speed is 1800 


rpm. 


de motor 


frequency voltage 


: + 
PHASE AMPLIFIER | ,, 
Reference DETECTOR | Error K ei 
Ky 
K 


N 


7 COUNTER JUL | picrrat 
; Feedback | ENCODER 
pulses 


(a) 


° re) 
(c) 
Figure 6P-19 
(a) Transfer function: 
E(s 14+RCs 
re (5) _ : 
E(s) 1+(R,+R,)Cs 
(b) Block diagram: 
~ Phase 
detector Filter Amplifier 


(c) Forward-path transfer function: 


Q, (s) K(1+R,Cs) 


m 


E(s)  [1+(R,+R,)Cs](K,K, +RJ,5) 


36 


(d) Closed-loop transfer function: 


Q,,(s) _ K,K (1+R,Cs) 


m 


F(s) [1+(R,+R,)Cs](K,K, +R,J,s)+ K,KK,.N (1+R,Cs) 


E(s) (1+R,Cs) 
E(s) R,Cs 


(e) G(s) = 


c 


Forward-path transfer function: 


Q (s) K(1+R,Cs) 


m 


E(s) RCs(K,K,+R,J,s) 


Closed-loop transfer function: 


SSN 


F(s) RCs(K,K,+R,J,s)+ K,KK.N(1+R,Cs) 


Q,,(8) _ K,K(1+R,Cs) 


K, = 36 pulses / rev = 36/ 27 pulses / rad = 5.73 pulses/ rad. 
(f) f, = 120 pulses / sec QO = 200 RPM = 200(27/60) rad/ sec 
ms = NK o,,, = 120 pulses / sec = N(36/ 277)200(27/ 60) = 120N pulses / sec 


Thus, N= 1. For 
o,= 1800 RPM, 120= N(36/27)1800(27/60)=1080N. Thus, N =9. 


6-20. The linearized model of a robot arm system driven by a dc motor is shown in Fig. 
_6P-20. The system parameters and variables are given as follows: 


| DC Motor | _ Robot Arm 


LT, m = motor torque = Kiia J L = inertia of arm 


_Ki= torque constant nn _T1 = disturbance torque on arm es 
(ahead bial, is eel _% sarmdisplacement | 
m= motor inertia iRsaereceeeeceometeeterrseerteeereeteeereereennrereestre ie K =torsional spring constant | 
'B = motor viscous-friction coefficient | 
ee eae seadaed ui Matiel if sh See omic dlt ™ =motor-shaft displacement 
| B = viscous- -friction coefficient of shaft 

between the motor and arm Bnei Soe ee 


| B_ = viscous-friction coefficient of the 
| robot arm shaft 
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(a) Write the differential equations of the system with i,(t) and T;(t) as input and On (1) 


and Os (*) as outputs. 


‘i (s),9,, (s),and 0, (s) 


(b) Draw an SFG using I, (s), as node variables. 


(c) Express the transfer-function relations as 


0) 0) 


Find G(s). 


Motor 


Figure 6P-20 


(a) Differential equations: 


. dO do dé, dé, 
Kitt 8, te KE 8, ) +B) 
dt dt dt 


dO, dé, do, dd, 
K(@,-6,)+B| —*-—+* |=| J, —*+B, — |+7, 
dt dt dt dt 


(b) Take the Laplace transform of the differential equations with zero initial conditions, we get 
KI,(s)=(J,5° + B,s + Bs +K)®, (s)+(Bs + K)®,(s) 


(Bs +K)®, (s)-(Bs+K)®,(s)=(J,8° +B, )s®, (8) +7,(s) 


Solving for © (s) and © AS) from the last two equations, we have 
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Bs+K 


Oi) OS) 
Js +(B,+B)s+K Js +(B,+B)s+K 
Bs+K T,(s) 
OO) == ee 
Js +(B,+B)s+K Js +(B,+B)s+K 
Signal flow graph: 
: -T, (s) 
Sanne epee 
K; BstK Jps +(B, +B)s+K 
2 2 
Jus +(B +B)stk Jys +(B, +B)s+K 
0 
I(s) 0s) 9, (s) 
BstK 
J,’ +(B +B) stk 


(c) Transfer matrix: 


eae 1 ek eae Bs+K | oe 


@,(s)} A,(s) K (Bs+K) Js +(B,+B)s+K |L-T,(s) 
A (s)=J,J,s°+[J,(B,+B)+J,(B,+B)]s°+[B,B, +(B, +B, )B+(J,+J,)K]s°+K(B,+B)s 


6-21. The following differential equations describe the motion of an electric train in a 
traction system: 


ax(t)_ 
Tee 


MD (0) a6) +0 
where 


. (<) ~ Jinear displacement of train 


t)=,. P , 
v ) linear velocity of train 
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(v) ~ resistance force on train [odd function of v, with the properties: (0) and 
dk(v) /dv=0 ] 


x)= cat 
3( ) gravitational force for a non-level track or due to curvature of track 


t)= ; 

, ( ) tractive force 

The electric motor that provides the tractive force is described by the following 
equations: 


e(t)=K,@(t)v(t)+R,i, (t) 
Fl)=K9lt)i.(?) 


where e(f) is the applied voltage; ia(f), the armature current; it), the field current; Ra, the 
armature resistance; a(t) , the magnetic flux from a separately excited field = Kafr); and 
Kj, the force constant. 
(a) Consider that the motor is a dc series motor with the armature and field windings 
connected in series, so that ia(t) = iff), g(x) = 0, k(v) = Bv(n), and Ra = 0. Show that the 
system is described by the following nonlinear state equations: 
dx (t) 
—‘=y(t 

a7) 


28) WaPo! (1) 


dt KoKy 


(b) Consider that for the conditions stated in part (a), ia(t) is the input of the system 
[instead of e(t)]. Derive the state equations of the system. 


(c) Consider the same conditions as in part (a) but with o( ) as the input. Derive the state 
equations. 


(a) Nonlinear differential equations: 


dx(t) dv(t) 
= v(t) —— =—k(v)- g(x) + f(t) =—-Bv(t)+ f(t) 
dt dt 
With R, =0, 
(je = Ki,(t)=K,i,(t)=K,i,(t) Then, i,(t)= aaa 
K v(t) K,K v(t) 
Ke K. 
f(t)=K oti es a This, = Bays a 
pen K,K,v(t) dt K,K v(t) 


40 


(b) State equations: i (t) as input. 


dx(t) _ a dv(t) 


= —Bv(t)+K,K i, (t) 
dt 


(c) State equations: ¢(t) as input. 


f= KK in (t) OTT a 
i a a f K, 


dx(t) _ 
dt 


K. 
v(t) OM GPO 
dt K 


f 


6-22. Figure 6P-22(a) shows a well-known “broom-balancing” system. The objective of 
the control system is to maintain the broom in the upright position by means of the force 
u(t) applied to the car as shown. In practical applications, the system is analogous to a 
one-dimensional control problem of balancing a unicycle or a missile immediately after 
launching. The free-body diagram of the system is shown in Fig. 6P-22(b), where 


jx = force at broom base in horizontal direction 

Jy = force at broom base in vertical direction 

Mp = mass of broom 

g = gravitational acceleration 

M. = mass of car 

J» = moment of inertia of broom about center of gravity CG = MpL7/3 


(a) Write the force equations in the x and the y directions at the pivot point of the broom. 
Write the torque equation about the center of gravity CG of the broom. Write the force 
equation of the car in the horizontal direction. 


(b) Express the equations obtained in part (a) as state equations by assigning the state 


variables ag 21 = 0-2 = @O/dt, x, = x, and x, = da/dt 


0 by making the approximations sind = 6 andcos@ = 1 (c) Obtain a small-signal 
linearized state-equation model for the system in the form of 


ANU) _ 4+ ax(1)+B* Ar() 


at the equilibrium point xo1(4) = 1, xo2(t) = 0, xo3(t) = 0, and xoa(1) = 0. 


. Simplify these equations for small 


4] 


if] 
i 
1 
I fi 
_ —> u(r) 
—> WN) 
CAR 
(e) Ce) 


(a) 


Figure 6P-22 


(a) Nonlinear differential equations: 


a = v(t) sat) =—k(v)- g(x)+ f(t) =—-Bv(t)+ f(t) 
With R =0, 
P(t) = 0 =Ki(t)=K.,i,(t)=K,i (t) thes ¢ Ha 
Kwa) ff ae “RK v0) 
Ke K. 
f@=K ei jo Thus, BUT) Bv(t)t+—5 e(t) 
: 7 Ki K v(t) dt KK v(t) 
(b) State equations: i (t) as input. 
se v(t) as —Bv(t)+K,K i, (t) 
dt dt 
(c) State equations: ¢(t) as input. 
fO=KK 2) =i, 9-22 
F a a K 
f 
K. 
a Hie) dv(t) 7 Buia #1) 
t 


f 


6-23. Figure 6P-23 shows the schematic diagram of a ball-suspension control system. 
The steel ball is suspended in the air by the electromagnetic force generated by the 
electromagnet. The objective of the control is to keep the metal ball suspended at the 
nominal equilibrium position by controlling the current in the magnet with the voltage 
e(t). The practical application of this system is the magnetic levitation of trains or 
magnetic bearings in high-precision control systems. 
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The resistance of the coil is R, and the inductance is L(y) = L/y(t), where L is a constant. 
The applied voltage e(f) is a constant with amplitude E. 


(a) Let Eeg be a nominal value of E. Find the nominal values of y(t) and dy(t)/dt at 
equilibrium. 


(b) Define the state variables at x1(1) = i(t), x2(t) = y(t), and x3(t) = dy(t)/dt. Find the 
nonlinear state equations in the form of 
dx(t) 
——=f(x, e 

Atle e) 
(c) Linearize the state equations about the equilibrium point and express the linearized 
state equations as 
dAx(t 
Ue A* Ax(t)+B* Ae(t) 

dt 

The force generated by the electromagnet is Ki’(1)/y(t), where K is a proportional 
constant, and the gravitational force on the steel ball is Mg. 


-O 
Electromagnet 
My 
—s Steel ball 
Figure 6P-23 
; ' . i 
Differential equations: c y= 
yd 
d| L(y)iCt dL dy(t) Ldi(t L d Ldi 
elt) = Rife) + LEO) _ pica) 4 i) HOBO , LAO _ pig oo 
dt dy dt y dt y dt y dt 
2 2 2 
Ki (t 
My(t)=Mg-~< at equilibrium, a). 9, OG a 
y (t) dt dt dt 
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d 
(b) Define the state variables as x, =i, x, = y, and x, = ae 
dt 


E., E., [K 
Then, a= eas) ere Ra = 0 
ni ae 1 —R \Mg 4 


The differential equations are written in state equation form: 


2 
dx R XX, Xx dx dx Kx 
co 133 Dane ad Dies bet | a 3 = 
= Xx, + + e=f, —=x,=f, —=g-— Sass 

dt L Xx, L dt dt 


(c) Linearization: 


F, 2eq _ 1 K E., q, -0 q, =6 g, l q, 0 
@ L L\MgR &, a, x, aa 
2 
F, 2K *eqg 2Rg Fz 2K eq 2Rg |Mg Gy; 2 
& Mx; E & Mx E VK a 
eq eq 2 2eq eq 


The linearized state equations about the equilibrium point are written as: 


Ax = A°Ax+B Ae 
a NS ‘ Ey | K 
L \ Mg RL \ Mg 


S ~|S 


> 
Il 

co) 

co) 


my |& 
@|2 
mS 
S| de 
xe 
oO 
oO 


6-24. Figure 6P-24(a) shows the schematic diagram of a ball-suspension system. The 
steel ball is suspended in the air by the electromagnetic force generated by the 
electromagnet. The objective of the control is to keep the metal ball suspended at the 
nominal position by controlling the current in the electromagnet. When the system is at 
the stable equilibrium point, any small perturbation of the ball position from its floating 
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equilibrium position will cause the control to return the ball to the equilibrium position. 
The free-body diagram of the system is shown in Fig. 6P-24(b), where 


M, = mass of electromagnet = 2.0 

M2 = mass of steel ball = 1.0 

B = viscous-friction coefficient of air = 0.1 

K = proportional constant of electromagnet = 1.0 
g = gravitational acceleration = 32.2 


Assume all units are consistent. Let the stable equilibrium values of the variable, i(¢), 
yi(t), and yo(t) be J, Yi, and Y2, respectively. The state variables are defined as xi(t) = 
yi(t), x2(t) = dy(t)/dt, x3(t) = yo(t), and x4(t) = dy2(t)/dt. 


(a) Given Y; = 1, find J and Y2. 
(b) Write the nonlinear state equations of the system in the form of dx(t)/dt = f(x, i). 


(c) Find the state equations of the linearized system about the equilibrium state /, Y1, and 
Y2 in the form: 

dx(t 

a) = A* Ax(t)+B* Ai(t) 


Me s 
ixed iron plate 


a” vi “ > 
° sr 
By, Yj 


¥1 i=control 
—¢—o 
M, Free body 
diagram 
VY? “0 
Electromagnet aT \? 
: Mig KP 5s | 
i _ } 
- ‘ 2 1 \ 
y2 river] 
Lis y 
~*~ () Steel ball 
(a) 
M2 


(b) 


Figure 6P-24 


(a) Differential equations: 
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dy (t) Kir(t 
— eB ay Ae) ; 
dt dt (t) o 
y; [yn(t)-y,) 
d°y,(t) dy,(t) —-Ki(t) 
M, 5 = M,g° Be 2 
dt dt jy (t)-y,(0)| 
d 
Define the state variables as %H¥p *y= Et 4,= 955 %, = ser 
t dt 
The state equations are: 
dx, dx, Ki’ Ki dx, dx, Ki’ 
— =X, M, = Mg - Bx, soe =X, M, =M,g- Bx, : 
dt dt Xx, (x, —X, ) dt dt (x, — Xx, ) 
dx, dx, dx, dx, 
At equilibrium, = 0, = 0, = 0, =(0. Thus, Rag O and x jon 0. 
dt dt dt dt ‘ ‘ 
KI KI KI’ 
M8 2 2 2° 0 M,8 7 eS 0 
x, (X,-X,) (X,-X,) 
Solving for J, with Xx, = 1, we have 
1/2 1/2 
M +M M+M 
Y,=X,=1+ 1 2 i-({ 1 Js) 
5 K 
(b) Nonlinear state equations: 
dx, dx, B | ae Ki’ dx, dx, B Ki’ 
— =x, g Xx, a = =x, =g- Xx, = 
dt dt M, Mx, M,(x,-x,) dt dt , M,(x-x, 
(c) Linearization: 
iy One, Was 0 
Ox, Ox, Ox, Ox, ei 
Of, 2KI’ 2KI° Of,  B Of, . -2Kr ger 
Ox, Mx, M (X,-X,) Ox, M, Ox, M,(X,-X,) Ox, 
0 2KI{ -1 1 0 0 O O O 
f, S| ; oF, -0 hs 0 oF, 0 Ofs ] Of, -0 
oi M, \X, (x,-X,) Ox, Ox, Ox, Ox, oi 


Of, _ -2Kr Of, Ofe 2K Of, B Of, —2KI 
Ox, M,(X,-X,) Ox, O*x, M, (x,-X,) Ox, M, oi M, (x,-X,) 


Linearized state equations: M, =. M, =1, g=322, B=O01 K=1. 


37 20142). \" 1 
l= X, = V96.6X, = 9.8285X, X= =1 
1 9.8285 


X, =(14+-Vi+2)x, =2799% S¥s0992% UX S173) 


[ 0 1 0 0 
“| By = -B ORT F 0 1 0 0 
hen MAK (XX 2 MG. ME Xo XY, _| 115.2 0.05 -18.59 0 
0 0 0 1 0 0 0 1 
KP : KL _p| |-37.18 0 37.18 -O.1 
| M,(x,-x,) M,(xX,-X,) M, | 
_ ; - 
ee 1 0 
a .| X! (X,-X,)' ] |_| 6.552 
0 0 
-2KI 6.552 


L  M(x%,-xy | 


6-25. The schematic diagram of a steel-rolling process is shown in Fig. 6P-25. The steel 
plate is fed through the rollers at a constant speed of V ft/sec. The distance between the 
rollers and the point where the thickness is measured is d ft. The rotary displacement of 


the motor, On (1) , is converted to the linear displacement y(f) by the gear box and linear- 


atte t)=n0,,(t es 
actuator combination > ( ) mn ( ) where n is a positive constant in ft/rad. The 
equivalent inertia of the load that is reflected to the motor shaft is Jz. 


(a) Draw a functional block diagram for the system. 


(b) Derive the forward-path transfer function Y(s)/E(s) and the closed-loop transfer 
function Y(s)/R(s). 
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CONTROLLER 
GAs) 


Thickness 
sensor 


yu) —— +Yy 


Figure 6P-25 


(a) System equations: 


. do : di 
T,=Kji=(I,+5,)e+Bo,  ¢=Ri +L, *4Ko, yan, y=s(t-T,) 
t t 


Ty -< (sec) e=r-b b= Ky E (8) = KG (s)E(s) 


Block diagram: 


ceee! ee Peewee Ceres 
+ o,s G,4,)s + B, 
4 Kp ‘on 


(b) Forward-path transfer function: 


Y(s) | KK nG (s)e 
E(s) s{(R,+L,s)[(J,+J,)s+B,]+K,K,} 


Closed-loop transfer function: 


(5) KK nG (s)e 
R(s) s(R,+L,s)[(J,, +J,) +B, ]+ K,K,s + KG (s)K ne" 
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Chapter 7 
7-1 (a) 20.707 @, > 2 rad/sec (b) 0<¢<0.707 @, <2 rad/sec 


jw 


*, 


yy; 
\ 


s-plane 


7-2 (a) Typeo (b) Typeo (c) Type 1 (d) Type 2 (e) Type 3 (f) Type 3 
(g) type 2 (h) type 1 
7-3 (a) K, = lim G(s) = 1000 K, = lim sG(s) =0 K = lims°G(s)=0 
s>0 s>0 s>0 
(b) K, =lim G(s) = K, =lim sG(s)=1 K = lims*G(s)=0 
s0 s0 s0 


5-1 


Automatic Control Systems 


(c) K =limG(s)=0 
pP s>0 


(d) K , = lim G(s) =% 
s>0 


(e) K =limG(s)=0 
P s0 


(f) K,, = lim G(s) =% 
s>0 


7-4 (a) Input 


u(t) 
tu (t) 


tu (t) /2 


(b) Input 


u(t) 
tu (t) 


tu (t) /2 


(c) Input 


u,(t) 


Chapter 7 Solutions 


K, = lim sG(s)=K 


s>0 


K, = lim sG(s) = 0 


s>0 


K, = lim sG(s)=1 


s>0 


K, = lim sG(s) = 0 


s>0 


Error Constants 


K , = 1000 
P 
K,=0 
K=0 


Error Constants 


K =0 
Pp 

K,=1 
K =0 


Error Constants 


5-2 


K = lims°G(s)=0 


s>0 


K =lims’G(s)=1 


a 330 


K = lims°G(s)=0 


s>0 


K = lims°G(s)= K 


s>0 


Steady-state Error 


1/1001 


ee 


ee 


Steady-state Error 


Steady-state Error 
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tu (t) 


WK 
tu (t) £2, 


00 


The above results are valid if the value of K corresponds to a stable closed-loop system. 


(d) The closed-loop system is unstable. It is meaningless to conduct a steady-state error analysis. 


(e) Input Error Constants Steady-state Error 

u (ft) K, =o 0 

tu (t) K, =] 1 

tu (t)/2 K=O 0 

(f) Input Error Constants Steady-state Error 
u(t) K, = 00 0 
tu (t) K, =00 0 
tu (t)/2 K =K WK 


The closed-loop system is stable for all positive values of K. Thus the above results are valid. 


7-5 (a) K,=HO)=1 M(s)= G(s) 7 ea 


“146()H@) 9° +257 43543 


Unit-step Input: 


5-3 
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Unit-ramp input: 


ab Kk, =3-1=2+0. Thus € =X. 


Unit-parabolic Input: 


a =2+0 and a,-b.K,, =140. Thus e =m. 


(b) K,, =H(0)=5 


G(s) 1 
= a,=5, a,=5, b=1, b=0. 


14+G(s)H(s)  s°+5s+5 


Unit-step Input: 


Unit-ramp Input: 


Pe COA ey Magee 
aK, 25. 5 
Unit-parabolic Input: 
e., = 0 
(c) K = HOyH 1/5 
G(s) st+5 


= = 4 5 5 The system is stable. 
14+G(s)H(s) s +155 +50s° +541 


a,=1, a,=l a, 50, a, =15, b, =5, B= 


Unit-step Input: 


Unit-ramp Input: 
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i=0: GD k= 0 i=1: a, —b,K,, =4/540 


a,—b,K,, 1-1/5 
aK, 1/5 


4 


Unit-parabolic Input: 


(d) K,, =H(0)=10 


7 G(s) _ 1 
14+G(s)H(s)  s° +12s° +5410 


The system is stable. 


a,=10, a,=5, a,=12, b,=1, b,=0, 6,=0 


Unit-step Input: 


Unit-ramp Input: 


0-H 
a,-bK 5 
e,=—_—4 = 0.05 
* aK, 100 
Unit-parabolic Input: 
ae =i 
st+4 ; 

7-6 (a) M(s)= K_=1 The system is stable. 


s) 41659 +485? +4544 


Unit-step Input: 


Unit-ramp input: 
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Unit-parabolic Input: 


K(s+3) 
so 435° +(K+2)s4+3K 


K,=1 


(b) M(s)= 


Chapter 7 Solutions 


The system is stable for K > 0. 


a, = 3K, a,=K+2, a, =3, b, = 3K, b,=K 


Unit-step Input: 


Unit-ramp Input: 


i=0: a,—b.K,,=0 i=1: 


0 “0°*H 
s _ 4-6 Ky K+2-K _ 
SS 
aK, 3K 
Unit-parabolic Input: 
e =a 


The above results are valid for K > 0. 


g+5 10s 
H(s)= 


s* +155? +5057 +10s s+5 


(c) M(s)= 


Unit-step Input: 


1 (a,-bK, {2a 
e. = —= 
ae 1 a 2 


Unit-ramp Input: 


)=24 
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e =a 
SS 
Unit-parabolic Input: 
e =a 
SS 
K(s+5) ; 
K, =] The system is stable for 0 < K < 204. 


(d) M(s)=~—_,, 5 
s +175 +60s° +5Ks+5K 


a, =5K, a, =5K, a, = 60, a, =17, b, =5K, ba 


Unit-step Input: 


Unit-ramp Input: 


i=0: a, —6)K,, =9 i=1: a,-b.K,, =5K—-K=4k #0 


Unit-parabolic Input: 


The results are valid for 0 < K < 204. 


5-7 


Automatic Control Systems Chapter 7 Solutions 


7-7) 
(3 + >) Ss 
Fs)... s + 3/s(s + 2) - 5(s + 1) 
X(s) 44 5(s+1) ss s3 + 5s24+115+5 
s(s + 2)(s + 3) 
> Type of the system is zero 
Pole: s =-2.2013 + 1.87731, s = -2.2013 - 1.87731, and s = -0.5974 
Zero: s = -1 
7-8) 
+ 
x , 5(s +1) -Y 
§ s(s+2)(s +3) 
5(s +1 
s(s + 2)(s + 3) 
5(s+1) 
a) Position error: K, = = lim G(s) = lim GiGi 
: 5(s+1) _5 
b) Velocity error: K, = = lim sG(s) = lim iT ayGseay = 
2 5s(s+1) 
c) Acceleration error: Ky = = lim s°G(s) = lim nt eenGaa) 
7-9) a) Steady state error for unit step input: 


dl 
1+Kp 


ess = 
Referring to the result of problem 7-8, K, = 0 > e,, = 0 


b) Steady state error for ramp input: 


5-8 
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7-10) 


7-11) 


Regarding the result of problem 7-8, K, = “ > e(co) = - 


Cc) Steady state error for parabolic input: 


Regarding the result of problem 7-8, Kg = 0 = e(co) = 0 


+ 4(s+1 
x euler |» Y 
j s°(s+2) 
je SOT 
a) Step error constant: Ky = lim s2(s+2) 
_ pa 468+1) _ 
b) Ramp error constant: Ky = lim s(s+2) 


c) Parabolic error constant: K, = lim As+)) = 2 


so0 St2 


5 3 4 5 
= 2 -5+5=2X,(s) — 3X,(s) + 4X3(s) 
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where xX; is a unit step input, x2 is a ramp input, and x3 is a unit parabola input. Since the system 


is linear, then the effect of X(s) is the summation of effect of each individual input. 


That is: e(co) = *e (00) — 3e2(0) + 4e3(0) 


So: 


1 
Cstep ~ Tr, 
— 1 — 
Cramp = kv 
— 1 — 
Cnarabolic = Ka ~ 3 


> e5= 4(5)=2 


2 
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7-12) The step input response of the system is: 


1—-k 1 E 1 


EO) Say thle ae 


Therefore: 


—— [e*' + 1]u(t) 


YO = TT 


The rise time is the time that unit step response value reaches from 0.1 to 0.9. Then: 


1 
tis ara? [ets = ettk] 
It is obvious that t; > 0, then: 
1 0.9k 0.1k 
rey al 


1 
As |k| < 1, then — > 0 
14k 
Therefore e°°* — e°1* > 0 or e%% > e1% 


which yields: k > 0 


7-13) 
4 KG _(s)/20s 100K 
G(s) = Oe ee / = Type-1 system. 
E(s) I+ K,G,(s) 20s(1+ 0.25 + 100K, ) 
5K 
Error constants: K =0, K, — F K =0 
f 1+100K, 
1 
(a) r(t)=u, (1): e.= =0 
, ~ 1l+K 
P 
1 1+100K 
(b) r(t)=tu, (2): é€.=—= u 
i ~ K 5K 


(c) r()=17u (t)/2e, =—=0 
3 = 
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7-14 
100 Y KG (s) 
G()=—————___ Gs)= oe P 
(1+0.1s)(14+ 05s) E(s) 2051+ KG, (3) 
100K 
G(s)= - 
20s (1+0.15)+0.5s)+100K, 
5K 
Error constants: K =0, K =————, k =0 
B " 1+100K, 
1 
(a) r(t) =u (t): €.= =0 
, mee ey 
Pp 
1 1+100K 
(b) r(t)=tu (t): e. = =— 
: OK 5K 


Vv 


(c) r()=1u ()/2e, =+=0 
: fee 


a 
Since the system is of the third order, the values of K and K, must be constrained so that the system is 
stable. The characteristic equation is 

s+12s° +(20+2000K, )s +100K =0 


Routh Tabulation: 


5 1 20+ 2000K, 
s° 12 100K 
, 240+24000K, - 100K 
S 
12 
s° 100K 
1+100K, 1 
Stability Conditions: K>0 12(1+100K,)-5K >0 or ———+>— 
5K 12 


Thus, the minimum steady-state error that can be obtained with a unit-ramp input is 1/12. 
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7-15 (a) From Figure 3P-29, 


ue KK, K.K,+KK,K.K, 
@,(s) _ R,+Ls (R,+Ls)(B +J5) 
@ (s) 7 ; KK, : K.K,+KK.K.K, Fi KK .K.K.N 
R.+Ls (R,+Ls)(B+Js) s(R,+L,5)(B+J,5) 
© (s) s[(R, +L,s)(B, +J,s)+ KK, (B, +J,s)+ KK, +KK,K,K, | 


O(s) LJ.s'+(L,B +R J,+K,K,J,)s +(R.B +K,K,+KKK.K,+K,K,B )s+KK K.KN 


0 (t)=u,(t), @ (= lims® ,(s) =0 
Ss s>0 


Provided that all the poles of sO (s) are all in the left-half s-plane. 


(b) For a unit-ramp input, O (s)=1/ s. 


RB+K,K,B +K.K,+ KK K.K 
12 ¢¢t ib list 


at 


e =lim@ (t)=lims® (s)= 
Stow © s0 . 


KK _K.K.N 
s li 


if the limit is valid. 
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7-16 (a) Forward-path transfer function: [n(t) = 0): 


K(1+0.02s) 
Y *(s+2 K(1+0.02 
G(s) = (s) ee 2) = a wi Type-1 system. 
E(s) 1 KK,s s(s +253 + KK, ) 
epee oe ' 
s (s+ 25) 
1 
Error Constants: K =0, K =—, K =0 
P v K a 


1 1 
For a unit-ramp input, r(t)=tu (t), R(s)= =o f= lime(t) = limsE(s) =——- = K 
5 Ss 8S p00 s>0 K y 

Vv 


Routh Tabulation: 
s 1 KK, + 0.02K 
s° 25 K 

| 25K (K,+0.02)-K 
oC Sa 

25 

s° K 
Stability Conditions: K>0O — 25(K,+0.02)-K >0 or K, >0.02 


(b) With r(t) =0, n(t) = u(t), N(s)=1/s. 


System Transfer Function with N(s) as Input: 


Y(s) s'(s+25) K 


N(s) ,, KU+0.02s) KK s 5° +255" + K(K, +0.02)5+K 
s'(s+25)  s°(s +25) 


Steady-State Output due to n(t): 


y,, = lim y(t) = lim s¥(s)=1 if the limit is valid. 
ial too s>0 
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7-17 You may use MATLAB in all Routh Hurwitz calculations. 
1. Activate MATLAB 
2. Go to the directory containing the ACSYS software. 


3. Type in 


4. Then press the “transfer function Symbolic” and enter the Characteristic equation 
5. Then press the “Routh Hurwitz” button 


6. For example look at below Figures 


By Automatic Control SYStems (ACSY.. nsfe 
Enter Transfer Function: 


Enter the Numerator and Denominator of the transfer function 
using a vector of polynomial coefficients, or the numerator or 
denominator of the transfer function in symbolic form with 
complex variable 's'. Enter any symbolic variables in the box 
labeled ‘Enter Symbolic Variables.’ 
ex: For numerator (3*2 + 3*kp*s + ki*2): 
enter '[1, 3*kp, ki*2]' in the Numerator box 
and ‘kp ki' in the symbolic variables text box. 
ex: The following are all equivalent: 
{292 + 75.4127 
1 712} 


Transfer function Symbolic and '(s+4)*(s+3)'. 
State Space Tool Enter Symbolic Variables a 


5 Numerator 
Controller Design Tool ii] 
er 
[1 10 100+100*kp 10000) 


Virtual Lab 
Routh-Hurwitz | 


Quarter Car Sim 
Inverse Laplace Transform | 


Close and Exit Control Panel 
Transfer Function Symbolic = 


Close | 
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(a) n(r)=0, r(t)=1,(2). 


Forward-path Transfer function: 


Chapter 7 Solutions 


Y(s) 7 K(s+a)(s +3) 


G(s)=——| = 
E(s) 


n=0 


Ramp-error constant: 


Steady-state error: 


Characteristic equation: 


Type-1 system. 


s(s°-1) 


K, = lim sG(s)=-3Ka 


s>0 
1 1 
e = = —-—_ 
K. SK. 


s°+Ks’ +[K(3+a@)—I]s+3aK =0 


Routh Tabulation: 
s 1 3K+ak-1 
s K 30K 


1 K(BK+aK-1)—-3ak 
S 
K 


KY 3ak 


Stability Conditions: 


ak >0 


3K+ak-1-3a>0 or K> 


143K 


34+a 


(b) When r(t) = 0, n(t) = u(t), N(s)=I/s. 


Transfer Function between n(t) and y(t): 


Y(s) s -l 


K(s +3) 
Ks(s +3) 
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Steady-State Output due to n(t): 


y =lim y(t)= 


SS 
t>0 


S 


s(s°-1) 


lim sY(s)=0 if the limit is valid. 
50 


ie 1 K+ Ols+3) ~ §° 4Ks’ +[K(s +@)—1]s +30K 
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7-18 


4 


y1-¢? 


Percent maximum ov ershoot = 0.25 = e 


Thus 
a€l—f° =—1n0.25 = 1.386 me? =1.922(1-¢") 


Solving for ¢ from the last equation, we have ¢ = 0.404. 


Peak Time ft Spa Gi sec. Thus, oO = Z = 343.4 rad/sec 


Alas "0.01 /1- 0.404)" 


Transfer Function of the Second-order Prototype System: 


Y(s) | o. 7 117916 


R(s) s°+2¢@ s+@° — s° +277.38+117916 
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7-19 Closed-Loop Transfer Function: Characteristic equation: 
Y(s 25K 
”) s'+(5+500K,)s+25K =0 


RO. aS (5+500K,)s+25K 
For a second-order prototype system, when the maximum overshoot is 4.3%, ¢ =0.707. 
@, =V25K,  2¢@, =5+500K, =1414V25K 
Rise Time: 


, 1 0.41676+ 29176" 2.164 


r 


=0.2 sec Thus @ = 10.82 rad/sec 


(a) (a) 
n n 


Thus, K=— 4.68 3+500K =L4l4@ -=15,3 Thus 
25 25 500 


With kK=468 and K, = 0.0206, the system transfer function is 


Y(s)_ 117 
R(s) 5° +15.3s4+117 


Unit-step Response: 


seconds 


y=0.1 att =0.047 sec. 


y=0.9 att=0.244 sec. 


t_ =0.244—0.047 = 0.197 sec. 
Yinax = 9:0432 (4.32% max. overshoot) 


7-20 Closed-loop Transfer Function: Characteristic Equation: 
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@ (10.82) 10.3 
ed ee kK == 0.0206 
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Y(s) 25K 2 
=— s'+(5+500K,)s+25K =0 
R(s) 5° +(5+500K,)s+25K 


=-In0.1=23 9 2°? =5.3(1-¢7) 


When Maximum overshoot = 10%, 


1-6 
Solving for ¢, we get ¢ =0.59. 


The Natural undamped frequency is @, = V25K Thus, 5+500K, = 260, = 1180 | 


Rise Time: 
1-0.41676 + 2.9170" 1.7696 
LS 0.1= —— sec. Thus o.= 17.7 rad/sec 
Q,, Q,, 
2 
o 15.88 
K=—*=1258 Thus K, = —— = 0.0318 
25 500 


With K =12.58 and = 0.0318, the system transfer function is 


Y(s)_ 313 
R(s) 5° +208854+3145 


Unit-step Response: 


y =0.1 when t = 0.028 sec. 


y =0.9 when t = 0.131 sec. 


t= 0.131—0.028 = 0.103 sec. 


seconds 


Vee =11 (0% max. overshoot) 


7-21 Closed-Loop Transfer Function: Characteristic Equation: 
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Y(s) 25K 


5 s'+(5+500K,)s+25K =0 
R(s)  s° +(5+500K,)s+ 25K 


=-In0.2=1.61 we? =2.59(1-¢") 


When Maximum overshoot = 20%, 


1-¢ 
Solving for ¢, we get ¢ = 0.456. 
The Natural undamped frequency o,= V25K 5+500K, = 260, = 0.9120 | 
Rise Time: 


2, 
1-0.4167¢ +2.917 141 
epee TE SPR ey pu SIE NOD gaan aes, @, =—— = 2833 


7 o, o, 0.05 


o 
K=—=321 5+500K, = 0.912@ , = 25.84 Thus, K, = 0.0417 
25 


With K = 32.1 and K, = (0.0417, the system transfer function is 


Y(s) | 802.59 
R(s) 5° + 25.848 + 802.59 


Unit-step Response: 


y=0.1 when t=0.0178 sec. 


y=0.9 when t=0.072 sec. 


J t= 0.072—0.0178 = 0.0542 _ sec. 


1.0 seconds i a =1.2 (20% max. overshoot ) 
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Y(s) 25K 2 
= s’+(5+500K,)s+25K =0 
R(s) 5° +(5+500K,)s+25K 
2 
114+ 0.1256 +0.469 
Delay time t= i ok ¢ =0.1 sec. 
oO 
; 1.423 
When Maximum overshoot = 4.3%, ¢ = 0.707. t_.=—= 0.1 sec. Thus o,= 14.23 rad/sec. 
a) 

wo \ (14.23) 15.12 
K=|— | = =8.1 5+500K, =2¢o, =1.414@ =20.12 Thus K, = —— = 0.0302 

5 5 500 


With K=20.12 and K, = (0.0302, the system transfer function is 


Y(s) | 202.5 
R(s) s° +2015 +202.5 


Unit-Step Response: 


When y=0.5, t=0.1005 sec. 


Thus, : =0.1005 sec. 


ee =1.043 (43% max. overshoot) 


seconds 
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7-23 Closed-Loop Transfer Function: Characteristic Equation: 


Y(s) 25K 


Ss s*+(5+500K,)s+25K =0 
R(s) s° +(5+500K,)s+25K 


2. 
114+0.125¢ + 0.469 1337 1337 
Delay time +, =—— e ROAOE ha Thus, @, =——- = 26.74 


Oo, o, 0.05 


o,\) (26.74) 
K= (=) = (2%) = 28.6 5+500K, = 2¢@, =2x059x 26.74= 3155 Thus K, =0.0531 
With K= 28.6 and K, =0.0531, the system transfer function is 


Y(s)_ 715 
R(s) 5° +31.55s+715 


Unit-Step Response: 


y=0.5 when t=0.0505 sec. 


Thus, ts =(0.0505 sec. 


Mies =11007 (10.07% max. overshoot) 


seconds 


Automatic Control Systems Chapter 7 Solutions Golnaraghi, Kuo 
7-24 Closed-Loop Transfer Function: Characteristic Equation: 
Y 25K 
oe a ee s'+(5+500K,)s+25K =0 


R(s) 8° +(5+500K,)s +25K 
For Maximum overshoot = 0.2, ¢ =0.456. 


114+0.125¢+ 0.46967 1.2545 


(a) (a) 
n n 


=0.01 sec. 


Delay time t= 


1.2545 


Natural Undamped Frequency @ =——— = 125.45 rad/sec. Thus, K = [ = 629.5 
"0.01 


o, ) 15737.7 
5 25 


5+500K, = 2¢@, = 20.456 125.45 = 114.41 Thus, K, = 0.2188 


With K = 629.5 and K, = (0).2188, the system transfer function is 


Y(s) | 15737.7 
R(s) 8° +114.419 + 15737.7 


Unit-step Response: 


y=0.5 when t=0.0101 sec. 


Thus, ts =0.0101 sec. 


Mia 1.2 (20% max. overshoot) 


seconds 


Automatic Control Systems 


7-25 Closed-Loop Transfer Function: 


Kis) 25K 
R(s) 5° +(5+500K,)s+25K 


Chapter 7 Solutions 


Golnaraghi, Kuo 


Characteristic Equation: 


s’ +(5+5000K, )s+25K =0 


¢=0.6 260, = 5+500K, a 120 
oe 3.2 3.2 3.2 
Settling time je SS = 0.1 sec. Thus, Osa 53.33 rad/sec 
- Gl Qo, 0.60 0.06 
120-5 o- 
= = 0118 K=— =113.76 
500 25 


System Transfer Function: 


Y(s) 2844 


R(s) 92 +645 +2844 


Unit-step Response: 


seconds 


5-23 


y(t) reaches 1.00 and never exceeds this 
value at t = 0.098 sec. 


Thus, t= 0.098 sec. 
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7-26 (a) Closed-Loop Transfer Function: Characteristic Equation: 


Y(s) 25K 2 
Sa eT: EEE s'+(5+500K,)s+25K =0 
R(s) 8° +(5+500K,)s+25K 


For maximum overshoot = 0.1, ¢=0.59. 5+500K, = 2¢@, =2x0.590, =1180 | 


nt LX 3.2 3.2 3.2 
Settling time: t= = = 0.05 sec. 0 108.47 
§ 60, 0590 _, 0.05 x 0.59 
2 
118@ -—5 o 
a a = 0.246 K =— = 470.63 
500 5 


System Transfer Function: 


Y(s)_ 11765.74 
R(s) s° +1288 +11765.74 


Unit-Step Response: 


y(t) reaches 1.05 and never exceeds 


this value at t = 0.048 sec. 


Thus, t = (0.048 sec. 


seconds 


(b) For maximum overshoot = 0.2, €=0.456. 5+500K, = 2¢@, =0.9120 , 


ane 32 32 32 
Settling time t. =—— =————-= 0.01 sec. w =——————-=701.75_ rad/sec 
* 60, 0.4560, " 0.456x 0.01 
0.9120 —5 
K, =——— = 127 
500 


System Transfer Function: 


Y(s) | 492453 
R(s) 5° +6408 +492453 


Unit-Step Response: 
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y(t) reaches 1.05 and never 


exceeds this value at t = 0.0074 sec. 


Thus, t = 0.0074 sec. This is less 


| 


than the calculated value of 0.01 sec. 


0.024 0.03 seconds 
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7-27 Closed-Loop Transfer Function: Characteristic Equation: 


Y(s) 25K 2 
= s* +(5+500K,)s+25K =0 
R(s)  s° +(5+500K,)s+25K 


4.56 3.1815 


(a) (a) 
n n 


0.1 sec. Thus, o, = 31815 rad/sec. 


Damping ratio ¢ = 0.707. Settling time t 


No 


o 
5+500K, =2¢@, = 44.986 Thus, K, = 0.08 K =—* = 40.488 
n pig 


System Transfer Function: 


Y(s) | 1012.2 
R(s) s° + 44.9865 +1012.2 


Unit-Step Response: The unit-step response reaches 0.95 at t=0.092 sec. which is the measured t 


cmax = 1.8433 
max = 8.1488 sec 
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7-28 (a) When ¢ =0.5, the rise time is 


oe 1-0.41676+2.91767 _ 1.521 


r 


=1sec. Thus Oo = 1.521 rad/sec. 


@ @ 
n n 


The second-order term of the characteristic equation is written 


8° +260 sto. =s° +1.521s+2313=0 
The characteristic equation of the system is s° +(a +30)s7 +30as+K=0 


Dividing the characteristic equation by s° +1521s+ 2.313, we have 


s+(23.43 +a) 


2 
s +15a1s42313] 5° (a+30)s°+ Waste K 


s+ 1521s? +2313s 
Q8484+a)s*+ (30a-2323)54K 
8.48 +4a)s7 +(1.521a +43.32)5+65874 423132 
(28. Ba- 45.63) s+ K-0.744-2313a 


For zero remainders, 28.48a=45.63 Thus, a=16 K=65874+4+2.313a=69.58 


Forward-Path Transfer Function: 


69.58 
G(s) = 
s(s + 1.6)(s +30) 


Unit-Step Response: 


y =0.1 when t=0.355 sec. 


y =0.9 when t = 1.43 sec. 


Rise Time: 


t= 1.43-—0.355=1.075 sec. 
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(b) The system is type 1. 
(i) For a unit-step input, e.=0. 


- K 60.58 1 
(ii) For a unit-ramp input, K, = limsG(s) =145 e =— =0.69 
530 30a 30x16 ~ K 


7-29 (a) Characteristic Equation: 
3 2 
s +3s°+(2+K)s—K=0 
Apply the Routh-Hurwitz criterion to find the range of K for stability. 


Routh Tabulation: 


s° 1 DK 
s° 3 —K 
1 6+4K 
Ss 
3 
s° —K 
Stability Condition: -15<K<0 This simplifies the search for K for two equal roots. 


When K = —-0.27806, the characteristic equation roots are: —0.347, 


—0.347, and —2.3054. 


(b) Unit-Step Response: (K = —0.27806) 
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seconds 


seconds 


The step responses in (a) and (b) all have a negative undershoot for small values of t. This is due to the 


zero of G(s) that lies in the right-half s-plane. 


5-29 


Automatic Control Systems Chapter 7 Solutions 


7-30 (a) The state equations of the closed-loop system are: 


ees 2 = 
==%, + 5x, 6x, kx, kX, +r 


The characteristic equation of the closed-loop system is 


st] 
A= 


=s +(1+k, )s+(30+5k +k,)=0 
can sae |To Tth)9+(3045h, +8) 


For o,= 10rad/sec, 30+ 5k, +k, = o. =100. Thus 5k, +k, =70 


k 
(b) For ¢=0.707, 26m, =1+k,. Thus w, =1+—~. 
7 1414 


n 


, (+k) : 
@ => =304+5k,+k, Thus k; =59+10k, 
p 


(c) For @,=10 rad/sec and ¢=0.707, 
5k, +k,=100 and 1+k,=2¢@ =1414 Thus k, =1314 


Solving for kK. we have k, = 1137. 


(d) The closed-loop transfer function is 


Y(s) | 5 > 5 
R(s) 5°) +(k, +1)s+(304+5k,+k,) 8° +14.14s +100 


5 
For aunit-step input, lim y(t) = limsY(s) = — =0.05 
ton s>0 1 


(e) For zero steady-state error due to a unit-step input, 


30+5k,+k,=5 Thus 5k, +k, =-25 


Golnaraghi, Kuo 
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Parameter Plane k versus k,: 


= 0.707 


ee 
ky = 59 + 10k, 


o, = 10 rad/sec 


5k) + k = 70 


For stable 
~ 
system, ky > -1 


7-31 (a) Closed-Loop Transfer Function (b) Characteristic Equation: 
Y 100(K,+K 
1) Se s* +100K,,s+100K, =0 


R(s) s +100K,s+100K, 


The system is stable for K, >0O and K, >0. 


(b) For ¢=1, 2¢@, =100K,. 


Oo, = 10,/K, Thus 20, =100K, = 20K, a= 0.2/K, 


(c) See parameter plane in part (g). 
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(d) See parameter plane in part (g). 


(e) Parabolic error constant K_ = 1000 sec 


K, =lims’G(s) = lim100(K, + K,s) = 100K, =1000 
s>0 s>0 


(f) Natural undamped frequency @,, =50 rad/sec. 


@, =10/K, =50 Thus K,=25 


(g) When K,, =0, 


100K, _ 100K, 


2 
S RY 


G(s)= 


UNSTABLE 


Thus K, =10 


(pole-zero cancellation) 
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7-32 (a) Forward-path Transfer Function: 


Y(s) KK. 10K 
G(s) = = = ; 
E(s) s[Js(+Ts)+ KK, | s (0.001 +0.01s +10K, ) 
; K 1 «K 
When r(t) = tu (t), K =limsG(s) =— @.=— = 
S v 520 K SS K, K 
(b) When r(t) = 0 
Y(s) 14+Ts 1+0.1s 


T,(s) 7 Ss [ Js(1 +Ts) + KK, |+ KK, 5s (0.00157 + 0.015 + 10K, )+ 10K 


1 1 
For T (5s) =— lim y(t) = limsY(s) = —— if the system is stable. 
s t>0 s>0 10 


(c) The characteristic equation of the closed-loop system is 


0.001s° +0.01s” +0.1s+10K =0 


The system is unstable for K > 0.1. So we can set K to just less than 0.1. Then, the minimum value of 
the steady-state value of y(t) is 


1 


pay = * 


10K | x=0.7 
However, with this value of K, the system response will be very oscillatory. The maximum overshoot 


will be nearly 100%. 


(d) For K =0.1, the characteristic equation is 


0,001s°+0.01s°+10K,s+1=0 or s°+10s°+10° K,s+1000=0 
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For the two complex roots to have real parts of —2/5. we let the characteristic equation be written as 
(sta)(s'+5s+b)=0 or — 5° +(s+5)s° + (Sa +b)s +.ab =0 
Then, a+5=10 a=5 ab = 1000 b= 200 Sat+tb= 10° K, K, = 0.0225 


The three roots are: s=-a=-5 s=-a=-5 §=—2.5+ 713.92 


0.8+2.5 0.8+2.5*0.6 
sees = ——— = 0.56 sec 
On 5 


I 


7-33) Rise time: Ly 


m 3.14 


Peak time: ty ayes = 50.64 = 0.785 sec 


usd 


; [pee 0.6 
Maximum overshoot: Mp =e Vv) * =e 08 = 0.095 


3.2 


Fas 0<é€<0.69 


Settling time: t, = 


> t,= =? = 1.067 sec 
0.615 
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7-34) 


- K 
7 s (Js+a+KK,) 


ee 
X(s) Js?+(at+KKy)s+K 
> My = exp(—25) = 0.2 9 &=0.456 
T 
> ty = ST 0.1 D 0 =0.353 
K 
_ of | FF 
9° OS) = Graton ~ (ee 
J 
wn= [= > K =0.125 
- J 
2 Fw, = Kp = *On" = 5.42 
t= 08+25f ~ 5.49 sec 


n 


> t,=—2 = 19.88 sec 


fOn 
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7-35) a) 
ey = X41 —X2 + uy + uy 
X2 => 6.5x4 + Uy 
Va = X41 
V2 = X2 
sX,(s) = —X,(s) — X2(s) + U,(s) + U2(s) (1) 
sX>(s) = 6.5X,(s) + U,(s) (2) 


Y¥,(s) = X;(s) 

Y,(s) = X2(s) 
> (s+1)x(s) = —Ex(s) +22 + U,(5) + UL(5) 
> (s? +5 + 6.5)X,(s) = (s — 1)U,(s) + U2(s) 
> ¥4(s) = X4(s) = =— =U ,(s) + =U (s) 


s2+s+6.5 s24+5+6.5 


Substituting into equation (2) gives: 


s+7.5 6.5 
Y,(s) = X2(s) = 


re f ———— 
s?+54+6.5 (s) s?+54+6.5 


U2(s) 
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Since the system is multi input and multi output, there are 4 transfer functions as: 


ire le bee ae 


U,(s) Up=0 "|U2(s) U,=0 "1U,(s) U=0 "|U2(s) U,=0 
To find the unit step response of the system, let’s consider 
Y,(s) _ 6.5 we 


U,(s) s?+s+65 : s(s* +2 Ew + WZ) 
w2=65 > w, = V6.5 
where 1 1 


i ie Te 
n . 


By looking at the Laplace transform function table: 


eS Ont sin (wn 1-4 t+ a) 


y(t) =1- 


1 
ji-? 


where 9 = cos té 


b) 
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xy = X2 
X2 = XxX, = X2 + U 

Yury 

Therefore: 
sX,(s) = X2(s) 
sX>(s) = —X,(s) — X2(s) + U(s) 
Y(s) = X,(s) 

As aresult: 


s°X,(s) = —X,(s) — sX,(s) + U(s) 


which means: 


X,(s) = Drees U(s) 
The unit step response is: 
Y) =%0) =a 
Therefore as a result: 
y(t) =1- = sin Wp 1 — &2 t 


where @n=1 and&EM@n=1/2 


c) 
Xy = X2 
X2 = —X1 — Xp + 4 
X3 =X, 
y= X3 


Therefore: 


sX,(s) = X2(s) 
(s + 1)X>(s) = —X,(s) + U(s) > s(s + 1)X,(s) = —x,(s) + U(s) 
sX3(s) = X,(s) 


X,(s) 
¥(s) =Xs(s) > ¥(s) == 


As a result, the step response of the system is: 


1 


ING Gea aA) 


By looking up at the Laplace transfer function table: 
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or 


s2(s24+2 wnt w4) 


ey 
where @ n= 1, and 26@n=1 9 6=1/2 

= 2g 1 Se 
y(t) = Oi ee” cw “ sin(@nV1 — 2 + cp) 


where @ = cos"! (2& 7 -1) = cos’!(0.5), therefore, 


2 V3 
t)=t—1+—e-S@nt sin (> + a) 
y(t) 2 5 
7-36) MATLAB CODE 
(a) 


clear all 


Amat=[-1 -1;6.5 0] 

Bmat=[1 1;1 0] 

Cmat=[1 0;0 1] 

Dmat=[0 0;0 0] 

disp(' State-Space Model is:') 
Statemodel=ss (Amat, Bmat, Cmat, Dmat) 
[mA, nA]=size (Amat) ; 

rankA=rank (Amat) ; 


disp(' Characteristic Polynomial:') 
chareq=poly (Amat) ; 


Sp = poly(A) where A is an n-by-n matrix returns an n+l element 
Srow vector whose elements are the coefficients of the characteristic 
spolynomialdet(sI-A). The coefficients are ordered in descending powers. 


[mchareg, nchareq]=size(chareq) ; 
syms 's'; 


poly2sym(chareq,s) 
disp(' Equivalent Transfer Function Model is:') 


Hmat=Cmat*inv (s*eye (2) -Amat) *Bmat+Dmat 


Since the system is multi input and multi output, there are 4 transfer functions as: 


be ine bee hae 
U,(s) a. U2(s) neh: U,(s) ace U2(s) U,=0 


To find the unit step response of the system, let’s consider 


Yo(s) _ 6.5 
U,(s) s?+s4+65 
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Let’s obtain this term and find Y2(s) time response for a step input. 


H22=Hmat (2,2) 

ilaplace (H22/s) 

Pretty (H22) 

H22poly=tf ([13/2],chareq) 
step (H22poly) 


H22 = 
13/ (2*s*2+2*st13) 
ans = 


1-1/5*exp (-1/2*t) * (5*cos (5/2*t) +sin(5/2*t) ) 


Transfer function: 
6.5 


oO Figure 1 


File Edit View Insert Tools Desktop Window Help 


Oe Sl s|QQMmo|\S/08\a 


To find the step response H11, H12, and H21 follow the same procedure. 
Other parts are the same. 
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7-37) Impulse response: 


6.5 


a) Y(s)= apace and U(s) =1, therefore, 
vr) = jane sin (wrv1 — # t) 
b) Y(s) — i 
wi jane sin (wnv1 - # t) 
) YS) =p 
y(t) =1- =" sin (wnv1 - # t + a) 


where a = cos"! & 


7-38) Use the approach in 7-36 except: 


H22=Hmat (2,2) 

ilaplace (H22) 

Pretty (H22) 

H22poly=tf ([13/2],chareq) 
impulse (H22poly) 


H22 = 
13/ (2*s*2+2*st13) 
ans = 


13/5*exp (-1/2*t) *sin(5/2*t) 


Transfer function: 
6.5 


5-40 


Automatic Control Systems Chapter 7 Solutions Golnaraghi, Kuo 


i} Figure 1 bo) a 


File Edit View Insert Tools Desktop Window Help = 


Deke siaawmes eo 28 


Other parts are the same. 


7-39) a) The displacement of the bar is: 


x =Lsin@ 
Then the equation of motion is: 
dy dx 
Gg) 


As x is a function of 8 and changing with time, then 


a cd , 
a Pe 


If 6 is small enough, then sin 0 ~ 8 and cos 0 = 1. Therefore, the equation of motion is 
rewritten as: 


B(y —L6)—KL0 =0 
L(B6 + K 0) = By 


L(Bs + K)0@(s) = BsY(s) 
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O(s) _ Bs 
Y(s) L(Bs +xK) 


(b) To find the unit step response, you can use the symbolic approach shown in Toolbox 2-1-1: 


clear all 

Ss=tf(‘s’); 

syms s BLK 
Theta=B*s/s/L/ (B*stK) 
ilaplace (Theta) 


Theta = 
B/L/ (B*s+K) 


ans = 
1/L*exp (-K*t/B) 


Alternatively, assign values to B L K and find the step response — see solution to problem 7-36. 


7-40 (a) K,_=10000 oz-in/rad 
The Forward-Path Transfer Function: 


9x10" K 


G(s) = 4 3 feo 9 12 
s(s* +5000s° +1.067 x10’ s* + 50.5 x10" s +5.724x10" ) 


7 9x10" K 
s(s +116)(s + 4883)(s + 41.68 + 73178.3)(s + 41.68 — j3178.3) 


Routh Tabulation: 


s 1 1.06710’ 5.724x 10" 
s* 5000 50.5 10° 9x10" K 
s° 5.7x10° 5.7210"? —18x 10° K 0 

s° 2895x108 +1579 10’ K 9x 107K 


, 16.6x10'? +8.473x 10'? K — 2.8422 x10’ K” 
29+1.579K 


s° 9x10 K 
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From the s- row, the condition of stability is 165710+8473K —2.8422K* >0 


or K’—2981.14K—58303.427<0 or (K+19.43)(K—3000.57) <0 


Stability Condition: 0<K< 3000.56 


The critical value of K for stability is 3000.56. With this value of K, the roots of the characteristic 


equation are: —4916.9, -—41.57+/3113.3, -41.57 + j/3113.3, —j752.68, and j752.68 


(b) K, =1000 oz-in/rad. The forward-path transfer function is 


9x10'K 
s (s° +5000s° + 1.582 x10°s? +5.05x10’s +5.724x 10") 


G(s) = 


7 9x10°K 
s(1+116.06)(s + 4882.8)(s + 56.248 + j1005)(s + 56.248 — j1005) 


(c) Characteristic Equation of the Closed-Loop System: 


s> +5000s* +1.582x10°s* +5.05x 10’ s* +5.724x10!'s+9x10''K =0 


Routh Tabulation: 


s 1 1.582 x 10° 5.724x10!! 
st 5000 5.05x10° 9x10 K 
3 5 11 8 

s 5.72x 10 5.724x10!!—18x10°K 0 

s° 4.6503x 10 + 1.5734 10° K 9x10 K 


1 26.618x10'8 +377.43x 10° K — 2.832 10'* K* 
Ss 
4.6503 x10" + 15734 10° K 


s 9x10''K 
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From the s_ row, the condition of stability is 26.618 10" +3774.3K —2.832K~ >0 


Or, K°—1332.73K—93990<0 or (K—1400)(K+67.14) <0 


Stability Condition: 0<K<1400 
The critical value of K for stability is 1400. With this value of K, the characteristic equation root are: 


—4885.1, —57.465+j676, —57.465—j676, j748.44, and -j748.44 


(c) K eke 
Forward-Path Transfer Function: 


nK KK 
~ s[ LJ, +(RJ,+R,L,)s+R,B,+K,K, | 


G(s) J,=J,+0J, 


T 


891100K 7 891100K 
s(s° +5000s + 566700) s(s +116)(s +4884) 


Characteristic Equation of the Closed-Loop System: 


s° +5000s~ + 566700s +891100K =0 


Routh Tabulation: 


s 1 566700 
s° 5000 891100K 
s| 566700—178.22K 

s° 8991100K 


From the s- row, the condition of K for stability is 566700 — 178.22K > 0. 
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Stability Condition: 0<K< 3179.78 


The critical value of K for stability is 3179.78. With K = 3179.78, the characteristic equation roots are 


-5000, j752.79, and —j752.79. 


When the motor shaft is flexible, K, is finite, two of the open-loop poles are complex. As the shaft 
becomes stiffer, K, increases, and the imaginary parts of the open-loop poles also increase. When 
K, = oo, the shaft is rigid, the poles of the forward-path transfer function are all real. Similar effects 


are observed for the roots of the characteristic equation with respect to the value of K,. 


7-41 (a) 
100(s + 2) . 
G (s)=1 G(s)=—, — K_=limG(s) =—200 
s —l P 530 
When d(t) = 0, the steady-state error due to a unit-step input is 
1 1 1 
«= = = ——— = -0.005025 
7 +k, 1-200 199 
(b) 
S+Qa 100(s + 2)(s + a) 
G(s)= G(s) = ; K, = 00 e, =0 
Ss s(s -1) : 
(c) 
a=5 maximum overshoot = 5.6% 
a=50 maximum overshoot = 22% 


a@=500 maximumovershoot = 54.6% 
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As the value of @ increases, the maximum overshoot increases because the damping effect of the 
zero at 5 =—q@ becomes less effective. 


Unit-Step Responses: 


Unit-Step Responses: 


—— 


5.00 


Seconds x 107? 


(d) r(t)=0 and G(s)=1 d(t)=u.(t) Roe 
S 


System Transfer Function: (r= 0) 


Y(s) 
D(s) 


: 100(s +2) 
9 8 + 100s” + (199+ 100@)s + 200 


Output Due to Unit-Step Input: 


100(s +2) 


¥ (8) = +____. 
s)s +100s° +(199+100a@)s+200a 


4 = lim(¢)= lims¥(s) = —— = — 
" t-00 s30 


(e) r(t)=0, d(t)=u,@) 
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System Transfer Function [r(t) = 0] 


Y(s) 100s(s+ 20 1 
= 73 2 D(s) =— 
D(s)|,9 § +100s° + (199+ 100@)s5 + 200a@ Ss 


Vo = lim y(t)=lm sY(s)=0 
= too s>0 


(f) 

Y(s) 100s(s+ 2) 

a=5 = 5 
D(s)|_, 8 +1005” + 699s + 1000 
y 100s(s+2 

phe (s) ae ) 
D(s)|_, 8 +100s° + 5199s + 10000 
y 100s(s+2 

a=so00 ~ Pe ES 
D(s)|_9 8 +100s” +50199s + 100000 


Unit-Step Responses: 


(g) As the value of @ increases, the output response y(t) due to r(t) becomes more oscillatory, and the 
overshoot is larger. As the value of @ increases, the amplitude of the output response y(t) due to d(t) 


becomes smaller and more oscillatory. 
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7-42 (a) Forward-Path Transfer function: 


_ H(s) i 
E(s) 


G(s) 


10N 
s(s+1)(s+10) 


N 
s(s+1) 


IR 


N=1: Characteristic Equation: 5 ese 1= 0 


Maximum overshoot =e* _ 


N=10: Characteristic Equation: s°+s=10=0 


_—- 
fice 


1 


2 
= 0.163 (16.3%) 


ae 
2 
Maximum overshoot =e’ ° = 0.605 (60.5%) 


(b) Unit-Step Response: N=1 


Characteristic Equation: 


s+5s+N=0 


¢=0.5 @,, =1 rad/sec. 


Peak time t ox = 3.628 sec. 
o yI-o° 


¢ =0.158 a, = 10 rad/sec. 


Peak time f¢ = 
m 


aX 


= 1.006 sec. 
2 
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Second-order System Third-order System 
Maximum overshoot 0.163 0.206 
Peak time 3.628 sec. 3.628 sec. 


Unit-Step Response: N = 10 


Third-order system 


Second-order System Third-order System 
Maximum overshoot 0.605 0.926 
Peak time 1.006 sec. 1.13 sec. 
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7-43 Unit-Step Responses: 


10.00 12.00 


TIME (SEC) 


When ‘ie is small, the effect is lower overshoot due to improved damping. When T. is very large, the 
overshoot becomes very large due to the derivative effect. f. improves the rise time, since I+T s isa 


derivative control or a high-pass filter. 
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7-44 Unit-Step Responses 


10.00 42.00 


TIME (SEC) 


1 
The effect of adding the pole at s = -—— to G(s) is to increase the rise time and the overshoot. The system is 
T 


P 


less stable. When T. > 0.707, the closed-loop system is stable. 
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7-45) You may use the ACSYS software developed for this book. For description refer to Chapter 9. We 
use a MATLAB code similar to toolboxes in Chapter 7 to solve this problem. 


(a) Using MATLAB 


clear all 

num = []; 

den = [0 -0.55 -1.5]; 
G=zpk (num, den, 1) 
t=0:0.001:15; 
step(G,t); 

hold on; 

for Tz=[1 5 20]; 
t=0:0.001:15; 

num = [-1/Tz]; 

den = [0 -0.55 -1.5]; 
G=zpk (num, den, 1) 
step(G,t); 

hold on; 

end 
xlabel('Time(secs) ') 
ylabel ('y(t)"') 
title('Unit-step responses of the system') 


Zero/pole/gain: 


(s+1) 


Zero/pole/gain: 
(st+0.2) 


(st+0.05) 
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| Fic : ure 1 & 


File Edit View Insert Tools Desktop Window Help 


OeS/s|Qamoa\¥\/08\|eo 


(b) 


clear all 

for Tz=[0 1 5 20]; 
t=0:0.001:15; 

num = [Tz 1]; 

den = [1 2 2]; 

G=tf (num, den) 
step(G,t); 

hold on; 

end 

xlabel ('Time(secs) ') 
ylabel('y(t)') 
title('Unit-step responses of the system') 


Transfer function: 


s*2 +2 s +2 


Transfer function: 
s¢+l 


Transfer function: 
5 s4+1 


s*2 +2 s +2 
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Transfer function: 
20 stil 


s*2 +2 s +2 


By Figure 1 
File Edit View Insert Tools Desktop Window Help 


Deke FAaQMoO|e 08\so 


Unit-step responses of the system 


T 


Time(secs) (sec) 


Follow the same procedure for other parts. 
7-46) Since the system is linear we use superposition to find Y, for inputs X and D 


First, consider D = 0 


E + k 
xX » K >| > I/s > Y 


Gy Kk ee Kk 
—14+G,) s(Jst+a+KkKy)+Kk’ * s(Js+a+KkK;) 
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E 
Xx - . = he 
s(Js+a+ KK ,k) | 


According to above block diagram: 


X(s)G,(s)_ 


EE ATG) Fay Lee) 


X(s) 


Now consider X = 0, then: 


> Y(s) 


K *« 

Accordingly, 

ie sJs +a) 
and 

7 G(s) = k (Ky + s) 
ny 1+ KG,(s) oor sJst+a)+k(Kp +s aus 

In this case, E(s) = D-KY(s) 

KG, 

E(s) = D(s) po = ~ T+ Keatsy 
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Now the steady state error can be easily calculated by: 


Kk 
or unit step input X =1/s: e.. = lim———— = ——_—- 
; oan ae: G(s) ss +a+KkK;) 


. d ss +a+KkK,) 
lim —————————_—_——— = lim ————- = 0 
$90 4 Kk 570 *0 s(Js +a+KkKy) + Kk 

s(Js aE KkK;) 
1 1 
or ramp input D =-—: e,, = lim-———————— 
f pee s?° °° s30 s(1 + KG2(s)) 
li ze 
= lim 
s>0 1 Pas + s) 
= al sJs +a) 
—sUJ/s+a) —a 


= lim —  — _ = - 
S706 (sUs +a) +Kk(K; +s )) KkKy 


(c) The overall response is obtained through superposition 


Y(s)=Y(s)|_,+Y(|,_o 
y(t) x WO ena © yO) 


x(1)=0 


Kk k(Ky +s ) 


A ae s(Js +at KkK;) + Kk ¥ sJs+a)+ k (Ky +s )K 


D(s) 


MATLAB 


clear all 

syms s K k J a Kf 

X=1/s; 

D=1/s*2 

Y=K*k*X/ ( (J*stat+K*k*Kf£) +K*k) +k* (Kf+s) *D/ ( (J*sta)+k* (Kf+s) *K) 
eee 

De = 

1/s*2 

Y = 

K*k/s/ ( (J*stat+K*k*Kf£) +K*k) +k* (Kf+s) /s%2/ ( (J*sta)+k* (Kf+s) *K) 
ans = 


ee Be 2/KE/ (a®*24+2* ak K*kK+K*2*k42- 

4* T*K*kK*KE) © (1/2) *sinh (1/2*t/d* (a®24+2* ak K*KtK*2*k*2-4* T*K*K*KE) * (1/2) ) exp (- 

1/2* ( oe) pee * (aX 2+a*K*k-2* I*K* k* KE) -cosh (1/2*t/J* (a®*2+2%*a eee 2*kK*2*KF4*2— 
4* T*K*k) * (1/2) ) *exp (-1/2* (atK*k* Kf) /J*t) — (atK*k* Kf) / (a®%2+2*a Cee nf res Oral 
4* IT*K*k) * (1/2) ree We a KK*K*KETKA2* kA 2*KE*2-4* J *K*k) * (1/2) ) *exp (- 
1/2* (at+K*k*Kf) /JT*t) +1/k/K*2/Kf*a* (-1t+exp (- 

1/2* (at+K*k) /J*t) *cosh(1/2*t/I* (a®* 242 * ak K*¥k+K*2*kK*2-4* T*K*K*KE) * (1/2) 
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7-47) (a) Findthe Ff eeidrwnen e(t) is the error in the unit step response. 


As the system is stable then I, e(t)dt will converge to a constant value: 


E(s) 


} “e(t)dt =lims =lim E(s) 
0 s30 s30 


S 


Y(s)_ G(s), © (As + D(Ags + )...(A,5 +) 
X(s) 14+G(s) (Bs +)(Bys + D..(B,,5 +) 


m 


G(s) (= 
1+ G(s) 1+ G(s) 
lq (As +1)(A,s +1)...(A,5 +) X(s)= (Bs +1)(B,s+))...(B, s+) -(As + 1I(A,s +1)...(A,s +) X(s) 
7 (Bis +1)(B,s +1)...(B, 8 +) ; (Bs +1)(B,s +))...(B, s+) 


m m 


E(s)= X(s)—-Y(s) = X(s)- 


X(s) 


m 


(B,s +1)(Bs +1)...(B,s +1) 


m 


lim E(s) 7 lim 1 [Ge +1)(B,s+1)...(B, s+) —-(As +1(A,s +D...(A, 5 + ») 


S 


=(B,+ B,+-+-+B,,)-(A,+4,+:-+A4,) 


Ots)= (Bs +1)(B,s +))...(B,,5 +1) 7 
(| (By +)(B,s +))...(B,,s +1) -(As + D(A +D)...(A,9 +1) 
G(s)= (A\s +1)(A,s +1)...(A,5 +1) 
(| (By +1)(B,s+))...B,s +1) -(As + D(A +D)...(A,9 +1) 
| Bee ate 
ée,, =lims—| |—--——__~_*+_"* —~ [= 
90 sl (Bs +1)(B,s+l)...(B,,5 +1) 
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(b) Calculate = = a 
K lim sG(s) 
Recall 


E(s)= X(s)—Y(s) = X(s)- 


Hence 


limE (s) =lim 
s>0 s0 1 + G(s) 


Ramp Error Constant 


X(s 


Chapter 7 Solutions 


G(s) 1 


X(s)= X(s 
1+G(s) - 1+G(s) - 
: . 1 1 
= lim ————— = lim = on 
50 s+ sG(s) sol sG(s) K, 
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7-48) 


C(s) _ 10(s + K) 10(s + K) 


Ris) (stp)(s+25)+(s+K)10 s2?+(35+p)s+(25p + 10K) 


Comparing with the second order prototype system and matching denominators: 


ee 
35+p=2fa, 


mg me 
M, = exp (-) > 0.25 ~ ——— > 1.386 > € = 0.210 
. st=F2 Jl=F 
a2 
t,=>—<01-> aw, < 80, when0 <é < 0.69 
Sn 


Let € = 0.4 and @ n = 80 


Then 
p = (2fa@,)(35) = 29 
K = 20225 _ ce oe 
100 : 


clear all 


p=29; 

K=56.25; 

num = [10 10*K]; 

den = [1 35+p 25*pt+10*K]; 
G=tf (num, den) 


step (G); 

xlabel ('Time (secs) ') 

ylabel ('y(t)"') 

title('Unit-step responses of the system') 


Transfer function: 
10 s + 562.5 


s*2 + 64 s + 1288 
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By Figure 1 Lic | is 


File Edit View Insert Tools Desktop Window Help ™ 


Ogee Fs RAMOS £ OB 20 


Unit-step responses of the system 


1 
0.05 
Time(secs) (sec) 


7-49) According to the maximum overshoot: 


TT 


rman fie 


which should be less than t, then 


— —g2 2 
ee et : >> 
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7-50) Using a 2™ order prototype system format, from Figure 7-9, wn is the radial distance from the 
complex conjugate roots to the origin of the s-plane, then wn with respect to the origin of the 
shown region is @n~ 3.6. 


Therefore the natural frequency range in the region shown is around 2.6 < @n< 4.6 


On the other hand, the damping ratio ¢ at the two dashed radial lines is obtained from: 
(6 = cos(m/2 — a1) = sina, 
G2 = cos(m/2 — a2) = sina 


The approximation from the figure gives: 


fs ~ 0.56 
7, ~ 0.91 
Therefore 0.56 <€< 0.91 
b) 
C(s) | KK,(s + K7) 
R(s) 52+ (p+KKy)s + KKK; 
AS Kp=2, then: 


C(s) | 2K(s + K;) 
R(s) s? +2(K + 1s + 2KK, 


If the roots of the characteristic equations are assumed to be lied in the centre of the shown 
region: 


Pi, =s—3-2j 2 we 
esas) > s?+6s+13=0 


Comparing with the characteristic equation: 


Sa esas K=2 


c) The characteristic equation 
s? + 2(p + KK,)s + KKpK; = 0 


is a second order polynomial with two roots. These two roots can be determined by two terms 
2(p+KK,) and KKpK; which includes four parameters. Regardless of the p and K, values, we can 
always choose K and K; so that to place the roots in a desired location. 
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7-51) a) Jn S2Om(s) + (B + —) s6(s) = =V(s) 


kK, 
Om (s) Ri 


Vs) s(s +(B +42) 


By substituting the values: 


Om(s) _ 0.2 
V(s)  s(s + 0.109) 
. dO 
b) Speed of the motor is Ao 
w(s) sA(s)_ 0.2 


Vis) V(s)  s+0.109 


= = Vlim G(s) = 10—— = = 19.23 
(c) 
6m (S) _ 0.2 
V(s) s(s + 0.109) 
d) 
0.2 7 
Om(s) = s(s + 0.109) (s) 
= a a K(@ 6 
~ s(s + 0.109) ( p(s) — m(s)) 
As aresult: 
6m (S) _ 0.2K 


O,(s) s*+0.109s + 0.2K 


usd 


According to the transfer function, 2 €w, = 0.109, then w, = 


e) As M, = exp (- ) =0.2s ,then, €=0.404 


0.109 
(2)(0.404) 


= 0.14rad/sec 


where w2 = 0.2K > K<0.0845 


0.8+2.5 € 


f) Ast, = ~ =, then Wn > 0.6, 


as w4 = 0.2K , therefore; K > 1 
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g) MATLAB 


clear all 

for K=[0.5 1 2]; 
t=0:0.001:15; 

num = [0.2*K]; 

den = [1 0.109 0.2*K]; 
G=tf (num, den) 
step(G,t); 

hold on; 

end 

xlabel ('Time(secs) ') 
ylabel ('y(t)"') 
title('Unit-step responses of the system') 


Transfer function: 
O.1 


s°2 + 0.109 s + 0.1 


Transfer function: 
Oea2, 


s*2 + 0.109 5s + 0.2 


Transfer function: 
0.4 


s*2 + 0.109 s + 0.4 
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File Edit View Insert Tools Desktop Window Help 


Oe Sb /AQMO S/08\/e0 


\ 


System: =~ 
Time (sec): 7.09 
Amplitude: 1.68 


Rise time decreases with K increasing. 


Overshoot increases with K. 
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7-52) M, = exp (- uid :) = 0.1, therefore, € = 0.59 


1-§ 
=o" eee = 
Ast, = fa, then, Ww, = CEO he 3.62 
Y(s) G(G)H(s) _ K(s +a) 
X(s) 1+G(s)H(s) s(s+3)(s+b)+K(s+a) 
K(s +a) 


~ s+ (3+ b)s? + (3b +K)s + Ka 
Therefore: 
s?+(3+4+ b)s? + (3b+K)s + Ka = (s+ p)(s? +2 éw,s + w?) 
If p is a non-dominant pole; therefore comparing both sides of above equation and: 


20, +p =3+b 
2€@np + Wn = 3D+k 
wp = Ka 


If we consider p = 10a (non-dominant pole), & = 0.6 and @n = 4, then: 


48a+16=3b+K 


48+10a=3+b) 
160a = Ka —- K=160 


a= 8.3 
} = 89.8 
p = 83 


clear all 

K=160; 

a=8.3; 

b=89.8; 

p=83; 

num = [K K*a]; 

den [1 3+b 3*b+K K*a]; 
G=tf (num, den) 

step (G); 

xlabel ('Time (secs) ') 
ylabel ('y(t)") 
title('Unit-step responses of the system') 


Transfer function: 
160 s + 1328 


S°3 + 92.8 Ss°2 + 429.4 s+ 1328 
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i} Figure 1 (oc) en) 
File Edit View Insert Tools Desktop Window Help ™ 
Deke si aawmeas eo s8 

Unit-step responses of the system 
14 T T T T T T T T 

127 System: G 7 

:—__ Time (sec): 1.86 

| System: G | Amplitude: 0.99 
ae Time (sec): 0.878 “SS 

Amplitude: 1.11 
08+ 4 
= 

06+ 4 
04 a 
02;+ 4 

0 1 1 4 J 1 4 4 4 1 
0 02 04 06 08 1 1.2 14 1.6 1.8 f 4 

Time(secs) (sec) 


Both Overshoot and settling time values are met. No need to adjust parameters. 


7-53) For the controller and the plant to be in series and using a unity feedback loop we have: 
MATLAB 
USE toolbox 


clear all 

num=[-1 -2 -3]; 

denom=[-3+sqrt(9-40) -3-sqrt(9-40) -0.02+sqrt(.004-.07) -0.02-sqrt(.004-.07) -10]; 
G=zpk(num,denom,60) 

rlocus(G) 


Zero/pole/gain: 
60 (s+1) (s+2) (s+3) 


(s+10) (s42 +0.04s + 0.0664) (s*2 + 6s + 40) 
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Oeeere QBAQMoa 2/0 


Note the system has two dominant complex poles close to the imaginary axis. Lets zoom in the root locus diagram and 
use the cursor to find the parameter values. 
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BA) Figure 1 
File Edit View Insert Tools Desktop Window Help 


OsHS 2 QAV9/E 08 so 


System: G 

Gain: 0.1 

Pole: -0.0872 + 0.3761 
Damping: 0.226 

Overshoot (%): 48.3 
Frequency (rad/sec): 0.386 


System: G 

Gain: 23.4 

Pole: -1.3 + 0.0128: 
Damping: 1 

Overshoot (%): 0 
Frequency (rad/sec): 1.3 


Imaginary Axis 


Overshoot (%): 9.94 
Frequency (rad/sec): 0.777 


a 


As shown for K=0.933 the dominant closed loop poles are at -0.46+j 0.626 AND OVERSHOOT IS 
ALMOST 10%. 


Increasing K will push the poles closer towards less dominant zeros and poles. As a process the design process becomes less 
trivial and more difficult. 


To confirm use 


M=feedback(G*.933,1) %See toolbox in problem 7-53 
step(M) 
Zero/pole/gain: 


55.98 (s+3) (st+2) (s+1) 


(s+7.048) (S82 + 0.9195s + 0.603) (s*2 + 8.072s + 85.29) 
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3 i 


System: M 
Time (sec): 1.36 a 
Amplitude: 0.933 System: M 
=oscee gm-------- Time (sec): 2.76 — 
Amplitude: 1.09 


To reduce rise time, the poles have to move to left to make the secondary poles more dominant. As 
a result the little bump in the left hand side of the above graph should rise. Try K=3: 


>> M=feedback(G*3,1) 
Zero/pole/gain: 
180 (s+3) (st+2) (s+1) 
(s+5.01) (s42 + 1.655s + 1.058) (sh2 +9.375s + 208.9) 
>> step(M) 


** Try a higher K value, but looking at the root locus and the time plots, it appears that the 
overshoot and rise time criteria will never be met simultaneously. 
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K=5 


M=feedback(G*5,1) %See toolbox in problem 7-53 
step(M) 


Zero/pole/gain: 
300 (s+3) (s+2) (s+1) 


(s+4.434) (s42 + 1.958s + 1.252) (s42 + 9.648s + 329.1) 
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Figure 1 
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7-54) Forward-path Transfer Function: 


M(s) 


Chapter 7 Solutions 


K 


G(s)= 


For type 1system, 200a—K=0 


Ramp-error constant: 


K, = limsG(s) = 


s>0 


MATLAB Symbolic tool can be used to solve above. We use it to find the roots for the next part: 


>>symssakK 
>>solve(5*200+5 *20*a-200a) 
ans = 
10 
>> D=(s*2+20*s+200)*s+a)) 
D= 
(s82+20*s+200)*(s+a) 
>> expand(D) 
ans = 
s43+5s42*a+20%*542+20*s*at+200*5+200*a 
>> solve(ans,s) 
ans = 

-a 
-10+10*i 


-10-10*i 


The forward-path transfer function is 


Thus 


1-M(s) 5° +(204a)s? +(200+20a)s+200a—K 


K = 200a 


K 200a 


= =5 Thus a=10 


200+ 20a 


200+ 20a 


The controller transfer function is 
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2000 G(s) 20(s* +10s +100) 


G(s) = 


The maximum overshoot of the unit-step response is O percent. 


MATLAB 


clear all 

K=2000; 

a=10; 

num = []; 

den = [-10+10i -10-10i -a]; 

G=zpk (num, den, K) 

step (G); 

xlabel ('Time(secs) ') 

ylabel('y(t)') 

title('Unit-step responses of the system') 


Zero/pole/gain: 
2000 


(st+10) (s*2 + 20s + 200) 


E ” Eat aigew Insert Tools Desktop annem Help 
Dees Ri Aavao\e¥\oB8sO  — | 


Clearly PO=0. 
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7-55) 


Forward-path Transfer Function: 


G(s) = M(s) 


Chapter 7 Solutions 


K 


For type 1system, 200a—K=0 


Ramp-error constant: 


K, = limsG(s) = 


s>0 


MATLAB Symbolic tool can be used to solve above. We use it to find the roots for the next part: 


>>symssakK 
solve(9*200+9*20*a-200*a) 
ans = 
90 
>>D=(s42+20*s+200)*s+a)) 
D= 
(s82+20*s+200)*(s+a) 
>> expand(D) 
ans = 
s43+5s42*a+20%*542+20*s*at+200*5+200*a 
>> solve(ans,s) 
ans = 

-a 
-10+10*i 


-10-10*i 


The forward-path transfer function is 


1-M(s)_ s°+(20+a)s? +(200+4 20a)s+200a—K 


K = 200a 


K 200a 


= =9 Thus a=90 


200+ 20a 


200+ 20a 


The controller transfer function is 
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18000 G(s) 180(s* +10s +100) 
G(s) =—— = — + + 


G(s) ~ (+1108 +2000) a G,(s) : (s’ +110s + 2000) 


The maximum overshoot of the unit-step response is 4.3 percent. 
From the expression for the ramp-error constant, we see that as a or K goes to infinity, K, approaches 10. 


Thus the maximum value of K, that can be realized is 10. The difficulties with very large values of K and 


a are that a high-gain amplifier is needed and unrealistic circuit parameters are needed for the controller. 
clear all 


K=18000; 
a=90; 
num = []; 


den = [-10+10i -10-10i -a]; 

G=zpk (num, den, K) 

step (G); 

xlabel ('Time (secs) ') 

ylabel ('y(t)"') 

title('Unit-step responses of the system') 


Zero/pole/gain: 
18000 


(s+90) (s*2 + 20s + 200) 


in = = ia ons 


File Edit View Insert Tools Desktop Window Help ™ 


jose aS re Aare" 08 20 


Unit-step responses of the system 


Time (sec): 0.328 
Amplitude: 1.04 


0.3 
Time(secs) (sec) 


PO is less than 4. 
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7-56) (a) Ramp-error Constant: 
MATLAB 


clear all 

syms s Kp Kd kv 
Gnum=(Kp+Kd*s)*1000 
Gden= (s*(s+10)) 
G=Gnum/Gden 

Kv=s*G 

s=0 

eval(Kv) 


Gnum = 
1000*Kp+1000* Kd*s 


Gden = 
s*(s+10) 


G= 
(1000*Kp+1000*Kd*s)/s/(s+10) 


Kv = 
(1000* Kp+1000* Kd*s)/(s+10) 


SsS= 


0 
ans = 
100*Kp 
_ 1000(K,+K,s) 1000K, 
K, =lims = =100K,, = 1000 
530 s(s +10) 10 
Kp=10 
clear s 
syms s 


Mnumz=(Kp+Kd*s)*1000/s/(s+10) 


Mden=1+(Kp+Kd*s)*1000/s/(s+10) 
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Mnum = 

(10000+1000* Kd*s)/s/(s+10) 
Mden = 

1+(10000+1000* Kd*s)/s/(s+10) 
ans = 


(s42+10*s+10000+1000* Kd*s)/s/(s+10) 


Characteristic Equation: s' +(10+1000K,,)s+1000K, =0 


Match with a 2" order prototype system 


o,, = {1000 K,, = 10000 = 100 rad/sec 2¢@, =10+1000K,, = 2x 0.5x 100 = 100 


solve(10+1000*Kd-100) 


ans = 

9/100 

Thus K, 202550 
1000 


Use the same procedure for other parts. 


(b) For K , = 1000 and ¢ = 0.707, and from part (a), @ = 100 rad/sec, 


2¢@, =10+1000K,, = 2 0.707 x 100 = 141.4 Thus kK, =——=0.1314 
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7-57) The ramp-error constant: 


_ 1000(K, +K,s) 
K, =lims = 100K, =10,000 Thus 
590 s(s +10) 


The forward-path transfer function is: G(s) 
s(s +10) 


clear all 

for KD=0'.2:0.2:1.0; 
num = [-100/KD]; 

den = [0 -10]; 

G=zpk (num, den, 1000) ; 
M=feedback (G,1) 

step (M); 

hold on; 

end 
xlabel('Time(secs) ') 
ylabel ('y(t)"') 
title('Unit-step responses of the system') 


Zero/pole/gain: 


1000 (s+500) 


(s*2 + 1010s + 5e005) 


Zero/pole/gain: 


1000 (s+250) 


(s+434.1) (s+575.9) 


Zero/pole/gain: 


1000 (s+166.7) 


(s+207.7) (s+802.3) 
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_ 1000(100 + K,,s) 


K, = 100 
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Zero/pole/gain: 


1000 (s+125) 


(st144.4) (s+865.6) 


Zero/pole/gain: 
1000 (s+100) 


(st111.3) (s+898.7) 


Hy Figure 1 eee X__} 
File Edit View Insert Tools Desktop Window Help ™ 
Deke FRAMS S/O so 
Unit-step responses of the system 
14 System: M T T T 
Time (sec): 0.00315 
Amplitude: 1.2 
1.2- [; 4 
a System: M 
Time (sec): 0.00168 
Amplitude: 1.03 | 
1 4 1 4 1 1 
0.005 0.01 0.015 0.02 0.025 0.03 0.035 
Time(secs) (sec) 


Use the cursor to obtain the PO and tr values. 


For part b the maximum value of KD results in the minimum overshoot. 
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7-58) (a) Forward-path Transfer Function: 


4500K (K, + K,s) 


G(s) =G_(s)G(s) = 


s(s + 361.2) 
4500KK 
Ramp Error Constant: — K = lim sG(s) = ———* = 12.458KK, 
s>0 3612 
1 0.0802 
e. = — = —— < 0.001 Thus KK, > 80.2 Let K, =1 and K =80.2 

K KK 

v P 
clear all 
KP=1; 
K=80.2; 
figure (1) 
num = [-KP]; 
den = [0 -361.2]; 
G=zpk (num, den, 4500*K) 
M=feedback (G,1) 
step (M) 
hold on; 
for KD=00.0005:0.0005:0.002; 
num = [-KP/KD]; 


den = [0 -361.2]; 

G=zpk (num, den, 4500*K*KD) 

M=feedback (G,1) 

step (M) 

end 

xlabel ('Time (secs) ') 

ylabel ('y(t)") 

title('Unit-step responses of the system') 


Zero/pole/gain: 
360900 (s+1) 


s (s+361.2) 


Zero/pole/gain: 
360900 (s+1) 


(s+0.999) (s+3.613e005) 


Zero/pole/gain: 
180.45 (s+2000) 


s (s+361.2) 


Zero/pole/gain: 
180.45 (s+2000) 
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(s*2 + 541.6s + 3.609e005) 


Zero/pole/gain: 
360.9 (s+1000) 


s (s+361.2) 


Zero/pole/gain: 
360.9 (s+1000) 


(s*2 + 722.1s + 3.609e005) 


Zero/pole/gain: 
541.35 (s+666.7) 


s (s+361.2) 


Zero/pole/gain: 
541.35 (s+666.7) 


(s*2 + 902.5s + 3.609e005) 


Zero/pole/gain: 
721.8 (s+500) 


s (s+361.2) 


Zero/pole/gain: 
721.8 (s+500) 


(s*2 + 1083s + 3.609e005) 
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By Figure 1 
| File Edit View Insert Tools Desktop Window Help 


Dees F AAQMeO € O08 ao 


of the system 


System: M - 
Time (sec): 0.005238 
Amplitude: 1.21 


System: M Time (sec): 0.00552 
Time (sec): 0.00312 Amplitude: 1.03 
Amplitude: 0.966 


0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016 0.018 0.02 
Time(secs) (sec) 


ie — 


ae Ee ee 
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7-59) The forward-path Transfer Function: N = 20 


200(K, + K,s) 
s(s +1)(s +10) 


G(s) = 
To stabilize the system, we can reduce the forward-path gain. Since the system is type 1, reducing the 
gain does not affect the steady-state liquid level to a step input. Let K, = 0.05 


_ 200(0.05+ K,,s) 
s(s +1)(s +10) 


G(s) 


ALSO try other Kp values and compare your results. 


clear all 


figure (1) 
KD=0 
num = []; 


den = [0 -1 -10]; 

G=zpk (num, den, 200*0.05) 
M=feedback (G, 1) 

step (M) 


h 
£ 
KD 
num = [-0.05/KD]; 
G=zpk (num, den, 200*KD) 
M=feedback (G,1) 

step (M) 

end 

xlabel ('Time (secs) ') 

ylabel ('y(t)") 

title('Unit-step responses of the system') 


10 


s (s+1) (s+10) 


Zero/pole/gain: 
10 


(s+10.11) (s*2 + 0.89145 + 0.9893) 


KD = 
0.0100 
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Zero/pole/gain: 
2 (s+5) 


s (s+1) (s+10) 


Zero/pole/gain: 
2 (s+5) 


(s+9.889) (s42 + 1.1115 + 1.011) 


KD = 
0.0200 


Zero/pole/gain: 
4 (s+2.5) 


s (s+1) (s+10) 


Zero/pole/gain: 
4 (s+2.5) 


(s+9.658) (S42 + 1.342s + 1.035) 


KD = 
0.0300 


Zero/pole/gain: 
6 (s+1.667) 


s (s+1) (s+10) 


Zero/pole/gain: 
6 (s+1.667) 


(s+9.413) (S42 +1.587s + 1.062) 


KD = 
0.0400 


Zero/pole/gain: 
8 (s+1.25) 


s (s+1) (s+10) 


Zero/pole/gain: 
8 (s+1.25) 


(s+9.153) (S42 + 1.847s + 1.093) 
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KD = 
0.0500 


Zero/pole/gain: 
10 (s+1) 


s (s+1) (s+10) 


Zero/pole/gain: 
10 (s+1) 


(s+8.873) (S+1.127) (s+1) 


KD = 
0.0600 


Zero/pole/gain: 
12 (s+0.8333) 


s (s+1) (s+10) 


Zero/pole/gain: 
12 (s+0.8333) 


(s+8.569) (s+1.773) (s+0.6582) 


KD = 
0.0700 


Zero/pole/gain: 
14 (s+0.7143) 


s (s+1) (s+10) 


Zero/pole/gain: 
14 (s+0.7143) 


(s+8.232) (s+2.221) (s+0.547) 


KD = 
0.0800 


Zero/pole/gain: 
16 (s+0.625) 


s (s+1) (s+10) 


Zero/pole/gain: 
16 (s+0.625) 


(s+7.85) (s+2.673) (s+0.4765) 
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KD = 
0.0900 


Zero/pole/gain: 
18 (s+0.5556) 


s (s+1) (s+10) 


Zero/pole/gain: 
18 (s+0.5556) 


(s+7.398) (s+3.177) (s+0.4255) 


KD = 
0.1000 


Zero/pole/gain: 
20 (s+0.5) 


s (s+1) (s+10) 


Zero/pole/gain: 
20 (s+0.5) 


(st+0.3861) (s+3.803) (s+6.811) 


Chapter 7 Solutions 
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| Figure 1 {| CE) Sa) 


File Edit View Insert Tools Desktop Window Help ™ 


CaS k BAMS £ OB so 


lini#t nian ennnonses of the system 


1.4 System: M : 
Time (sec): 3.64 
Amplitude: 1.21 


System: M 
Time (sec): 2.39 


Max Overshoot (%) 


When K, = 0.05 the rise time is 2.721 sec, and the step response has no overshoot. 
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7-60) (a) For e =1, 


200(K, +K,s) 


K, =limsG(s) =lims = 20K, =1 Thus K.. = 0.05 
sf 50 s(s+1)(s +10) 
Forward-path Transfer Function: 
200(0.05+ Ks 
Gs) = 200005 Ks) 
s(s+1)(s +10) 


Because of the choice of Kp this is the same as previous part. 
7-61) 


(a) Forward-path Transfer Function: 


1 K,+— 
oo es Ss ) . ; 100(K,s+K,) 
G(s) = For K, =10, K, =limsG(s) = lim s ~——————~_ = kK, =10 
s° +10s +100 0 0 s(s7 +105 +100) 
Thus K, = 10. 
100( K s+K 100( Ks +10 
— (KystK) (x,s+10) 


s° +103? +100s+100(K,s+K,) s° +10s” +10001+ K, )s +1000 


(b) Let the complex roots of the characteristic equation be writtenas s=—o+j15 and s=—o-— jI5. 
The quadratic portion of the characteristic equation is sy +2os+ (o° + 225) =0 


The characteristic equation of the system is s'+10s° + (100+ 100K, )s +1000 =0 


The quadratic equation must satisfy the characteristic equation. Using long division and solve for zero 


remainder condition. 
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s+(10-20) 


s +10s° +(100+ 100K, )s +1000 


sy +2os+o° +225 


s +205" + (o° a 225) s 


(10—20)s* + (100K, —o” -125) s +1000 


(10—20)s° +(200 - 40") s + (10 -20)(s* +225) 


(100K, + 30° - 200-125) s +2o° 100° + 4500 — 1250 


For zero remainder, 20° -1067 +4500 —1250=0 (1) 
and 100K, +30” —200-125=0 (2) 
The real solution of Eq. (1)is o= 2.8555. From Eq. (2), 


125+ 200-30" 
kis 
100 


= 15765 


The characteristic equation roots are: s=—2.8555+ j15, —2.8555—j15, and s=—-10+20 =-4.289 


(c) Root Contours: 


Dividing both sides of s° +10s° + (100 +100K, ) s +1000 = 0 by the terms that do not contain Kp we have: 


‘ 100K ,s 
s +10s° +1005 +1000 


Gy 


100K,,s 100K, 


G(s) =-——_>—_ = ——___"—_~ 
** 5° +1057 +100s+1000  (s+10)(s° +100) 


Root Contours: See Chapter 10 for more information 


clear all 

Kp =.001; 

num = [100*Kp 0]; 

den = [1 10 100 1000]; 
rlocus (num, den) 
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-2.855+j15 


Kp=1.5765 


-2.855-j15 
Kp=1.5765 


a. 
x 


| 
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7-62) (a) Forward-path Transfer Function: 


G(s) 


System: sys 

Gain: 2.59e+004 
Pole: -4.81 + 51.6i 
Damping: 0.0928 
Overshoot (%): 74.6 


Frequency (rad/sec): 51.8 


K 
100{ «, + 


_ 10{ «, +} For K, =10, K, =limsG(s) =lims 


s +105 +100 


System: sys 


Gain: 3.41e+003 
Pole: -3.8 + 20.2i 
Damping: 0.185 


Overshoot (%): 55.4 | 
Frequency = 20. 6 


oe 


Thus the forward-path transfer function becomes 


G,, (s) = 


clear all 


for Kp=.4:0. 


G(s) = 


100(K,s+K,) 


s' +10s* +100s +100(K,s+K, ) 


As 2.9 


num = [100*Kp 1000]; 


den =[1 10 


[numCL, denCl 


GCL=tf (numC 
step (GCL) 
hold on; 
end 


100 0]; 
L]=cloop (num, den) ; 


L,dencCL) ; 


100(10+ K,,s) 
s(s* +10s +100) 


a 


System: sys 

‘Gain: 202 --- 

Fle: -0.502 + 10.5i 
Damping: 0.0476 
Qvershoot (%): 86.1 
Frequency (rad/sec): 10 


100(K,,s +10) 


~ s°-+10s7 +100(1+ K, )s +1000 


100(K,s+K,) _ 
330 s(s* +10s +100) 
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Use the curser to find the maximum overshoot and rise time. For example when Kp= 2, PO=43 and tr100%=0.152 
sec. 


Transfer function: 
200 s + 1000 


s43 + 10s42 + 300s +1000 


| Figure 1 
| File Edit View Insert Tools Desktop Window Help 
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7-63) 
(a) Forward-path Transfer Function: 


100(K,s+K,) 


ees s(x +105 +100) 


For K =100, 


100( K s+K 
K, =limsG(s) = lims (K,s+K,) = 


=a 0 (5° +108 +100) K, =100 


I 


(b) The characteristic equation is s+ 10s° +(100+100K, )s+100K, =0 


Routh Tabulation: 


s 1 100+100K,, 
ge 10 10,000 

For stability, 100K, —900>0 
s! 100K, —900 0 
s° 10,000 


7. Activate MATLAB 
8. Go to the directory containing the ACSYS software. 
9. Type in 


Acsys 
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Thus K, = 100. 


Thus Kod 


10. Then press the “transfer function Symbolic” and enter the Characteristic equation 


11. Then press the “Routh Hurwitz” button 
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By Automatic Control SYStems (ACSY.u 
Enter Transfer Function: 


Enter the Numerator and Denominator of the transfer function 
using a vector of polynomial coefficients, or the numerator or 
denominator of the transfer function in symbolic form with 
complex variable 's'. Enter any symbolic variables in the box 
labeled ‘Enter Symbolic Variables.’ 
ex: For numerator (s“2 + 3*kp*s + ki*2): 
enter '[1, 3*kp, ki*2]' in the Numerator box 
and ‘kp ki' in the symbolic variables text box. 
ex: The following are all equivalent: 
(S42 + 7*s +12)! 
Ti? 12f 
and ‘(s+4)*(s+3)'. 


Enter Symbolic Variables I kp 


Numerator 
[1] 
Denominator 


| (1 10 100+100*kp 10000) 
Routh-Hurwitz | 
Inverse Laplace Transform | 


Control Panel 
[Transter Function Symbolic a4 ] 


Close 


RH = 

[ Ly 100+100*kp] 

[ 10, 10000] 

[ -900+100*kp, 0] 

[ (-9000000+1000000*kp)/(-900+100*kp), 0] 
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Root Contours: 


100K ,s 100K ,s 
G., (s) = > 4x. a 
2 s +10s°+100s+10,000 (s+ 23.65)(s—6.825 + j19.4)(s—6.825— 719.4) 


Root Contours: See Chapter 10 for more information 


clear all 

Kp =.001; 

num = [100*Kp 0]; 

den = [1 10 100 10000]; 
rlocus (num, den) 


| Eile Furs ew Insert Tools Desktop Window Help a 


| 


5.866003 
Pole: 0.0712 + 31.41 
Damping: -0.00227 
Overshoot (%): 101 
Frequency (rad/sec): 31.4 
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6.825+j19.4 


Kp=0 


6.825-j19.4 


K,=0 


(c) K, =100 


100(K,,s +100) 


ae s(s° +10s +100) 


The following maximum overshoots of the system are computed for various values of K,. 


clear all 

Kp=[15 20 22 24 25 26 30 40 100 1000]; 
[N,M]=size (Kp); 

for i=1:M 
num = [100*Kp(i) 10000]; 

den = [1 10 100 0]; 

[numCL, denCL]=cloop (num, den) ; 
GCL=tf (numCL, denCL) ; 

figure (i) 

step (GCL) 

end 
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1.794 1.779 | 1.7788 | 1.7785 | 1.7756 | 1.779 1.782 1.795 | 1.844 1.859 


When K,=25, minimumy,,,, = 1.7756 


File Edit View Insert Ene Desktop Window Help 


Ce eS es QQMeo\e/08\eo 


System: GCL 
Time (sec): 0.0619 
Amplitude: 1.78 


Use: close all to close all the figure windows. 
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7-64) MATLAB solution is the same as 7-63. 


(a) Forward-path Transfer Function: 


100(K,s+K, ) 100K, 
G(s) = : For K, = = 10, K, =10 
s(s* +10s +100) 100 
(b) Characteristic Equation: 5? +105” +100(K, + 1) s +1000 =0 


Routh Tabulation: 


s 1 100+100K, 
2 
s 10 1000 
For stability, K,>0 
s' 100K, 0 
s° 1000 


Root Contours: 


100K,,s 
s° +1057 +100s+1000 


G,, (8) = 


Golnaraghi, Kuo 
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(c) The maximum overshoots of the system for different values of K, ranging from 0.5 to 20 are 


computed and tabulated below. 


1.393 1.275 1.2317 | 1.2416 | 1.2424 | 1.2441 | 1.246 1.28 1.372 1.514 1.642 


When K,=1.7, maximumy, = 1.2416 


max 


7-65) 
K, Ks +K,s+K Ke 
G(s)=K,+K,s+— =—*>—_*+*—_ = (1+ K,, s)| K,, + 
S S Ss 
where 
K, =K,,+K,,K,, Ky = Kp Kp, K, =K,, 
Forward-path Transfer Function: 
100(K,s° +K,s+K,) 
G(s) = G(s)G, (8) = ———_—__—__—— 
Ss (s° +105+ 100) 
And rename the ratios: K,/K,=A, K,/K,=B 
Thus 


K, =limsG(s) = 100-AL = 100 
s>0 100 


K, =100 
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ForKp being sufficiently small: 
Forward-path Transfer Function: Characteristic Equation: 


100(K,,s +100) 


ele s(s° +10s +100) 


s +10s° +(100+100K, ) s +10, 000 = 0 


For stability, Kp>9. Select Kp =10 and observe the response. 


clear all 

Kp=10; 

num = [100*Kp 10000]; 

den =[1 10 100 0]; 

[numCL, denCL]=cloop (num, den) ; 
GCL=tf (numCL, denCL) 

step (GCL) 


Transfer function: 
1000 s + 10000 


s*3 + 10 s*2 + 1100 s + 10000 
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Step Response 
2 T T T T T T 
18 4 
16 4 
14 
r | 
2 
2 lll HAMANN NAR AM.eAnanrnmes 
i ii 
£ 
08 
06 4 
04 4 
02 4 
0 1 1 1 1 J 1 
0 2 4 6 8 10 12 14 
Time (sec) 


Obviously by increasing Kp more oscillations will occur. Add Kp to reduce oscillations. 


clear all 

Kp=10; 

Kd=2; 

num = [100*Kd 100*Kp 10000]; 
den =[1 10 100 0]; 

[numCL, denCL]=cloop (num, den) ; 
GCL=tf (numCL, denCL) 

step (GCL) 
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Transfer function: 
200 s*2 + 1000 s + 10000 


s*3 + 210 s*2 + 1100 s + 10000 


Unit-step Response 


>} Figure 1 
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The rise time seems reasonable. But we need to increase Kp to improve approach to steady state. 


Increase Kp to Kp=30. 


clear all 

Kp=30; 

Kd=1; 

num = [100*Kd 100*Kp 10000]; 
den =[1 10 100 0]; 

[numCL, denCL]=cloop (num, den) ; 
GCL=tf (numCL, denCL) 

step (GCL) 


Transfer function: 
100 s*2 + 3000 s + 10000 


s*3 + 110 s*%2 + 3100 s + 10000 
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Fiqure 1 


File Edit View Insert Tools Desktop Window Help 


To obtain a better response continue adjusting KD and KP. 
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7-66) For the sake simplicity, this problem we assume the control force f(t) is applied in parallel to 
the spring K and damper B. We will not concern the details of what actuator or sensors are used. 


Lets look at 


(a) 


Quarter car model realization: (a) quarter car, (b) 2 degree of freedom, and 


(c) 1 degree of freedom model. 


The equation of motion of the system is defined as follows: 
mX(t) + cxX(t) + kx(t) = cy(t) + ky(t) 


which can be simplified by substituting the relation z(t) = x(t)-y(t) and non-dimensionalizing the coefficients to 


the form 
X(t) + 260, 2(t) + @," z(t) =-H(t) 


The Laplace transform of Eq. (4-323) yields the input output relationship 


Z(s) = 
Y(s) s°+2¢0,s+a, 


Now let’s apply control. 
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For simplicity and better presentation, we have scaled the control force as f(t) we rewrite the above as: 


mXxX(t) + cx(t) + kx(t) = cy(t) + ky(t) + kf (t) 
2(1) +260, 2(1) +0, z(t) =-H(N +o, fo) 
s°+260,8+@, =-A(s)+@,’F(s) 

A(s) = ¥(s) 


Setting the controller structure such that the vehicle bounce Z(s) = X (s)—Y(s) is minimized: 


F(o)=0-[ Ky + Kyst@) 206) 
S 


Z(s) _ yh 
A(s) 


5 +2b0,s-+012| 1+ Ky + Ks 4 Xt) 
S 


Z(s) _ on) 
A(s) s°+260,s°+0,7 ((1+K,)s+Kps° +K,) 


For proportional control Kp=K7=0. 
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Pick ¢=0.707 and @, =1 for simplicity. This is now an underdamped system. 


Use MATLAB to obtain response now. 


clear all 

Kp=1; 

Kd=0; 

Ki=0; 

num [=i 0] 

den =[1 2*0.707+Kd 1+Kp Kil]; 
G=tf (num, den) 

step (G) 


Transfer function: 
-s 


s*3 + 1.414 s*%2 + 2s 


Pern 
By Figure 1 [Se 
File Edit View Insert Tools Desktop Window Help ™ 
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Aptie:-050 Steady State | 
Amplitude: -0.501 \ Steady State 


06; System: G 


Time (sec): 2.67 
Amplitude: -0.575 
——— | 1 1 L 
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Adjust parameters to get the desired response if necessary. 


The process is the same for parts b, c and d. 
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7-67) Replace F(s) with 


K 
F(s8)=X ye -[K,+Kys +82) x09 


B 

26, =— 
6O, rv; 
r= ® 

M 
X(s) _ 1 
Xie (s) 5 42G0,54( 0,2 + Kp + Kyo +A 

Ss 


Use MATLAB to obtain response now. 


clear all 
Kp=1; 


omega=sqrt (K/M) ; 

zeta=(B/M) /2/omega; 

num = [1 0]; 

den =[1 2*zeta*omegatKd omega*%2+Kp Ki]; 
G=tf (num, den) 

step (G) 

ransfer function: 


s*3. 4 10 s*2 + 21s 


TO achieve the proper response, adjust controller gains accordingly. 


By Figure 1 eo) = esa) 
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7-68) 

a) Rotational kinetic energy: Trot = - J6? 
Translational kinetic energy: Ty = =my? 
Relation between translational displacement and rotational displacement: 

y=ro 
y=r0 
ie ie 
Trot = 5729 
Potential energy: U = -K y? 
As we know Troe + Tr + U = constant, then: 
1 1 1 
saP ey my? + ’ Ky* = constant 
By differentiating, we have: 
ravy + myy + Kyy = 0 
ay ee ee r 
9 (Si + my + Ky) = 0 
Since y cannot be zero, then J ~ +my+Ky =0 

b) 
y=rd 
Jo? +my+Ky=0 
BY ae is 
A(s) ms? +K 

c) 
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Chapter 7 Solutions 


1 


where y = A at the maximum energy. 


Then: 


d) G(s) = 


elect values of m, 
00; 


impulse (G,10) 


xlabel( 'Time(sec)'); 


ylabel ('Amplitude'); 
Transfer function: 


29 S°2. +) 100 


ans = 
0 + 2.00001 
0 - 2.00001 


J and K 


Vinnie = Wy 
1 2 1 2 
Umax = 3 KYmax = ae 
1 J 1 
= (m+) w34? =a KA 
K K 
a, = =7 
m+5 eile | 
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Uncontrolled 


File Edit View Insert Tools Desktop Window Help 
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impulse Response 


Time(sec) (sec) 


With a proportional controller one can adjust the oscillation amplitude the transfer function is 
rewritten as: 


JK 
G,,(s)=——_>_— 
(ms’ + K+ JK,) 
% select values of m, J and K 
Kp=0.1 
K=100; 
J=5; 
m=25; 
G=tf([JU*Kp],[m 0 (Ktd*Kp) ]) 
Pole (G) 
impulse (G,10) 
xlabel( 'Time(sec)'); 


ylabel ('Amplitude'); 
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Kp = 
0.1000 


Transfer function: 


25 s*2 + 100.5 


ans = 
0 + 2.00501 
0 - 2.00501 


, By Figure 1 


File Edit View Insert Tools Desktop Window Help 
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A PD controller must be used to damp the 
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oscillation and reduce overshoot. Use Example 


7-7-1 as a guide. 
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7-69) Recall: 


a) 
| yy | 7 ee 
K(y, = y>) 
<< <—_ 
pimgy, HMgy, 
b) From Newton’s Law: 


My, = F —K(1—y2) — uMgy, 
Myz = K(V1 — y2) — umgy2 


If y1 and y2 are considered as a position and v; and v2 as velocity variables 


VV 

V2 = V2 
Mv, =F —KQ—y2) — uMgr, 
MVz = F —K(y, — y2) — umgvz 


Then: 


The output equation can be the velocity of the engine, which means z = v2 
) 
Ms?Y,(s) = F — K(¥%4(s) — Y2(s)) — uMgsY,(s) 
ms*Y,(s) = K(¥,(s) — Y2(s)) — umgsY,(s) 
Z(s) =V2(s) = sY(s) 


Obtaining a requires solving above equation with respect to Y2(s) 


From the first equation: 
(Ms? + K + uMgs)Y,(s) = F + KY,(s) 


F + KY,(s) 


i) Se 
u(s) Ms? + uMgs+K 


Substituting into the second equation: 


KF + K2Y,(s) 


2y. = 
miss ta(s) Ms? + uMgs+K 


— KY,(s) — umgsY>(s) 
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By solving above equation: 


Z(s) _ s¥2(s) _ ms*+myugst+1 
F(s) F(s)  Mms?+(2Mm ug)s2 + (Mk + Mm(ug)2 + mK)s + Kug(M +m) 


Replace Force F with a proportional controller so that F=K(Z-Zier): 


Z ref 


Z(s) _ ms? +mugst+1 
K (Zrer(s) — Z(s)) ~ Mms? + (2Mm ug)s2 + (Mk + Mm(ug)2 + mK)s + Kug(M +m) 


Z(s) 
Zref (s) 
7 Kp(ms? +mugs + 1) 
~ Mms? + (2Mm ug)s2 + (Mk + Mm(ug)2 + mK)s + Kug(M +m) + Kp(ms2 + mugs + 1) 


7-70) 


Here is an alternative representation including friction (damping) p. In this case the angle @ is 
measured differently. 


Let’s find the dynamic model of the system: 
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1) (M+m)% + px —ml6 cos 6 —ml02 sino =F 
2) Ud +ml?)6 + mglsin@ = —mlx cos 6 


Let 0 = 72+ @®. If ® is small enough then cos @ > 1 and sin® — @, therefore 


(M +m)X + ux —mlé =F 
(1+ ml?) — mgl@ = mlx 
which gives: 
(s) mls? 
F(s) = [(M + m)(l + ml?) — (ml)?|s3 + wl + mil2)s2 — (M+ m)mgls — umgl 


Ignoring friction uw = 0. 
@(s) ml A 
F(s) [(M@+m)(l+ ml2) — (ml)2]s2 —(M+m)mgl_ s2 —B 
where 
ml (M+m)mgl 


a [(M +m) + ml?) — (ml)?] ad [(M + m)(l + ml?) — (ml)?] 


Ignoring actuator dynamics (DC motor equations), we can incorporate feedback control using a 
series PD compensator and unity feedback. Hence, 


F(s)=K,(R(s)-®)-K,s(R(s)-®) 


The system transfer function is: 


o A(K,+Kps) 
R (s?+K,s+A(K, —B) 


Control is achieved by ensuring stability (Kp>B) 
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Use Routh Hurwitz to establish stability first. Use Acsys to do that as 
demonstrated in this chapter problems. Also Chapter 2 has many examples. 


Use MATLAB to simulate response: 
clear all 

Kp=10; 

Kd=5; 

A=10; 

B=8; 

num = [A*Kd A*Kp]; 

den =[1 Kd A*(Kp-B) ]; 

G=tf (num, den) 

step (G) 


Transfer function: 
50 s + 100 


s*2 + 5 s + 20 


File Edit View Insert Tools Desktop Window Help 
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Step Response 


_ 
System: G 
Time (sec): 0.402 
Amplitude: 8.53 
ty 
System: G 
Time (sec): 0.124 
| Amplitude: 4.99 


Adjust parameters to achieve desired response. Use THE PROCEDURE in Example 7-7-1. 


You may look at the root locus of the forward path transfer function to get a better perspective. 
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A(K,+Kps) AK, (z+) 
s’-AB ss’? AB 
fix z and vary K,,. 


sd 
E 


clear all 

z=100; 

Kd=0.01; 

A=10; 

B=8; 

num = [A*Kd A*Kd*z]; 
den =[1 0 -(A*B)]; 
G=tf (num, den) 

rlocus (G) 


Transfer function: 
0.1 s + 10 


| Eile Edit View Insert Tools 
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For z=10, a large Kp=0.805 results in: 
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clear all 

Kd=0.805; 

Kp=10*Kd; 

A=10; 

B=8; 

num = [A*Kd A*Kp]; 
den =[1 Kd A*(Kp-B) ]; 
G=tf (num, den) 


Transfer function: 
8.05 s + 80.5 


s*2 + 0.805 s + 0.5 


ans = 


-0.4025 + 0.58141 
-0.4025 - 0.58141 


ans = 


-10 
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Looking at dominant poles we expect to see an oscillatory response with overshoot 


easels to desired values. 


File Edit View vei Tools Desktop Window Help 
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eee B-- ------Fime-(sec): 8.34 
system: G é Amplitude: 179 
Time (sec): 3.65 

Amplitude: 161 


For a better design, and to meet rise time criterion, use Example 7- 


7-1. 
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Chapter 10 Solutions 


: dy 
8-1) (a) State variables: x=), X= 
dt 
State equations: Output equation: 
dx, 
dt 0 1 |[x,] [o x, | 
a = + r y=[l 0] =X, 
dx, -1 -4]Lx, 5 x, | 
dt 
2 
d d 
(b) State variables: x, =y, x, = ie x, = z 
dt dt 
State equations: Output equation: 
fe ik - 
wt! ro 1 OTfx] fo x, 
dx, 
a =| 0 0 1 x, |+| O Jr y=[l 0 0] Xx, | =X, 
ve -1 -25 —-1.5 || x, 0.5 Xx, 
La | 
d. d d° 
(c) State variables: x, =| y(t)dt, x, = a eee cS 2 
0 BS: 2: 
dt dt dt 
State equations: Output equation: 
x, 0 1 O O]f x, 0 x, 
x 0 oO 1 0 || x 0 x 
. = ae r y=[l 0 0 0] : =X, 
Xx, 0 O O 1 || x, 0 Xx, 
Xx, -l -l -3 -5][x, 1 Xx, 
2 3 
d d d 
(d) State variables: x,=y, x, = ose 3 = a x,= > 
dt dt dt 
State equations: Output equation: 
x, 0 1 0 0 x, 0 x, 
x 0 0 1 0 x. 0 x 
ae “4 |r y=[1 0 0 O]f *J=x, 
Xx, 0 0 0 1 Xx, 0 x, 
Xx, -1 -25 0 -1.5]] x, 1 Xx, 
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8-2) a) G(s) = 2 = 8 


U(s)  s24+3s+2 


> (s* + 3s + 2)Y¥(s) = (s + 3)U(s) 


> s¥(s) + 3Y(s) = —=¥(s) + =U(s) +V(s) 
Let X(s) = —2 =¥(s) + = =U(s) 


sY(s) = X(s) + U(s) + 3Y(s) es —3y+x+u 


ne sX(s) = —2Y(s) + 3U(s) 


If y = x, and x = X2, then 


ie = =3Xy + Xo +u 


X2 = —2x,+ 3u 
or 
l=Co olel+Ele 
yan olf 
b) G(s) = “2 = 


U(s)  s3+6s2+4+11s+6 
> Y(s)(s? + 6s? +11s + 6) = 6U(s) 


>sY(s) + 6Y(s) = — = Y(s) — = Y(s) + = U(s) 
Let X(s) = — = Y(s) — = Y(s) + U(s), therefore sX(s) = — - Y¥(s) —11Y(s) + U(s) 
and Let Z(s) = — - Y(s) + “ U(s), then sZ(s) = —6Y(s) + 6U(s). As a result: 


sY(s) = —6Y(s) + X(s) 
sX(s) = —11Y(s) + Z(s) 
sZ(s) = —6Y(s) + 6U(s) 


or 
y=—-6y+x 
f= —ny 4s 
zZ = —6y + 6u 


If y= x, x =x, and z = xz, then 


ibeae 
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x4 

y=[1 0 0] [ 

x3 


= ¥(s) on S+2 
c) G(s) = U(s)  s2+75+12 


>Y(s)(s* + 7s + 12) = (s + 2)U(s) 


>sY(s) = -7Y(s) — ~Y(s) +U(s) + =U(s) 
Let sX(s) = -=Y(s) ee -U(s), then sX(s) = —12Y(s) + 2U(s). As a result: 
: ==)7y xu 
x=-12y+2u 
Let y = x, and x = X2, then 
Xi] =F -7 17)7%1 1 
[| ~ ae al a e [I 
y= [1 0] al 


Y(s) _ s3+11s7+35s+250 
U(s) s2(s34+452+39s+108) 


d) G(s) = 


> (s3 + 4s + 39s + 108)Y(s) = [s +114+—+4+lu(s) 


108 
52 


39 1 11 35 250 
> s¥(s) =—4Y(s) +2 Y(s) +S Y(s) + F +2434 =| U(s) 


39 108 1 11 35 250 
Let X,(s) = =v (5) + ae) + F + ae + rc + | U(s), then 
108 11 35 250 
sX,(s) = 39Y(s) += ¥(s) + U(s) + Fe +24 | U(s) 


108 


Ss 


11 35 250 
Y(s) + wu) — 33 U(s) + = U(s), therefore 


sX>(s) = 39Y(s) + X3(s) + U(s) 


Now, let X3(s) = 


11 35 250 
SX3(s) = 108Y(s) + a) + =z US) + sr UGS) 


Let X4(s) = =U(s) + - U(s) + U(s), then sX,(s) = 11U(s) + = U(s) + —u(s) 


Let X.(s) = = U(s) + = u(s), or sXs(s) = 35U(s) + LO) 
Let X,(s) = = U(s) , then sX¢(s) = 250U(s). If Y(s) = X,(s), then: 


xy = —4x, + X2 
X2 = 39x, + X2 +u 
X3 = 108x, + X4 
X4=11lu+x, 
Xs = 35u + 36%, 
t, = 250u 
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or 
X4 -4 1 0 0 0 077% 0 
Xo 39 0 1 0 0 Of}x2 i 
X3]_]108 0 0 1 0 Offxs},] 0 |, 
a 0 00 0 1 O}]*X4 11 
Xe 0 00 0 0 1{II*s 35 
Xe 0 00 0 0 olX%et 1250 


8-3) (a) Alternatively use equations (8-225), (8-232) and (8-233) 


Y(s) ss +3 


oa U(s) s?+3s+2 


The state variables are defined as 


Then the state equations are represented by the vector-matrix equation 


dx(t) 
dt 


= Ax(t) + Bu(t) 


where x(t) is the 2 x 1 state vector, u(t) the scalar input, and 


0 1 3 
A= B- 
—2 -3 1 (Also see section 2-3-3 or 8-6) 


G(s)=C(sI-A) 'B+D 
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MATLAB 
>> clear all 
>> syms s 
>> A=[0,1;-2,-3] 
A= 

0 1 

-2 -3 
>> B=[031] 
B= 

0 

1 
>> C=[3,1] 
C= 

S- «ff 


>> s*eye(2)-A 


ans = 
[ S, -1] 
[ 2, s+3] 


>> inv(ans) 

ans = 

[ (s+3)/(s424+3*s+2),  1/(s42+3*s+2)] 
[ -2/(s42+3*s+2),  s/(s'2+3*s+2)] 
>> C*ans*B 

ans = 

3/(s424+3*8+2)+s/(S42+3*s+2) 
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Use ACSYS as demonstrate in section 8-19-2 


1) Activate MATLAB 

2) Go to the folder containing ACSYS 

3) Type in Acsys 

4) Click the “Transfer Function Symbolic” pushbutton 
5) Enter the transfer function 

6) Use the “State Space” option as shown below: 


— Enter Transfer Function: 


Enter the Numerator and Denominator of the transfer function 
using a vector of polynomial coefficients, or the numerator or 
denominator of the transfer function in symbolic form with 
complex variable 's'. Enter any symbolic variables in the box 
labeled ‘Enter Symbolic Variables." 
ex: For numerator (s“2 + 3*kp*s + ki*2): 
enter '[1, 3*kp, ki*2]' in the Numerator box 
and ‘kp ki' in the symbolic variables text box. 
ex: The following are all equivalent: 
'(8*2 + 7*s + 12)' 
Tit 12F 
and ‘(s+4)*(s+3)'. 


Enter Symbolic Variables k 


Numerator 


Denominator 


eS, | 


Routh-Hurwitz | 
Inverse Laplace Transform | 


Control Panel 


[Transter Function Symbolic “a | 


Transfer Function Symbolic 


State Space 


Inverse Laplace - ZPK 


You get the next window. Enter the A,B,C, and D values. 
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A | Transfer Function Symbolic a lS) ae 


Enter Matrix: 
Enter the Coefficient Matrices (empty matrices will give error) 
E.g. For a 2x2 identity matrix type in: [1 0; 01] 


[1 ; 0; 1) is a 3x1 column vector & [101] is a1x3 row 
vector 


jo, \-2,-3] 


Control Panel 


[State Space ‘ 


Inputs: 

A=|0 1] B=0| 
I2-3] || 

C=3 1] D=(0| 


State Space Representation: 
Dx =|0 1|x + [Olu 


2-3] [I 
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y=|3 1\x + [Olu 
Determinant of (s*I-A): 
2 
s+3s4+2 
Characteristic Equation of the Transfer Function: 
2 
S43 S42 


The eigen values of A and poles of the Transfer Function are: 


-1 
-2 
Inverse of (s*I-A) is: 
[ s+3 1 |] 
[serenractsttr:. Segaeeeaty ] 
[ 2 2 ] 


[s +3s+2 s +3842] 


[ ] 

[ 2 s | 
ae re ec ] 
[ 2 2 ] 


[s+3s+2 s +3842] 
State transition matrix (phi) of A: 
[ 2 exp(-t) - exp(-2 t) exp(-t) - exp(-2 t) ] 
[ ] 
[-2 exp(-t) + 2 exp(-2 t) -exp(-t) + 2 exp(-2 t)] 


Transfer function between u(t)and y(t) is: 
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s+3 


s+3s+2 
No Initial Conditions Specified 


States (X) in Laplace Domain: 


[ ] 
[ s ] 
[--------------- ] 


[(s + 2) (s+ 1)] 
Inverse Laplace x(t): 
[ exp(-t) - exp(-2 t) ] 
[ ] 
[-exp(-t) + 2 exp(-2 t)] 


Output Y(s): 


(s+ 2) (s+1) 
Inverse Laplace y(t): 


2 exp(-t) - exp(-2 t) 
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Use the same procedure for parts b, c and d. 


8-4) a) x, =" Dd (54-2)X, = -—X,4+U,> % = —x,-2x, +u 


S+2 
X3t+x 's 
==> SX, =X3,+X,> X4 =X, + X23 


X2 =x, > sX> = 0.5X, > X2 = 0.5x, 
x3= 32> SX3 =X, 9X3 =X 


yHx, +X + X3 


As aresult: 
x4 —2 00 -1 
x2} _ |05 0 0 O 
x3) |0 1 0 O 
X4 1 01 0 


y=[1 1 1 O] 


b) X,(s) = —U(s) > sX,(s) = —2X,(s) + U(s)> x, = —2x, tu 


S+4 


ooor 
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X2 = sag h1 PF SX2(s) = SX4 + 4X, =F 3X> DPX = a + 4x, _ 3X2 = 2x4 = 3X2 +u 


X3 = 2 sX3(s) = Xo + X, = 6X39 %X3 = X2 + X41 — X3 
y = X3 + xy 
As a result: 


1 1 -6 


xy 
X2 = 
X3 


x4 
y={1 0 1] [3 


#5 JIE} 


X3 


x3 


c) Xy(s) = —-U(s) DsX, =-5X, + UD %, = —5x, + 


Xy = OS D sk, = Xy — 2X, — X3 + UDH, =X, — 2X2 — X3 +u 


s+ 


X3 — 5 DsX, =X, — 4X, 2x, = X2 — 4x3 
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X4 == D> sx, = 2X3 PX, = 2X3 


y= Xp +Xq 
As a result: 
xy —-5 0 O O]7%17 11 
x 1 -2 -1 Of|* 
Z| i, a 1 i 
x3 0 1 -4 Of]*3 0 
X4 0 0 2 Ole 0 
x4 
x2 
y=[0 1 0 1)y 
x4 
8-5) We shall first show that 
, IA 1A 
(s)=(sI-A) =-+>+——+ 
s 2's 
We multiply both sides of the equation by (sI - A) , and we get l=I. Taking the inverse Laplace transform 
on both sides of the equation gives the desired relationship for @(t). 
8-6) 
(a) USE MATLAB 
Amat=[0 1;-2 -1] 
[mA, nA]=size (Amat) ; 
rankA=rank (Amat) ; 
disp(' Characteristic Polynomial: ') 
chareq=poly (Amat) ; 
[mchareg, nchareq]=size (chareq) ; 
syms s; 
poly2sym(charegq,s) 
[evecss,eigss]=eig (Amat) ; 
disp(' Eigenvalues of A = Diagonal Canonical Form of A is:'); 


Abar=eigss, 
disp('Eigen Vectors are _ ') 
T=evecss 


& state transition matrix 
ilaplace(inv([s 0;0 s]-Amat) ) 


Results in MATLAB COMMAND LINE 


Amat = 


0 1 
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-2 -1 

Characteristic Polynomial: 
ans = 
s2+s+2 

Eigenvalues of A = Diagonal Canonical Form of A is: 
Abar = 

-0.5000 + 1.3229 0 

0 -0.5000 - 1.3229i 

Eigen Vectors are 
T= 

-0.2041 - 0.5401i -0.2041 + 0.5401i 

0.8165 0.8165 


phi=ilaplace(inv([s 0;0 s]-Amat)) 
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phi = 

[ 1/7*exp(-1/2*t)*(7*cos(1/2*7%(1/2)*t)+74(1/2)*sin(1/2*74(1/2)*t)),  2/7*74(1/2)*exp(- 
1/2*t)*sin(1/2*74(1/2)*t)] 

[-4/7*7(1/2)*exp(-1/2*t)*sin(1/2*74(1/2)*t), 1/7* exp(-1/2*t)*(7*cos(1/2*74(1/2) *t)- 


74(1/2)*sin(1/2*74(1/2)*t))] 


% use vpa to convert to digital format. Use digit(#) to adjust level of precision if necessary. 


vpa(phi) 


ans = 


[ .1428571*exp( .5000000*t)*(7.*cos(1.322876*t)+2.645751*sin(1.322876*t)), 


.7559289* exp(-.5000000*t)*sin(1.322876*t)] 


[ -1.511858*exp(-.5000000*t)*sin(1.322876*t), 
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.1428571* exp(-.5000000*t)*(7.*cos(1.322876*t)-2.645751*sin(1.322876*t))] 


ANALYTICAL SOLUTION: 


Characteristic equation: A(s)= |sI — Al grb gt 0 
Eigenvalues: s=—0.5+ j1323, —O5-— 1323 


State transition matrix: 


cos 1.323t + 0.378 sin 1.323t 
P(t) = i 
—1.512 sin 1.323t 


Alternatively 


USE ACSYS as illustrated in section 8-19-1 


1) Activate MATLAB 

2) Go to the folder containing ACSYS 
3) Type in Acsys 

4) Click the “State Space” pushbutton 


0.756 sin 1.323¢ 


~1,069 sin (1.323r- 69.3") | 


—0.5t 


5) Enter the A,B,C, and D values. Note C must be entered here and must have the same number of 
columns as A. We us [1,1] arbitrarily as it will not affect the eigenvalues. 
6) Use the “Calculate/Display” menu and find the eigenvalues. 
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<P} State Space Tool Cae _ x 


Calculate/Display Time Response Accessories 


Block Diagram 


ao | A x(0+| B | we 


Input Module 
Enter coefficient Matrices. 
eg. For a 3x3 identity matrix enter [1 00:01 0;001] 


(1;0;1] is a 3x1 column [1 0 O) is a 1x3 row. 


A 

[0,1;-2,-1] 
B 

[0,1;1,0) 


c 


[1,1] 


Intitial Conditions 


Reset | 
Close Window | 


From MATLAB Command Window: 


The A matrix is: 


Amat = 
0 1 
-2 -1 
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Characteristic Polynomial: 

ans = 

s2+s5+2 

Eigenvalues of A = Diagonal Canonical Form of A is: 
Abar = 

-0.5000 + 1.3229i 0 

0 -0.5000 - 1.3229i 

Eigen Vectors are 
T= 

-0.2041 - 0.5401i -0.2041 + 0.5401i 


0.8165 0.8165 


THE REST ARE SAME AS PART A. 
(b) Characteristic equation: A(s)= |sI —Al =5°+5s+4=0 


State transition matrix: 


1.333e ‘-0.333e — 0.333e‘ -0.333e" | 
P(t) = -t 4 -t —4t 

—1.333e  —1.333e —0.333e +1.333e™° | 

(c) Characteristic equation: A(s) =(s+ 3) =0 Eigenvalues: s=—3, 
State transition matrix: 
eG. | 
p(t) = - 
0 e 

(d) Characteristic equation: A(s)=s —9=0 Eigenvalues: s =—3, 


State transition matrix: 


an 
P(t) = 4 
O e | 


Eigenvalues: 


—3 


3 
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(e) Characteristic equation: A(s)=s°+4=0 Eigenvalues: s=j2, —j2 


State transition matrix: 


cos2t sin 2t 
p(t) = 


—sin2t cos 2t 
(f) Characteristic equation: A(s)=s°+5s°+8s+4=0 Eigenvalues: s=-—l, —2, —2 


State transition matrix: 


e' O 0 
gt)=| 0 e° te” 
0 O e 


(g) Characteristic equation: A(s)=s° +15s°+75s+125=0 Eigenvalues: s=-5, -—5, —5 
p(t) = 


State transition equation: x(t) = d(t)x(t) + ZG —t)Br(t)dt g(t) for each part is given in Problem 5-3. 
0 


8-7)In MATLAB USE ilaplace to find 1' [( sI-A)' BR(s) | see previous problem for codes. 


(a) 


t 1 fl -1 1 stl | : : : : 
[ ¢@-0Br(adr=0 [ (s1-A) BR(s) |=1 | | | iA 
A(s)L-2 sJL1 OJL1s 


| 98 +842) | [140.378 sin1.323¢ — cos 1.3231 
=2[; — 
—1+1.134sin 1.323¢ + cos 1.323¢ 
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(b) 
I 5 1] 1}}1 
| g(t —7)Br(t)dt =L" [(st-ay BR(s) | auf 1 ie | | || 
, A(s) —4 S 1 lls 
_ ste 15167 | 0.167 
_ pa] s@#D@+2 | af s stl s44 |_| 15-L67e" + 0.1676" ae 
ea, 1 1.67 0.667 | | -1+1.67e"' -0.667e - 41 . 
s(s+1)(s +4) eo Rt ed 
(c) 
1 
0 Io, 
[ ge- 1)Br(t)dt =L" [(st-a)" BRs)] _yad] s+3 i 
0 ‘ ; = 
0 
s+3 
0 
= L! l = 0 ois ; 
- ~ |.0.333(1-e*) 2 
s(s+3) 
(d) 
1 
[ 6@-2Brade=L" [(st-ay" BRs)] ans s=3 if 
0 ; ; , 
0 
g+3 
0 
a] 1 7 0 ie 
. ~ |.0.333(1-e*') 2 
s(s+3) 
(e) 
1 
2 2 014 
0 es ; tp 
s° +4 s +4 
. 
c 2 
3 Le = t20 
! nee | 
(s' +4) 
(f) 
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1 
oe 3 0 
stl 

[ ¢@-2)Br(a)dr =L"| (sI- A)" BR(s) |= L" 0 : : : 
0 s+2 (s+2) 
L 5+2 | 
0 
0 
1 
=-L" =|0.5(1-e" t>0 
s(s+2) ( . ) 
0 
0 
(g) 
[ 1 1 
: 0 
s+5  (s+5) 
a 1 1 
[ g@-2Br(a)dr =L"[(sI- A) BR(s) ]=L"4] 0 : 
. s+5 (s+5) 
1 
0 0 
L s+5 
0 0 
0 
r 1 | 004 0.04 02 - 7 
=L'| ——— J=L ~ | =| 0.04-0.04e°' —0.21e Ju, (1) 
s(s+5) Ss st+5 (s+5) as 
0.2 —0.2e 
1 0.2 0.2 
| s(s+5) | L Ss gs+5 | 
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8-8) State transition equation: x(t) = d(t)x(t) + [oe —t)Br(z)dt g(t) for each part is given in Problem 5-3. 


(a) 
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1 a1 -1 1 aa ama | onde [bs es 
[ $@-2Br(a)dr = 1" [ (st-A) BR(s) |= | | iA 
A@)L-2 sill OlL1]s 


gs+2 


Z s(s°+5+2) 1 + 0.378 sin 1.323¢ —cos 1.323¢ ; 
il = = 
s-2 ~141.134 sin 1.323¢ + cos 1.323¢ 
s(s°+5+2) 
(b) 
r e _f{ 1 fs45 1a 
[ ¢@-2Br(ndr =L [ (sta) BR(s) |=L = et 
p A(s)| -4 s |la|fals 
s+6 1.5 1.67 0.167 
— 12 eh. 
+1)(s+2 1.5-1.67e' +0.167e" 
_i s(s+I\(s aa s stl s+4 ]_ e e — 
s—4 =I 1.67 0.667 -1+1.67e' —0.667e —4t 
s(s+1)(s +4) s stl s+4 
(c) 
1 
0 \ro, 
[ 6@-2)Br(rde =L" [(st-a)" BR(s) | Sie) ere iF 
? 1 lls 
0 
5+3 
0 
L" : 
= 1 = t>0 
a eal 
s(s+3) 
(d) 
1 
Se Olea 
[ $@- Bradt =" [(st-a)' BR(s) | Spt ee |: 
4 1 lls 
0 
54+3 
0 
ie 4 
= 1 = t>0 
lcivanl 
s(s+3) 
(e) 
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3 
: 1 +1 O}1 
[ 6@-2)Br(r)de = L" [(st-ay BR(s) |=L o4+4 I: 
0 —2 S 1 S 
s +4 gs 4+4 
a 
KY 2: 
=-L" = t>0 
1 lee 
(s° +4) 
(f) 
0 0 
stl 0 
; : . 1 1 1 
[ ¢@-1Br(r)dz =L"| (sI- A) BR(s) ]=L"4] 0 - || 1 
0 st+2 (s+2) RY 
0 
L 5+2 | 
0 
0 
i : =| 0.5(1-e") 1>0 
s(s+2) 
0 
0 
(g) 
1 1 | 
5 5) : 
s+ (s+ 0 
; 1 1 1 
[ ¢@-2Br(a)dr =L"[(sI-A)' BR(s) ]=L"4] 0 - || 0 
‘ s+5 (s+5) ‘ Ss 
1 
0 0 
L st+5 | 
0 0 
0 
2 1 | 0.04 0.04 02 _ s 
=n ae do eee =| 0.04-0.04e* -0.2te*' |u, (t) 
s(s+5) S s+5 (s+5) = 
0.2 -0.2e 
1 0.2 0.2 
| s(s+5) | L KY s+5 | 
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8-9) (a) Nota state transition matrix, since ¢(0) # I (identity matrix). 
(b) Nota state transition matrix, since ¢(0) #I (identity matrix). 


(c) ¢d(z) is a state transition matrix, since (0) =I and 


. 1 oy" 1 0 
[o(0)] ale | aes |= 6-0 


(d) (t) isa state transition matrix, since ¢(0) =I, and 


e' -te’ te" /2 


[a] =| 0 ee te" J =¢(-1) 


2t 


8-10) a)x=Ax+Bu Ds] —Az= [5 aa and (s] — A)~* = = sa ae | 


Therefore: 
-2t -t -2t 
o() =1(s1-A) =| 227 ae ee 
() U(s a 2e'+2e%* —-e 4 2e-2 


a: mee 
If x(0) = 0, then x(t) =f ®(¢— r)Bu(edt = [99S OPE] 


b) O(t) = L*{(sI — A)~*} 


= 1" (sreos 5 fase } 


ime 0.5t — sin 0.5t) e°5* sin 0.5t 
2e~95* sin 0.5t e°5(cos 5t + sin 0.5t) 


If x(0) = 0, then 


| ie 5e 9 (cos 0.5t -sin0.5t) — 0.5 
—2 


x(t) = A71(e4* —NDB = 
() ( ) ES e95t _ sin 0.5t 


e 95! sin d5t 
—e~°5"(cos 0.5t + sin0.5t) +1 


and 
yt)=[1 0] Ee =x, =e sin 0.St 


8-11) (a) (1) Eigenvalues of A: 2.325, —0.3376+ j0.5623, —0.3376— j0.5623 
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(2) Transfer function relation: 


s -l 0 | fo s +3542 543 1470 1 
- 1 1 
X(s)=(sI-A) BU(s)=——|0 5s -l 0 |U(s) = -1 s(s+3) 5 |] 0]U(s)= s |U(s) 
A(s A(s) 2 ‘ 2 
1 2 s+3 1 -s —2s-1 s |/1 Ss 
A(s)= 8° +387 +2541 
(3) Output transfer function: 
1 
Y(s _ 1 1 
St) (ae ay Beli 0 of s |=——————_ 
U(s) A(s)|_, 5s +35 +2541 
S 


USE ACSYS as illustrated in section 8-19-1 


7) Activate MATLAB 

8) Go to the folder containing ACSYS 

9) Type in Acsys 

10) Click the “State Space” pushbutton 

11) Enter the A,B,C, and D values. Note C must be entered here and must have the same number of 
columns as A. We us [1,1] arbitrarily as it will not affect the eigenvalues. 

12) Use the “Calculate/Display” menu and find the eigenvalues and other State space calculations. 
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=] State Space Tool . 


Calculate/Display Time Response Accessories 


Block Diagram 


dx(t) 


7 -| A x(0+| Bu 


vo-| C |x] D | ue) 


Input Module 


Enter coefficient Matrices. 
eg. For a 3x3 identity matrix enter [100/01 0:001] 


(1;0;1] is a 3x1 column [1 0 0) is a4 1x3 row. 


A 
(0,1 9;0,0,1 71 -2,-3] 


B 
[0;0;1] 
Cc 


[1,0,0] 
0 


Intitial Conditions 


Reset | 
Close V¥indow | 


The A matrix is: 


Amat = 
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Characteristic Polynomial: 
ans = 
S43+3*s424+2*s54+1 


Eigenvalues of A = Diagonal Canonical Form of A is: 


Abar = 
-2.3247 0 0 
0 -0.3376 + 0.5623i 0 
0 0 -0.3376 - 0.5623: 


Eigen Vectors are 


T= 
0.1676 0.7868 0.7868 
-0.3896 -0.2657 + 0.4424i -0.2657 - 0.4424i 
0.9056 -0.1591 - 0.29881 -0.1591 + 0.2988: 


State-Space Model is: 


x1 x2 x3 
x1 010 
x2 001 


x3 -1 -2 -3 
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x1 x2 x3 


yl 100 


y1 0 


Continuous-time model. 
Characteristic Polynomial: 
ans = 


SA3+3*542+2*54+1 


Equivalent Transfer Function Model is: 
Transfer function: 


1.776e-015 s42 + 6.661e-016 s +1 


s43+3542+25+1 


Pole, Zero Form: 


Zero/pole/gain: 


1.7764e-015 (s42 + 0.375s + 5.629e014) 


(s+2.325) (s42 + 0.6753s + 0.4302) 


The numerator is basically equal to 1 


Chapter 10 Solutions 
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Use the same procedure for other parts. 


(b) (1) Eigenvalues ofA: —1, —1. 


(2) Transfer function relation: 
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7 1 [s+1 1 |[o (s+1) : 
X(s) =(sI-A) BU(s) = — ; U(s) = i U(s) A(s)=s +2s+4+1 


A(s)| 0 sl 
(s+1) 
(3) Output transfer function: 
1 
Y(s : +1) 1 1 s+2 
© _ ¢(s)(st-a)' B= [1 1] Gal) = + = 
U(s) 1 (st+1) stl (s+1) 
s+] 
(c) (1) Eigenvalues ofA: 0, —1, —1. 
(2) Transfer function relation: 
s+2s=1  s+2 1 || 0 1 
4 1 1 
X(s) =(sI-A)  BU(s) = — 0 s(s+2)) s |] 0 JU(s)=——] s |U(s) 
A(s) . A(s)|_, 
—s Ss Ss 
(3) Output transfer function: 
1 
Y a +1 1 
ES SCG AN BSL Ue 
U(s) »| s(s+1) s(s+1) 
s 
d dx, dx a dx, dx 
8-12) We write Oa—t4 ax tx, a 24-3 = X,—2x,—2x,+u 
dt dt dt dt dt dt 


A(s) = s(s° +2s+1) 
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dx, 
To tO Te] fo 
dx dy 
dt dt 
; Sy 22: || oee"). (ah 
dy 
Lar J 
a1) [el OF 20 1 <0 
X=|yl=/1 1 O|x x=/-1 1 
yO ok a es 
Substitute Eq. (2) into Eq. (1), we have 
-1 1 O 0 
dx = 
—=A,x+Bu=|0 0 1 |x=]0 
dt 
-1 0 -2 1 
8-13) For MATLAB Codes see 8-15 
(a) 
Ss —2 0 
|st-A]=|-1 s—2 0 =s°-3s'+2=5s +a,s tasta, 
1 0 s—l 


S=|B AB A’B]=|1 


(1) 
x (2) 
a, = 2, a, =9, a3 


0 2 4 
2 6 
1 1 -tl 
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(b) 
Ss —2 0) 
|sI—A]=|-1 s—l 0) =5°-35°+2=5°t+a,5 +a,s+a, a, =2, a, =9, a;,.==3 
1 -1 s-I 
@ ay J 0 -3 1] 1 2 6 
M=|a, 1 Of=/-3 1 0 S=[B AB AB|=|1 3 8 
At. “50°. “30 1,18 Oy *O 00 1 
Gs Sh 4a 
P=SM=|-1 0 1 
Lt “0: © 
(c) 
st+2 -l 0) 
|sI— Al = 0 st+2 0) =5°+7s +16st12=s° +4,5 +a,s+a, a, =12, a, = 16, a,=7 
1 2 543 
a ONY AG a A tl 
M=|a, 1 O]=|7 1 0 S=|B AB AB]=|1 2 4 
1 0 0 1 0 0 1 6 23 
9 6 1 
P=SM=|6 5 1 
3 11 
(d) 


|sI-A]=| 0 s=1 


0) 0) stl 


8-28 


Automatic Control Systems, 9" Edition Chapter 10 Solutions Golnaraghi, Kuo 


a de J) 8. BA OF Th 4 
M=|a, 1 Of=/3 1 0 S=|B AB A’Bl=|1 0 -1 
1 0 of} {1 0 0 a ee 
1 °6 
P=SM=|2 3 1 
ft 2: 
(e) 
s-l1 -l 
|sI— Al = =5'+2s-l=s'+a,st+a, a, =-1, a,=2 
2 s+3 


8-14) For MATLAB codes see 8-15 


(a) From Problem 8-13(a), 


(ae | 

M=|-3 1 0 

1 0 0 

Then, 
Cc 101 05 1 3 
V=| CA |=|-1 2 1 Q=(MV)'=|05 15 4 
CA’ 1 32° VI 0.5 -1 -2 
(b) From Problem 8-13(b), 

167 1 

M=|7 1 0 

1 0 0 
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Cc Li 20 0.2308 0.3077 _—‘1.0769 
V=| CA |=/-1 3 1 Q=(MV)' =| 0.1538 0.5385 1.3846 
CA’ 225 -0.2308 -0.3077 -0.0769 
(c) From Problem 8-13(c), 
Cc LE. 30 20 
V=| CA /=|-2 1 0 
CA’ 4 -4 0 


Since V is singular, the OCF transformation cannot be conducted. 


(d) From Problem 8-13(d), 


cae 
M=|3 1 0 
1 0 0 
Then, 
c Lt: <0)~ A -1 1 0 
V=| CA |=|-1 1 -1 Q=(MV)'=|0 1 2 
CA’ 1 2 2 1 -1 1 


8-15) (a) Eigenvalues of A: 1, 2.7321, -0.7321 


0 0.5591 0.8255 
T=[p, p, p,]=|0 0.7637 -0.3022 
1 -0.3228 0.4766 
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where p,, P,, and Pp, are the eigenvectors. 


(b) Eigenvalues of A: 1, 2.7321, —0.7321 


0 0.5861 0.7546 
T=[p, p, p,]=/0 0.8007 -0.2762 
1 0.1239 0.5952 


where p,, p,, and p, are the eigenvalues. 


(c) Eigenvalues of A: -3, -2,-2. A nonsingular DF transformation matrix T cannot be found. 

(d) Eigenvalues of A: —1,-1,-1 
The matrix Ais already in Jordan canonical form. Thus, the DF transformation matrix T is the identity 
matrix I. 


(e) Eigenvalues of A: 0.4142, -2.4142 


T=[p, p.|= 


0.8629 —-0.2811 
—0.5054 0.9597 


USE ACSYS as illustrated in section 8-19-1 


1) Activate MATLAB 

2) Go to the folder containing ACSYS 
3) Type in Acsys 

4) Click the “State Space” pushbutton 


5) Enter the A,B,C, and D values. Note C must be entered here and must have the same number of 


columns as A. We us [1,1] arbitrarily as it will not affect the eigenvalues. 
6) Use the “Calculate/Display” menu and find the eigenvalues. 
7) Next use the “Calculate/Display” menu and conduct State space calculations. 
8) Next use the “Calculate/Display” menu and conduct Controlability calculations. 


NOTE: the above order of calculations MUST BE followed in the order stated, otherwise you will get an 


error. 
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SOLVE PART (a) 


BE State Space Tool ee 


Calculate/Display Time Response Accessories 


Block Diagram 


SO-) 4 |xo+| Blue 


vo-| @ |x| D | ue) 


Input Module 


Enter coefficient Matrices. 
eg. For a 3x3 identity matrix enter [1 00;01 0;00 1) 


(1;0;1] is a 3x1 column [1 0 O) is a1x3 row. 


A 
[0 2 01 2 0; -1 A iL ] 
B 
[0;1;1] 

Cc 


es hr 
ae Se 


Intitial Conditions 


Reset | 
Close Window | 


The A matrix is: 
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Amat = 

0 2 O 

1 2 0 

-l 0 1 


Characteristic Polynomial: 


ans = 


§43-3*s424+2 


Eigenvalues of A = Diagonal Canonical Form of A is: 


Abar = 


1.0000 0 0 
0 2.7321 0 


0 0 -0.7321 
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Eigen Vectors are 


0 0.5591 0.8255 
0 0.7637 -0.3022 


1.0000 -0.3228 0.4766 


State-Space Model is: 


xl x2 x3 
xl 02 0 
x2 120 


x3 -1 0 1 


xl x2 x3 


yl 011 
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ul 


yl 0 


Continuous-time model. 


Characteristic Polynomial: 


ans = 


§43-3*s4242 


Equivalent Transfer Function Model is: 


Transfer function: 
2842-3s-4 


s*3 - 3. s*2 + 8.882e-016 s + 2 


Pole, Zero Form: 


Zero/pole/gain: 


2 (s-2.351) (s+0.8508) 
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(s-2.732) (s-1) (s+0.7321) 


The Controllability Matrix [B AB A‘%2B ...] is = 


Smat = 
0 2 4 
1 2 6 
1 1 -1 


The system is therefore Controllable, rank of S Matrix is = 


rankS = 
3 
Mmat = 
0-3 1 
3 1 0 
1 0 0 


The Controllability Canonical Form (CCF) Transformation matrix is: 
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Ptran = 
2 2 O 
0 -1 #1 
4 2 #1 


The transformed matrices using CCF are: 


Abar = 


0 1.0000 0.0000 


0 -0.0000 1.0000 


-2.0000 0.0000 3.0000 


Bbar = 


Char = 


Dbar = 
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Y(s) s?—1 
8-10) ) 5 = s2(s#—2) 
Consider: 
Y(s) = (s~* — s~*)X(s) 
X(s) = U(s)— 2s~?X(s) = U(s) + 257?X(s) 
Therefore: 
x 01 0 0 
in| _lo 0 Ole Wel |e 
el 0r-0c0: Ue ae 
X4 0 0 2 0 
x4 
x 
y=[-1 0 1 Oy 
x4 
¥(s) _ _s?= 2 ue) _ UG) 
ST) = Pee = therefore sY(s) = “¥(s) += <n 


Let X3(s) = “¥,(s )+— ao . If y = x, then sY(s) = sX,(s) = Xz, or kX, = Xz. Asa 
result: 
U(s) 
sX> = 2X4 fee 
Now consider X3 = — ae and sX3 = " = X,, then 
X2 = 2X4 = X3 + U 
X3 = X4 
X4 =u 
Therefore: 
xy 0 1 O O]/% 0 
X2 _ 2 0 -1 Of} |X. 1 
x3) 10 0 o 1}}x3}* Jol" 
X4 00 0 O}'*4 1 
Y(s) 2st+1 


b) —= 


U(s) _s2+4s+4 


Consider: 


Yisy= (2s * hs" 7)X(s) 
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X(s) = U(s) — (4871 + 4872) X(s) 


Therefore: 
xy _f0 1 77% 0 
ie 7 ee | [| 3 Bl u 
= x4 
y=t1 2i[,2| 
Y(s) _—s 2s+1 = 4 us) ; 
As Ty = eae” therefore sY(s) = —4Y(s) + <Y(s) + 2U(s) + —. Asa result: 


YHX, > X= —-4x, 4+ 2utx, 


ie ~Y(s) ou) 


— > sX, =4Y(s)+U(s) ~> %, =4x,+u 


8-17) For MATLAB codes see 8-15 


(a) 


s-[B ap]-|| S is singul 
= = 1s Singular. 
0 0 
(b) 
t=. 
S=|B AB AB|=|2 -2 2 S is singular. 
3 -3 3 
(c) 
a oN 
S=[B AB|= S is singular. 
V2 242 
(d) 
12: A 
S=|B AB A’B |= 0 O O S is singular. 
{44 


8-18) a, dande are controllable 


b, c, and f are not controllable 
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USE ACSYS as illustrated in section 8-19-1 


9) Activate MATLAB 


10) Go to the folder containing ACSYS 


11) Type in Acsys 


12) Click the “State Space” pushbutton 
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13) Enter the A,B,C, and D values. Note C must be entered here and must have the same number of 


columns as A. We us [1,1] arbitrarily as it will not affect the eigenvalues. 
14) Use the “Calculate/Display” menu and find the eigenvalues. 
15) Next use the “Calculate/Display” menu and conduct State space calculations. 
16) Next use the “Calculate/Display” menu and conduct Controlability calculations. 


NOTE: the above order of calculations MUST BE followed in the order stated, otherwise you will get an 


error. 


Calculate/Display Time Response Accessories 


| State Space Tool = Sa () | Somy 


— Block Diagram 


dx(t) 


a -| A |xo-[ Bu 


vo-| ies |<o+[ D Jue 


— Input Module 
Enter coefficient Matrices. 
eg. For a 3x3 identity matrix enter [100;010;001] 


(1;0;1] is a 3x1 column [1 0 O] is a 1x3 row. 


A 

[-1,0;0,-2] 
B 

(2,0) 
c 


(1A 
EL ss 


Intitial Conditions 


Oo 


Buttons 


Reset | 
Close Window | 
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For part b, the system is not Controllable because [B AB] is singular (rank is less than 2): 


The A matrix is: 


Amat = 
-l1 O 
QO -2 


Characteristic Polynomial: 
ans = 
s\2+3*s+2 


Eigenvalues of A = Diagonal Canonical Form of A is: 


Abar = 
2 O 
0 -1 


Eigen Vectors are 
T= 
0 1 
1 0 
Characteristic Polynomial: 
ans = 
sA2+3*s+2 
Equivalent Transfer Function Model is: 


Transfer function: 


s+ 1 


Pole, Zero Form: 
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Zero/pole/gain: 


(s+1) 


The Controllability Matrix [B AB A‘2B ...] is = 


Smat = 
2 -2 
0 0 €Rank is 1, and this is a singular matrix 


The system is therefore Not Controllable, rank of S Matrix is = 


rankS = 


The Controllability Canonical Form (CCF) Transformation matrix is: 


Ptran = 
4 2 
0 O 


8-19) a,d, and e are observable 


b, c, and f are not observable 


Using ACSYS (also see the previous problem for more details): 
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9] State Space Tool 


Calculate/Display Tire Response Accessories 


-— Block Diagram 


dx(t) 


= -| A |xo-| B] «0 


xo-| G |x] D | uc) 


Input Module 
Enter coefficient Matrices. 
eg. For a 3x3 identity matrix enter [1 00;01 0;00 1) 


[1;0;1] is a 3x1 column [1 0 O]is a 1x3 row. 


A 
(-1,0;0,-2] 
B 
[2,0] 
Cc 


[0,1] 
aaa Seen 


Intitial Conditions 
0 


Buttons 


Reset 
Close Window 


For part b, the system is not observable. Note: you must choose a B matrix arbitrarily. 


The A matrix is: 


Amat = 
-1 O 
QO -2 


Characteristic Polynomial: 
ans = 
SA2+3*s+2 


Eigenvalues of A = Diagonal Canonical Form of A is: 
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Abar = 
2 O 
0 -1 


Characteristic Polynomial: 
ans = 


sA2+3*s+2 


Equivalent Transfer Function Model is: 


Transfer function: 
0 

Pole, Zero Form: 
Zero/pole/gain: 


0 


Chapter 10 Solutions 


The Observability Matrix (transpose:[C CA CA“2...]) is = 


Vmat = 
0 1 
0 -2 


The System is therefore Not Observable, rank of V Matrix is = 


rankV = 


1 
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Mmat = 
3 #1 
1 O 


d0 Bde K , Ke di, K,d0 R. KK 
+ 


ea SR Ay A Se RM A RR -0,) 
dt J dt J J dt Ld OL, ; 
dO 
State variables: x= o 45.5 —, x, = i 
dt 
State equations: Output equation: 
[ dx, Al iF | 
0) 1 0 
dt x 0 
dx, K BK, : 
=| —— -— — |ix,}+} 0 |@ y=[1 0 O|x=x, 
dt J J J : 
x, KK 
dx, K_K, K, R, — 
L 
ae ee eae : 
(b) Forward-path transfer function: 
r 7-1 
s -1 0 
0) 
RY K B K KK 
G(s) a i oj} — st— -— 0 |=—— 
(s) J J J A (s) 
K 
K, R, a 
0 — SE — L 
LoL, 1 Ns 


A (s) =JL,s +(BL,+RJ)s° +(KL,+K,K,+R,B)s+KR, =0 


Closed-loop transfer function: 
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s -1 0 0 
) K a KG 

eS SiO 6] Se. Gye ey) 
(s) J Rg 1+ K (s) 

KK. kK, R a 

- = St L 

Le Eine 

K,K_K, 


8-21) (a) 
0 1 et feat: 80 » Poet f |b 20 
= A = A = A = 
-1 0 QO -l 1 O 0 1 
(1) Infinite series expansion: 
t ot Lo 
1 eg ae cost  sint 
1 A! 1 5! 
ot) =1+At+—A't +--= ee ay 2 = 
2! tr t ft —sint cost 
—t+——-—+... j-—+—..-. 
3! 5! 2! 4! 
(2) Inverse Laplace transform: 
7 ee 1 s 1 cost sint 
O(s)=(sI-A) = = p(t) = 
1 ss s +1]/-l s —sint cost 
(b) 
_J-1 0 lO) ug state gelet 2 
0 2 0 4 O -8 0 16 
1) Infinite series expansion: 
( 
2 t t’ 
; 1-t+—-—+— 0 “ 
Pat Aa e 
b(t) =1+At+—At +---= eee = 
2 4 8r 0 e” 
0 eae renee 
2: 3 
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(2) Inverse Laplace transform: 


4 s+l ony; 
(s)=(sI-A) = ; a 
Ss 


(c) 
01 Pa ee 
A= A = 
1 O 0 1 
(1) Infinite series expansion: 
2 4 
i +—+—+ 
1 Al 
p(t) =1+At+—At +--= mee 
2! tt 
t+—+—- 
3h 5! 
(2) Inverse Laplace transform: 
So -y 1 
(s)=(sI-A) | = =— 
-1 s s -1 
e'+e 
g(t) =0.5 
-e't+e 
8-22) (a) e=K,(0 -0,) e =e-e, e,=Ri 
é. —é, dé, 
i= e, =K, 
R +R t 


Solve for 7 in terms of 6, and —*, we have 
dt 


KK,(0,-9,)-K, 


a 


R,+R,+ KR, 
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2 


ror 
t+—+—- Seige 
31 5! e +e -e +e 
ees ee e = 
—+—+ 
2! 4! 
0.5 0.5 -0.5 0.5 
+ 
_| stl os-1l stl s-l 
-0.5 0.5 0.5 0.5 
+ + 
stl] s—-l stl s-l 
e = Ke 
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Differential equation: 


a0, Ki 3 do, 
chaienepee ac : KK 0+ KK 9, 
dt J+J, (J, 4+J,)(R,+R,+KR.) dt 
dé. 
State variables: “= 6, x,= aes 
i dt 
State equations: 
dt % 
aia -KK_K, —K,K, + —~KK K 0 
X, Xx. 
i (J,+J,)(R,+R,.+KR) (J, 4+J,)(R,+R,+ KR) ]> > L(V, +5,)(R, +8, +KR) 
t 


0 1 Xx, 0 
= + a 
—322.58 -—80.65 || x, 322.58 | 


We can let v(t) = 322.580 _, then the state equations are in the form of CCF. 


(b) 


(tay s -1 |" 1 5+80.65 1 
Si— = —————— 
322.58 5+80.65 s +80.65s5 + 322.58| —322.58 5 


—0.06 1.059 —0.014 0.014 
5+ 76.42 ‘ S+4.22  5s+76.42 i S+4.22 

4.468 4.468 1.0622 0.0587 
s+76.42 :. S+4.22  s+76.42 : s+4.22 


For a unit-step function input, u (t)= l/s. 


322.2 1 0.0584 1.058 
i + a 
1.) | s(s+76.42)(s + 4.22) ; : 
(st-A)'B-= aps $+76.42 5+4.22 
s 322.2 -4.479 4.479 
es, ———— + 
5(5 + 76.42)(5 + 4.22) s+76.42 s5+4.22 


x(t) = 


~0.06e 7" -1.059e"”" — -0.014e"*" +0.01e*”" | 
x(0) 


4.468e °* —4.468e °°" —1.0622e ** —0.0587e | 


1+0.0584e °*” —1.058e °°" 
= t>0 


-4.479¢ " +4.479e°™" 
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(c) Characteristic equation: A(s)=s° +80.65s+ 322.58 =0 


(d) From the state equations we see that whenever there is R_ there is (1+ K)R. Thus, the purpose of R, is 


to increase the effective value of R, by (1+ K)R.. This improves the time constant of the system. 


8-23) (a) State equations: 


a, 0 1 0 
dt x, 
= —~KK K. —K,K, + KK_K, 0 
. ; 
J(R+R,+KR ) 


d. 
= J(R+R,+KR) J(R+R,+KR) 


0 1 Xx, 0 
+ 0 
—818.18 —90.91 || x, 818.18 


Let v =818.180 . The equations are in the form of CCF with v as the input. 


sell i = ames rl s+90.91 1 
(b) (sI-A) = = ————__—___—_—_. 
818.18 5 +90.91 (s +10.128)(s+80.782)| -818.18 5 


—80.78t 


0.01415e"""™ —0.0141e"™" ioe 
x, (0) 


-11.58e °°" +.0.1433e °°" —- 0.14336 7° +:1.143¢e 


1.143¢ °°" “33 0.142e °°" 
x(t) = 


l 1.58e 7 = 1.58e 0 7 
+ t20 
1-1.1434e°'"™ +0.1433e°" | 


(c) Characteristic equation: A(s)=s° +90.91s+818.18=0 
—10.128, -—80.782 


Eigenvalues: 


(d) Same remark as in part (d) of Problem 5-14. 


8-24) If x = Ax and P diagonalizing A, let consider x = PX , therefore x = PX or X = P~1APR = DR 


The solution for % is = e?°£(0), therefore 


(= Px) = Pe?'P-1x(0) (1) 
on the other hand 
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x(t) =e4'x(0) (2) 
From equation (1) and (2): 
eAt — pePtp-1 
8-25) Consider x = Ax and s~!As = J. If x = S%, then x = SX or ¥ = s~ Ask = JX 
The solution for % is &(t) = e/*R(0), therefore: 
x(t) = sk(t) = se/*s~1x(0) (1) 

On the other hand: 

x(t) = e4'x(0) (2) 
From equation (1) and (2): 


e* = sel’ sg" 


8-26 (a) Forward-path transfer function: Closed-loop transfer function: 
iss Y(s) 5(K, +K,s) iiss Y(s) G(s) 5(K,+K,s) 
SJ= = s)= = = 
E(s) s[s(s+4)(s+5)+10] R(s) 1+G(s)  s°+9s'+20s° +(10+5K,)s+5K, 


(b) State diagram by direct decomposition: 


State equations: Output equation: 
x, 0 1 0 0 || x, 0 
x, 0 0 1 O |} x, 0 
= + r y= 5K, 5K, O}x 
Xx, 0 0 0 1 || x, 0 
x,| | -5K —-(10+5K,) -20 -9|]x,| [1 
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1 
(c) Finalvalue: = r(t)=u (t), R(s)=-. 
s 


‘ : ; 5(K,+K,s) 
lim y(t) = lim sY(s) = lim ; ; . = 
9 $0 90 g° 495° + 208° +(10+5K, )s+5K, 


8-27 |n CCF form, 


0 1 0 0 0 0 
0 0 1 0 0 0 
A= B= 
0 0 0 0 1 0 
a, a, a, a, —a,_, | 1 | 
s -1 0 0 0 | 
O s -1 O 0 
sI-A= 


1 
|sI-A]=s" +a Ss’ +a. os" “+--+a sta 
n-1 n—2 1 0 


Since B has only one nonzero element which is in the last row, only the last column of adj(sI —A) is 


going to contribute to adj (sI - A) B. The last column of adj (sI — A) is obtained from the cofactors of 


the last row of (sI —A) . Thus, the last column of adj(sI -A)B is 1 ef SA cay “| ‘ 
d d° 
8-28 (a) State variables: X=), X= ay x, = > 
dt dt 
State equations: x(t) = Ax(t)+ Br(t) 
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0 1 O 0 
A=|0 0 1 B=| 0 
-1 -3 -3 1 


(b) State transition matrix: 


s. Se SO s+35s4+3 s4+3 1 
@(s)=(sI-A)'=|0 5 -1 | = : af s+3s os 
A(s) ‘ 
1 3 s+3 -§ 3s-l1 s 
[ 1 1 1 1 2 1 | 
+ a | me 3 3 
s+1 (s+1) (s+) (s+1) (s+1) (s +1) 
_ —l 1 1 2 Ss 
(s+1) stl (stl) (s+1) (s+1) 
-Ss 3 i: 2 s° 
| (s+1)' (s+1 (s+1)— (s41)'| 
A(s)= 5° +3s° +3s+1=(s+1) 
(l+r+ /2)e" (r40°)e" te'/2 
p(t) = ate 2 (1 +t-t Je" (1 ae /2)e" 
(-1 +r /2)e" te’ (1 —2r+r /2)e" 


(c) Use ACSYS or MATLAB and follow the procedure shown in solution to 8-3. 
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2 Transfer Function Symbolic EiaI=x 


Enter Matrix: 


Enter the Coefficient Matrices (empty matrices vwvill give error) 


E.g. For a 2x2 identity matrix type in: [1 0; 01] 
(1; 0; 1] is a 3x1 column vector & [101] is a1x3 row 
vector 


A= f01,0001;-1,-3-3) 


B= fo;0;1] 
c= [1,00] 


Control Panel 
[State Space | 


Inputs: 

A=|010| B=[0| 
|001| |O| 
|-1 -3 -3| |1| 


C=|1 0 0| D=|0| 


State Space Representation: 


|010| |0| 
Dx=|0 0 1|x+|Olu 
|-1-3-3] |1| 


y=|10 O|x+|Olu 
Determinant of (s*I-A): 
3 2 
s+3s+3s+1 


Characteristic Equation of the Transfer Function: 


3 2 
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s+3s+3s+1 
The eigen values of A and poles of the Transfer Function are: 


-1 

-1 

-1 

Inverse of (s*I-A) is: 
[2 ] 
[s+3s+3 s+3 1 ] 
[pnnneeeeee | 
[ %1 %1 %1 | 
[ ] 
{ 1 s(s+3) s ] 
[ -- ---| 
[ %1 %1 %1 | 
[ ] 
[ 2] 
[ s 3s+1 s ] 
[ee | 
[ %1 %1 %1 | 
3 2 


%1:=s +35 +35+1 
State transition matrix (phi) of A: 


[ 2 2 2 ] 
[1/2 exp(-t) (2+ 2t+t),(t+t) exp(-t),1/2t exp(-t)] 


[ 2 2 2 
[- 1/2 t exp(-t), -(-t-1+t) exp(-t) , - 1/2 exp(-t) (-2t+t) 


] 
] 


[ 2 2 
[1/2 exp(-t) (-2t+t), exp(-t) (-3t+t), 


2] 
1/2 exp(-t) (2-4t+t)] 
Transfer function between u(t)and y(t) is: 


s+3s+3s+1 
No Initial Conditions Specified 
States (X) in Laplace Domain: 
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[ 3] 


[ 3] 


[ 3] 
[(s + 1) ] 


Inverse Laplace x(t): 


[ 2 ] 

[ 1/2t exp(-t)  ] 
[ ] 

[ 2] 

[- 1/2 exp(-t) (-2t+t) ] 
[ ] 
[ 

[ 


2: 
1/2 exp(-t) (2-4t+t)] 
Output Y(s): 
1 
3 
(s+ 1) 
Inverse Laplace y(t): 
2 


1/2 t exp(-t) 


Inputs 

A=|010] B=|0| 
}001| |O| 
|-1 -3 -3| |1| 


C=|100| D=/0| 
State Space Representation: 
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}010] |o 
Dx=|00 1|x+|Olu 
|-1-3-3] |1| 


y=|10 O|x+|Olu 
Determinant of (s*I-A): 


3 2 
s+3s+3s+1 
Characteristic Equation of the Transfer Function: 


3 2 
s+3s+3s+1 
The eigen values of A and poles of the Transfer Function are: 


-1 

=f 

-1 

Inverse of (s*I-A) is: 
[2 ] 
[s+3s+3 s+3 1 ] 
[pn | 
{[ %1 %1 %1 | 
[ ] 
{ 1 s(s+3) s ] 
[ | 
[ %1 %1 %1 | 
[ ] 
[ 2] 
[ s 3st+1 s ] 
[ea | 
[ %1 %1 %1 | 
3 2 


%1:=s +35 +35+1 
State transition matrix (phi) of A: 


[ 2 2 2 ] 
[1/2 exp(-t) (2+ 2t+t),(t+t) exp(-t),1/2t exp(-t)] 


LA 2 2 
[- 1/2 t exp(-t), -(-t-1+t) exp(-t) , - 1/2 exp(-t) (-2t+t) 


] 
] 
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[ 2 2 
[1/2 exp(-t) (-2t+t), exp(-t) (-3t+t), 


2] 
1/2 exp(-t) (2-4t+t)] 
Transfer function between u(t)and y(t) is: 


s+3s+3s+1 
Initial Conditions: 
x(O)= 1 
0 
0 
States (X) in Laplace Domain: 


[2 ] 
[s +3s+4] 
= ] 
[ em 
ce 8 
[ ] 
Ll 
rare ] 
[ 32] 
ee ee 
[ ] 
[s(s-1) ] 
= ] 
[Co ee] 
Listed). 3] 
Inverse Laplace x(t): 
[ 2 ] 
[(t+1+t) exp(-t) ] 
[ ] 
[ 2 ] 
[ -(-t+t) exp(-t) ] 
[ ] 
[ 2 ] 


[(-3t+1+t) exp(-t)] 
Output Y(s) (with initial conditions): 
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3 
(s+ 1) 
Inverse Laplace y(t): 


2 
(t+1+t) exp(-t) 


(d) Characteristic equation: A(s)=s°+3s°+3s+1=0 


Eigenvalues: —1, -1, -1 
; dy 
8-29 (a) State variables: x,=y, x,=— 
dt 
State equations: 
dx,(t) 


fof alsoll 
= + r(t) 
dx,(t) -1 2], x, 1 


dt 
State transition matrix: 
s+2 1 
e.. “Shate stl) (s+1) 
(s)=(sI-A)' = = ( ) ( ) 
1 s+2 -l KY 
(s +1) (s +1) 
Characteristic equation: A(s) = (s + 1) =0 
; dy 
(b) State variables: x,=y, x,=y+ 
dt 
State equations: 
dx. d dx, d’y d d 
= =x, y=X,—-x, = a ee pe 
dt dt dt dt dt dt 
dx, 
dt —] 2 x, 0 
= - r 
dx, O —-l];_x, 1 
dt 


State transition matrix: 
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1 =) 
eS stl (s+1) ete" 
@(s) = = P(t) = : 
0 stl 1 e. 
0 
s+] 


(c) Characteristic equation: A(s) = (s + 1) =0 whichis the same as in part (a). 


8-30 (a) State transition matrix: 


S-O oO = 1 S-O —-@O F 3 5 
a-a-| (sI-A) = A(s)= 58 -20+(c +o’) 
_ @ S-O 


OQ S-o A(s) 


cos@t —sin i] - 
e 


j= [ (a = A) | a 


sin@t  cosat 


(b) Eigenvalues of A: o+ja, o-jo 


8-31 (a) 


Ys) _ s° 1 


U,(s) I+ es EIS ey ye 


¥,(s) | s° 1 _ Ys) 


U,(s) fas HOS 4350 us oy eS U(s) 


(b) State equations [Fig. 5-21(a)]: x= A,x+B,u, Output equation: y,=Cx 
0 1 0 0) 
Ave) 0! “00 ot B, =| 0 c,=[1 0 0] 
—-3 2 -1 1 
State equations [Fig. 5-21(b)]: x= A,x+ Bou, Output equation: = C,x 
0 0 -3 1 
A,=|1 0 -2 B, =| 0 c,=[0 0 ]] 
0 1 -l 0 
Thus, A, a A, 
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8-32 (a) State diagram: 


(b) State diagram: 


8-33 (a) 


-3 


_ ¥(s) 10s X(s) 


G(s) =I 2 =3 
U(s) 1485s +2058 ~+15s~ X(s) 


Y(s) =10X(s) 


X(s)=U(s)—8.5s 1X (s)—20.55 -X(s)—15s°X(s) 


State diagram: 
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State equation: x(t) = Ax(t)+Bu(t) 


0 1 0 0 
A=]! 0 0 1 B=! 0 A and Bare in CCF 
245 OF 285 1 
(b) 
Y(s)  10s°+20s* X(s) 
G(s)= 2 at =2 
U(s) 1445s +355 ~ X(s) 
Y¥(s)=10s °X(s)+ 20s °X(s) X(s)=—4.5s 'X(s)-3.5s °X(s)+U(s) 
State diagram: 
u 
State equations: x(t) = Ax(t) + Bu(t) 
0 1 O 0 0 
00 1 0 
A= B= A and Bare in CCF 
00 O 1 0 
0 0 3.5 -4.5 1 
(c) 
fie Y(s)_ ss S(st1) = S +58° XC) 


U(s)  s(s+2)(s+10) 1412s '+20s° X(s) 


Y¥(s)=5s °X(s)+5s °X(s) X(s)=U(s)—-12s'X(s)—20s °X(s) 
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State diagram: 


State equations: x(t) = Ax(t) + Bu(t) 


0 1 0 0 
A=!/0 0 1 B=! 0 A and Bare in CCF 
0 -20 -12 1 
(d) 
_ ¥(s) | 1 % 


G(s) s X(s) 


~U(s) s(s+5)(s°+2542) 1478141257 +108? X(s) 


Y¥(s)=5“°X(s) X(s) =U(s)—78 1X (s)—12sX(s)—10s~ 


State diagram: 


State equations: x(t) = Ax(t) + Bu(t) 
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0 1 0 0 0 

0 O 1 0 0 
A= B= A and B are in CCF 
0 O 0 1 0 
0 -10 -12 -7 1 
8-34 (a) 
Y(s) 10 5.71 6.67 0.952 
G(s)= = = + 


U(s)  s° +8.5s° +2058 +15 


s+15 st+2 s+5 


State diagram: 


State equations: x(t) = Ax(t) + Bu(t) 


-15 0 0 5.71 
A=| 0 2 0O B =| -6.67 
0 0 -5 0.952 


The matrix B is not unique. It depends on how the input and the output branches are allocated. 


(b) 


Y(s) 10(s +2) -45 0.49 4 571 
G(s)= ac = + + + 
U(s) ss (s=1)(s+3.5) Ss 


235° 521 


State diagram: 
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State equation: x(t) = Ax(t) + Bu(t) 
0 1 0 0 0 
0 0 0 0 1 
A= B= 
0 0 -1 O 1 
0 0 O -3.5 1 
(b) 
Y(s) 5(st+]) 25 0.313 0.563 
G(s)= = =—+ 
U(s) s(s+2)(st+10) s s+2 5+10 
st 
State diagra 
u y 
-10 
State equations: x(t) = Ax(t) + Bu(t) 
0 O 0 1 
A=|0 2 0 B=} 1 
0 O -10 1 
(d) 
Y(s) 1 0.1 0.0118 0.08825 +0.235 
G(s) = SF 


~U(s) s(s+5)(s° +2542) Ss s+5 Rarer hoes 
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State diagram: “i 


State equations: x(t) = Ax(t) + Bu(t) 
0 0 O 0O 1 
0 -5 OO O 1 
A= B= 
0 1 0 
0 O --2 -2 1 
8-35 (a) 
Y 10 
G(s) = (s) _ 
U(s) (s+15)(s+2)(s +5) 
State diagram: 
' 10 st 1 ee Le 1 st 1 ‘ 
X3 X3 My “2 *% *) 
1.5 -2 “5 
State equations: x(t) = Ax(t) + Bu(t) 
5 1 0) 0 
A = 0) —2 1 B= 0 
0 oO -1.5 10 
(b) 
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oe Y(s) 10(s +2) A=} 1 
Sy= = =: 
U(s) s'(s+1(st+3.5) Vs J stl /\ 5 4+3.5 


State diagram: 


10 s 1 

u LA be 

x, xX, x 
-3.5 
State equations: x(t) = Ax(t) + Bu(t) 
0 1 0 0 0 
0 0 1 1 0 
A= B= 

0 0 -l 1 0) 
0 0 0 -3.5 10 


(c) 


Y(s) 59s +1) Geel 1 
G(s) = = — 
U(s)  s(s+2)(s +10) sSJ\s+2/\5+4+10 


State diagram: 


State equations: x(t) = Ax(t) + Bu(t) 
0 1 0 0 
A=/0 -10 -l B=| 0 
0 O -2 5 


(d) 
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Y(s) _ 1 


G(s) 


~U(s) s(s+5)(s° +2542) 


State diagram: 


0 1 0 0 0 
0 0 1 0 0 
A= B= 
Oe 22S 4 0 
0 0 0 -5 1 
8-36 (a) 
Y 10 10s” x 
G(s) = (s) _ 7 S (s) 


E(s) s(st4)(s+5) 149571 +208 X(s) 


State diagram: 


(b) Dynamic equations: 


x, 0 1 O || x, 0 
x, f=| 0 0 1 |x, }+]O]r y=[10 0 0]x 
Xx, -10 -20 -9]/ x 1 


8-67 


Automatic Control Systems, 9" Edition Chapter 10 Solutions Golnaraghi, Kuo 


(c) State transition equation: 


X,(s) ; s" (1+95" +205) s- (1 +95") s- x,(0) s- 
X,(s) |= iS -10s” s" (1+ 9s‘) s- x,(O) |+ s’ |= 
S S S 
X,(s) -10s° -20s° s’ ||_x,(0) oc 
Ca 
s +9s+20 s+9 1 || x,(0) re 
1 1 
= -10 s(s+9) s || x,(O) |+ 1 
As) 3 A(s) 
—10s -10(2s+1) s° || x,(0) 5 
-1 —2 3 3 2 
A(s)=1+9s +205 ~ +108 A (s)=s5 +95" +20s+10 
1.612 0.946 0.114 0.706 -1.117 -0.169 0.0935 0.171 0.055 
x(t) = 1.14 -0.669 -0.081}e°"’ +] 1.692 2.678 4.056 |e~”?" +] -0.551 -1.009 -0.325 Je*”" +x(0) 
0.807 0.474 0.057 4.056 -6.420 -0.972 3.249 5.947 1.915 


0. 1 = 0. 161e°"™" ef 0.0706e °°" _ 0.00935e" 
~ 0.114e°"" —0.169e*”" +0.055e °°” t>0 
-~0.087¢ = 0.406e°”" vs 0.325¢°" 


(d) Output: 


y(t) = 10x, (1) = 10(1.612e°"™" —0.706e**” +0.0935e*"” ) x, (0) +10(0.946e°"" —1.117e7" +0.1711e**"') x, (0) 


+10(1.141e°"™ —0.169e*"” +.0.0550e°"" ) x,(0)+1-1.6le°”™ +0.706e°?” —0.0935e°" t>0 


8-37(a) Closed-loop transfer function: 
¥(s)_ 10 


R(s) 5° +957 +208 +10 


(b) State diagram: 
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(c) State equations: (d) State transition equations: 


[Same answers as Problem 5-26(d)] 


i] fo 1 O]fx] fo 
a [=| 0 0 1 || x, J+] O}r (e) Output: [Same answer as Problem 5-26(e)] 
x -10 -20 -9]| x 1 


8-38 (a) State diagram: 


(b) State equations: 


Xx, —2 20 --1 O || x, 0 -l 

Xx, Oo -10 1 O |} x, O Of}; u 
= + 

X -0.1 O -20 1 |\ x, O O|LT, 

Xx, 0 0 O -S4Lx 30. (0 


(c) Transfer function relations: 


From the system block diagram, 


foe 30e'U(s) 90s) 


A(s)\ s+2 (s+ 2)(s +20) (s+2)(s+5)(s+20) (s+5)(s +20) 


Ole? (s+2)(s+20)+0.le°** 
(s+2)(s+20) (s+2)(s+20) 


A(s) =1+ 
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0.25 


s)= =OH197) in cg, 30e B+ 90654 20008) 
(s+2)(s+20)+01e °°? ? (s+5)(s+2)(5+20) +0169 | 

Qs) = a 30e °?*U(s) 
(s+ 2)(s+20)+0.1e°?* 2 (s+5) (s+ 2)(s+20)+0.1e°**) 


8-39 (a) There should not be any incoming branches to a state variable node other than the s' branch. Thus, we 


should create a new node as shown in the following state diagram. 


dx | dx, 15 1 1 
eee ae =, x,+—Fr Output equation: y= 65x, +0.5x, 
dt 2 2 dt 2 2 2 
8-40 (a) Transfer function: (b) Characteristic equation: 
Y(s) Ks’ +5s+1 


R(s) (s+1)(s? +1 1s +2) (s+1)(s Pulse) 0 


Roots of characteristic equation: —1, —0.185, —-10.82. These are not functions of K. 
(c) When K=1: 


Y(s)_ ss +5541 
R(s) 5° +12s* +1354+2 


State diagram: 
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(d) When Kk =4: 


Y(s) 45° +5541 (s +1)(4s +1) 4s +1 
R(s) (s+1)(s°+1ls+2) (s+1)(s*+1ls+2) 5? +119+2 


State diagram: 


(e) 
2 
Bs 2 ek (s+1)(s? +11s+2)=0 
R(s) (s+1)(s* +1ls +2) 
MATLAB 
solve(s42+11*s+2) 


ans = -11/2+1/2*1134(1/2) 
-11/2-1/2*113(1/2) 
>> vpa(ans) 
ans = 
-.20 
-10.8 


Y(s) _ Ks* +5s+1 
R(s)  (s+1)(s +0.2)(s +10.82) 
K =4,2.1914, 0.4536 


Pole zero cancelation occurs for the given values of K. 
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8-41 (a) 


Y(s) 1 100 
U(s) (1+0.5s)(1+0.2s + 0.025”) s +12s’ +70s +100 


G(s) 


Pp 


State diagram by direct decomposition: 


State equations: 


ae 0 1 0 x; 0 
x, |=] O 0 1 x, |+|0}u 
x, -100 -70 -12]| x 1 


(b) Characteristic equation of closed-loop system: Roots of characteristic equation: 
s° +12s* +70s+200=0 588, —3.06+ j4.965, —3.06— 4.965 
8-42 (a) 
Y 1—0.066 —20(s -15 
G(s)= (s) S (s —15) 


Pp 


~U(s) (140.55) (140.1335 +0.00675°) 5° +225" +190s +300 


State diagram by direct decomposition: 
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State equations: 


x, 0 1 0 x, 0) 
x, |=] O 0 1 x, |+] 0 
x, -300 -190 —22]| x, 1 
Characteristic equation of closed-loop system: Roots of characteristic equation: 
s° +22s* +1705 +600=0 12)-5:4)5,.-5-)5 
8-43 (a) State variables: x, =@,, andx, =@, 
State equations: 
do 2 a ar Rika ar eg Presse do, 2 Py: ee 
dt JR A aeagee i: Ge ye ee 
a a R R 


(b) State diagram: 


~ (KK +KpR, ) 
JR, 


(c) Open-loop transfer function: 


Q,,(s) KK (J,5+K,) 
E(s) JJ,R.s'+(K,J,K,+K,RJ,+K,JR, )s+K,K,K, 


Closed-loop transfer function: 
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Oey K KK, (J,5+K,) 


Q(s) W,R,s° +(K,J,K,+K,RJ, +K,JR, +K.KKJ,)8+K,K,K,+K KKK, 


(d) Characteristic equation of closed-loop system: 


A(s) = JJ,R,8° +(K,J,K,+K,R,J, +K,JR, + KKK J,)s+K,K,K,+K KKK, =0 
A(s) = s? +1037s + 201312 =0 


Characteristic equation roots: -—19.8, -—1017.2 


8-44 (a) State equations: X(t) = Ax(t)+Br(t) 


be ee 


Since S is nonsingular, the system is controllable. 


(b) 
0 d 
S= [B AB| = The system is controllable for d #0. 
1 -a 
8-45 (a) 
1 -1 1 
S= [B AB A’B | =/1 -1 1 S is singular. The system is uncontrollable. 
1 -1 1 
(b) 
1 -1 1 
S= [B AB A’B | =|1 —2 4 S is nonsingular. The system is controllable. 
1-3 9 
8-46 (a) State equations: X(t) = Ax(t) + Bu(t) 
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—2 3 1 1 1 
A= B= S= [B AB | = S is singular. The system is uncontrollable. 
1 O 1 1 1 
Output equation: y= [1 O|x = Cx C= [1 0| 
1 1 -2 
V= [c AC | = V is nonsingular. The system is observable. 
0 3 
(b) Transfer function: 
XUS).6. Wa 


U(s) Cn ee | 
Since there is pole-zero cancellation in the input-output transfer function, the system is either 
uncontrollable or unobservable or both. In this case, the state variables are already defined, and the 


system is uncontrollable as found out in part (a). 


8-47 (a) a=1,2,0r4. These values of « will cause pole-zero cancellation in the transfer function. 


(b) The transfer function is expanded by partial fraction expansion, 


Fis). se=l a-2 " a-4 
R(s) 3(st+l) 2(s+2) 6(s+4) 


By parallel decomposition, the state equations are: x(t) = Ax(t)+Br(t), output equation: y(t) = Cx(r). 


ai. hy “G a 
1 11 
A=|0 2 0 B=|a-2 p-|+ es | 
3 2 6 

0 -4 = 


The system is uncontrollable for a@=1, ora =2, ora =4. 


(c) Define the state variables so that 
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1 
=i: 0 @ ; 
-1 

A=|0 2 0 B=|— D=[a-1 a-2 a-4] 
2 
0 0 +4 os 


The system is unobservable for a = 1, ora = 2, ora = 4. 


8-48 
1 b ; 
S=[B AB|= |S| = ab-1-b’ #0 
b ab-\ 
The boundary of the region of controllability is described by ab— 1-b =0. 
Regions of controllability: 
uncontrollable |F8 
8-49 
b b +b, : 
S=[B AB]= |S| = 0 when bb, — bb, —b; =0, or b, = 0 
b, b, 


The system is completely controllable when b, #0. 


dd 
v=[c ac]-| ; | |V| =0 when d, #0. 
1 + 2 


The system is completely observable when d, #0. 
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8-50 (a) State equations: 


dh 1 K nN K do do KK, KK 2 
— =—(q,-4,)=—— 0, -—*h —=0, — SS a e- 
dt A A A dt dt JR, JR, 
dé 
State variable: x, = h, 35 0, x= a= o., 
dt 
State equations: x = Ax+ Be, 
-K, K,nN 0 
A -1 0.016 0 0) 0 
A=| 0 0 1 =| 0 0 1 B=| 0O |= 0) 
0 0 KK, 0 0 —11.767 KK, 8333.33 
JR, | JR, | 
State diagram: 
K,K,/JR, -1 otk KpnN/A -1 
+ 2 2) in 1 
-KjKp/JR, KO/A 
(b) Characteristic equation of A: 
K, —K,nN 
s+— 0 
A A 
K K,K, 
|sI-A|=| 0 s -1 |=s| s+— || s+—— |= 5(s + I(s +11.767) 
JR 
KK, 
0) 0 s+— 
JR, 
Eigenvalues of A: 0, -1, -11.767. 


(c) Controllability: 
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0 0) 133.33 
S= [B AB AB | = 0 8333.33 -—98058 \s| #0. The system is controllable. 
8333.33 -98058 1153848 


(d) Observability: 
(1) C=|1 0 0}: 


1 -1 1 


Oo 


0.016 -0.016] Vis nonsingular. The system is observable. 
0 0 0.016 


v=[C ac (A)’C ]= 


0 O 0) 
V= [c AC (Ay'C | =|1 0 0 V is singular. The system is unobservable. 
QO 1 -11.767 
(3) C=(0 0 1: 
0 0 0 
V= [c AC (Ay | =| 0 0 0 V is singular. The system is unobservable. 


1 -11.767 138.46 


8-51 (a) Characteristic equation: A(s) =|sI- A*|=s* — 25.925” =0 
Roots of characteristic equation: —5.0912, 5.0912, 0, O 
(b) Controllability: 

0) —0.0732 0 —1.8973 

be phate, jane eet |OROTS- Oi 1 eHROTE” .<o 

S=|B AB A’B A‘B I= 

0) 0.0976 0 0.1728 

0.0976 0 0.1728 0) 


S is nonsingular. Thus, la’, B’| is controllable. 


(c) Observability: 
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(1) C={1 0 0 O 


fe? Bhs a pleical spcguipneee Or Me - WOs 2592 
v=[c atc’ (atye" (atc |= 

0 0 0 

Dee 20 0 


S is singular. The system is unobservable. 
(2) C=[0 1 0 0 
QO 25.92 0) 671.85 
' # *! *! *! x! *! 1 
v=[C AC ww yc (yc |= , 
Sis singular. The system is unobservable. 
(3) C=/0 0 1 O 
*! ae Ae! #2 x! #3 #! 0 
v=[C ac (ye (a’y’c" |= 
S is nonsingular. The system is observable. 
(4) C=/0 0 0 J 
—2.36 0) —61.17 


V= [ce CMC (YC cAvyC: | = 


S is singular. The system is unobservable. 
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8-52 The controllability matrix is 


Rank of S is 6. The system is controllable. 


8-53 (a) Transfer function: 


© (s) 7 K,H 
R(s) Js" (J,s°+K,s+K, +K,) 


State diagram by direct decomposition: 


ai -1 aot et KH/JJg 


~(KytKy)/Jg 


State equations: x(t) = Ax(t)+Br(t) 

0 1 0 0 | 

0) 
0 O 1 

0 
A=|0 0 0 1 B= P 
0 -(K, a K, ) ae 1 

de J 


(b) Characteristic equation: J ,s° (J,8° +K s+K,+ K,) =0 
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8-54 (a) State equations: x(t) = Ax(t) + Bu, (¢) 


a-[ al B-|'] S=[B an]=|’ 4] 


S is nonsingular. [ A, B is controllable. 


Output equation: y, =x C= [-1 1 


= -1 3 
V= [c AC | = , V is singular. The system is unobservable. 


(b) With feedback, u, =—kc,, the state equation is: x(t) = Ax(t)+Bu,(t). 


—3—2k 1 5 1 
SS ee 0 0 — 
A=| l+g 1+k B= S= l+k 
1 
0 —2 . 1 -2 


S is nonsingular for all finite values of k. The system is controllable. 


State diagram: 


-l 1 
Output equation: y, =Cx C= | | 
1+k 1+k 
—l 342k 
_ 14K  (1+k)’ 
V=-[D ap |= 
1 342k 
l+k (l+k)° 


V is singular for any k. The system with feedback is unobservable. 
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8-55 (a) 
1 2 
S= [B AB| = S is nonsingular. System is controllable. 
-7 
; AZ 1 -l 
V= [c AC | = V is nonsingular. System is observable. 
1 -2 


Oo) ieee ode -k, 1-k, 
=f .23)| (Oe Se) ete. 23208 
1 -k,-2k,+2 | 
27-9 = 46 | 


|S|=-11-2k, #0 


1 
For controllabillity, k, # i 


-1 -1-3k, | 
1 -2-3k, | 


v=[c AC |= 


For observability, v| =—1+ 3k, —3k, #0 


8-56 
Same as 8-21 (a) 


8-57 


0 1 Xx, 0 
= + a 
—322.58 —80.65 || x, 322.58 | 
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0 1 
Ae 
lees hal 


x 0 1 x, 0) 
From 8-22} | |= + 6. Re 
x, —322.58 -80.65 || x, 322.58 


Use the state space tool of ACSYS 


Automatic Control Systems, 9° Edition 


Ei State Space Too! ele 


Calculate/Display Time Response Accessories 


|— Block Diagram 


se, A [xo] B] 


dt 


y(t)= 


C |x] D |x 


Input Module 
Enter coefficient Matrices. 
eg. For a 3x3 identity matrix enter [10 0;01 0;001] 


[1;0;1] is a 3x1 column [1 0 0) is a 1x3 row. 


a 
[0,1;-322.58,-80.65] 
B 
[0;322.58] 
Cc 
Hol 

D 

0 
Intitial Conditions 

0 


Buttons 


Reset 
Close Window 


SS = = SS SS SS SS 


The A matrix is: 
Amat = 

0 1.0000 
-322.5800 -80.6500 


Characteristic Polynomial: 
ans = 


s42+1613/20*s+16129/50 


Chapter 10 Solutions 


Eigenvalues of A = Diagonal Canonical Form of A is: 


Abar = 
-4.2206 0 
0 -76.4294 
Eigen Vectors are 
T= 
0.2305 -0.0131 
-0.9731 0.9999 
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State-Space Model is: 


x1 0 1 
x2 -322.6 -80.65 


ul 
x1 O 
x2 322.6 


ul 
y1 0 


Continuous-time model. 


Characteristic Polynomial: 


ans = 


s42+1613/20*s+16129/50 


Equivalent Transfer Function Model is: 
Transfer function: 
322.6 
s42 + 80.65 s + 322.6 
Pole, Zero Form: 
Zero/pole/gain: 
322.58 


(s+76.43) (s+4.221) 


Chapter 10 Solutions 
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8-58 


Closed-loop System Transfer Function. 


Y(s) _ 1 
R(s) 9 +(4+k,)s° +(3+k,+k,)5+k, 


For zero steady-state error to a step input, k, =1. For the complex roots to be located at —1 +/ and —1 — j, 


we divide the characteristic polynomial by s° + 2s+2 and solve for zero remainder. 


s+(2+k,) 
si+ 25° +2s 
8-86 
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(2+k,)s° +(4+2k,)s  +442k, 


(-3+k, —k,)s—3-2k, 


For zero remainder, “a= 2K, =0 Thus k 


kj =k, =0 Thus k,=15 


The third root is at —0.5. Not all the roots can be arbitrarily assigned, due to the requirement on the 


steady-state error. 


8-59 (a) Open-loop Transfer Function. 


ee eee k, 


E(s) s| s° +(4+k,)st+3+k, +k, | 
Since the system is type 1, the steady-state error due to a step input is zero for all values of k, 5 


that correspond to a stable system. The characteristic equation of the closed-loop system is 


s+(4+k,)s' +(3+k, +k,)s+k, =0 


For the roots to be at -1+/j, 


1-j, and —10, the equation should be: 


5° +12s* +225+20=0 


Equating like coefficients of the last two equations, we have 


4+k, =12 Thus k, =8 
3+k, +k, =22 Thus k, = 11 
k, =20 Thus k,=20 


(b) Open-loop Transfer Function. 
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Y(s) G(s) 20 20(s+1)(s+3) 
= —- FE Thus G(s) = 
E(s) (s+1)(s+3) s(s° +12s +22) s(s° +125 +22) 


8-60 (a) 


0 1 0 0 0 
25.92 0 0 0 —0.0732 
- 0 0 0 1 ” 0 
2.36 0 0 0 0.0976 


The feedback gains, from k, to k,: 


—2.4071E+03 —4.3631E+02 —8.4852E+01 —1.0182E+02 


The A* —B*K matrix of the closed-loop system 


0.0000E+00 1.0000E+00 0.0000E+00 0.0000E+00 
—1.5028E+02 -—3.1938E+01  $-6.2112E+00 -—-7.4534E+00 
0.0000E+00 0.0000E+00 0.0000E+00 1.0000E+00 


2/3258E+02 4.2584E+01 8.2816E+00 9.9379E+00 


The B vector 


0.0000E+00 


—7.3200E—02 


0.0000E+00 
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9.7600E—02 


Time Responses: 


8-60 
(b) 


The feedback gains, from k, to k,: 


—9.9238E+03 —1.6872E+03 —1.3576E+03 —8.1458E+02 


The A* —B*K matrix of the closed-loop system 


0.0000E+00 1.0000E+00 0.0000E+00 0.0000E+00 
—7.0051E+02 —1.2350E+02 —9.9379E+01 -—5.9627E+01 
0.0000E+00 0.0000E+00 0.0000E+00 1.0000E+00 


9.6621E+02 1.6467E+02 1.3251E+02 7.9503E+01 


The B vector 
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0.0000E+00 
—7.3200E—02 
0.0000E+00 


9.7600E—02 


Time Responses: 


8-61 
The 


“<8 <¢SEC) 


solutions using MATLAB 


(a) The feedback gains, from k, to k,: 


—6.4840E+01 —5.6067E+00 2.0341E+01 2.2708E+00 
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The A* —B*K matrix of the closed-loop system 


0.0000E+00 1.0000E+00 0.0000E+00 0.0000E+00 
—3.0950E+02 —3.6774E+01 1.1463E+02 1.4874E+01 
0.0000E+00 0.0000E+00 0.0000E+00 1.0000E+00 


—4.6190E+02 —3.6724E+01 1.7043E+02 1.477eE+01 


The B vector 


0.0000E+00 
—6.5500E+00 
0.0000E+00 


—6.5500E+00 


' 


(b) Time Responses: Ax(0)=([0.1 0 0 0) 
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With the 
initial 
states 


TIME CSEC) 


0.80 
-1.00 ra ae ae eae 
0.00 2.60 1.20 1.00 240 3.00 3,60 4.20 4.80 3.40 6,05 


CSEC> 


Ax(0) = [0.1 0 0 0, the initial position of Ax, or Ay, is preturbed downward 
from its stable equilibrium position. The steel ball is initially pulled toward the magnet, so Ax, = Ay, is 


negative at first. Finally, the feedback control pulls both bodies back to the equilibrium position. 


' 


With the initial states Ax(O) = [0 0 Ol 0| , the initial position of Ax, or Ay, is preturbed 
downward from its stable equilibrium. For t > 0, the ball is going to be attracted up by the magnet 
toward the equilibrium position. The magnet will initially be attracted toward the fixed iron plate, and 


then settles to the stable equilibrium position. Since the steel ball has a small mass, it will move more 
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actively. 


8-62 (a) Block Diagram of System. 


CONTROLLER 


u=—k,x, + k, | (-x, + wy, )dt 


State Equations of Closed-loop System: 


Characteristic Equation: 


S+2+k, 
k 


2 


-1 
|st- Al = -# seekers =o 
S 
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For s =—10, —10, 


sI-A|= 5s? +20s+200=0 Thus k,=18 and k, = 200 


200W,(s)s* + s"'W,(s) _ 200W,(s)+ sW,(s) 


X(s)=X,(s)= Si 4 3 2 
1+2s +185 + 200s s~ + 205+ 200 


1 Ww, 
W,(s)= - W,(s)= =e W, = constant 


200 + W,s . : 
; lim x(t) = lim sX (s) =1 
s(s* +20s +200) Ive 5-90 


X(s)= 


8-62 (b) With PI Controller: 


Block Diagram of System: 


PI CONTROLLER 


_ (K,s+K, )W(s)+5W,(s) _ (25 +200)W,(s) + sW,(s) 


Set K, =2 and K,=200. X(s) ; ; 
s +20s + 200 s +20s + 200 


Time Responses: 
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With PI controller 


TIME (SEC) 
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8-63) 
Hox Y(s) _ 10 _ 10 
4 Hs) GEACS DGPS) 524652115 46 
Consider: 
Y(s) = s73X(s) 
X(s) = 10U(s) — (6s~1 + 11872 + 6s73)X(s) 
Therefore: 
X4 0 1 017% 0 
X21 =| 0 0 1 2] + | 0] 

X3 —6 —-11 —6]!*3 10 

x4 

y=[1 0 QO] B 

X3 

As a result: 
0 1 0 0 
A=|0 0 1 e=|o| C=[1 0 O] D= [0] 
-—6 -11 -6 10 
Using MATLAB, we’ll find: 
K=([15.4 4.5 0.8] 
8-64) 


Inverted Pendulum on a cart 

The equations of motion from Problem 4-21 are obtained (by ignoring all the pendulum inertia term): 
(M +m)xX—ml6 cos 6+ ml@’ sin 6 = f 

ml(—g sin 0 —X%cos@ +10) =0 

These equations are nonlinear, but they can be linearized. Hence 


0x0 
cos@ x1 
sind x0 


(M +m)x+ml6 = f 
ml(—g0-X+10) =0 
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Or 


(M+m) ml [x] [ f | 
—ml ml? || 6} mlg@ | 


Pre-multiply by inverse of the coefficient matrix 


inv([(M+m),m*l;-m*1,m*142]) 
ans = 
[ 1/(M+2*m), -1/I/(M+2*m)] 
[ 1/I/(M+2*m), (M+m)/m/I42/(M+2*m)] 
For values of M=2, m=0.5, l=1, g=9.8 
ans = 
0.3333 -0.3333 


0.3333 1.6667 


Hence 
Re iiss Se a 
|6} {1/3 5/3 |] 49/106, 


x | [1/3*f-49/300 
6| | 1/3*f+49/60 


The state space model is: 
5 2 1/3*f-49/30x, 
x, | | 13*F+49/6x, 


Or: 
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x, 


0 

49/6 
0 

| -49/30 


1 


[ 1/3*f4+49/6x, 
| 1/3*f-49/30x, 


0 


Se) =) 


eS ei) 


SSP Sy KS) 


Chapter 10 Solutions 


% 0 

oa bali lee 

x 0 f 
oGn |b) ds 
al 

0 

1 

0 
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Use ACSYS State tool and follow the design process stated in Example 8-17-1: 


Calculate/Display Tirne Response Accessories 


Block Diagram 


“0 | A |~o-[ Bu 


y(t)=| C |x] D |«o 


Input Module 


Enter coefficient Matrices. 
eq. For a 3x3 identity matrix enter [100;0 10,001] 


[1;0;1] is @ 3x1 column [1 0 O) is a 1x3 row. 


A 
[0,1 ,0,0;49/6,0,0,0;0,0,0,1;-49/30,0,0,0) 


B 
[0;443;0;1/3] 
ig 
1,0,1,0]] 
0 


Intitial Conditions 


Buttons 


Reset | 
Close Window | 
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The A matrix is: 
Amat = 
0 1.0000 0 0 
8.1667 0 0 0 
0 0 0 1.0000 
-1.6333 0 0 0 
Characteristic Polynomial: 


ans = 


s\4-49/6*s*2 


Eigenvalues of A = Diagonal Canonical Form of A is: 


Abar = 
0 0 0 0 
0 0 0 0 
0 O 2.8577 0 
0 0 O -2.8577 


Eigen Vectors are 
T= 


0 0 0.3239 -0.3239 

0 0 0.9256 0.9256 
1.0000 -1.0000 -0.0648 0.0648 

0 0.0000 -0.1851 -0.1851 


State-Space Model is: 


x1 0O 1 0 0 
x2 8.167 0O O O 
x3 O O O 1 
x4 -1633 0 0 O 


b= 
ul 
x1 0 
x2 0.3333 
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x3 0 
x4 0.3333 


C= 


x1 x2 x3 x4 
yl 1010 


ul 
y1 0 


Continuous-time model. 
Characteristic Polynomial: 


ans = 


s\4-49/6*5*2 


Equivalent Transfer Function Model is: 
Transfer function: 
4.441e-016 s*3 + 0.6667 s*2 - 2.22e-016 s - 3.267 
S44 - 8.167 s42 
Pole, Zero Form: 
Zero/pole/gain: 
4.4409e-016 (s+1.501e015) (s+2.214) (s-2.214) 
sA2 (s-2.858) (s+2.858) 
The Controllability Matrix [B AB A4‘2B ...] is = 
Smat = 
0 0.3333 O 2.7222 
0.3333 O 2.7222 0 
0 0.3333 O -0.5444 
0.3333 O -0.5444 0 
The system is therefore Not Controllable, rank of S Matrix is = 
rankS = 


4 
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Mmat = 


O -8.1667 0 1.0000 
-8.1667 0 1.0000 0 
0 1.0000 0 0 

1.0000 0 0 0 


The Controllability Canonical Form (CCF) Transformation matrix is: 
Ptran = 
0 0 0.3333 0 
0 0 0 0.3333 
-3.2667 0 0.3333 0 
O -3.2667 0 0.3333 


The transformed matrices using CCF are: 


Abar = 
0 1.0000 0 0 
0 0 1.0000 0 
0 0 0 1.0000 
0 O 8.1667 0 
Bbar = 
0 
0 
0 
1 
Char = 


-3.2667 O 0.6667 0 


Dbar = 
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Note incorporating —K in Abar: 


Abar K= 
0 1.0000 0 0 
0 0 1.0000 0 
0 0 0 1.0000 


-k1 -k2 8.1667-k3—-k4 


System Characteristic equation is: 
-k4*s44+(8.1667-k3 )*s*3-k2*s-k1=0 


From desired poles we have: 

>> collect((s-210)*(s-210)*(s+20)*(s-12)) 

ans = 
-10584000+s%4-412*s43+40500*s%2+453600*s 


Hence: k1=10584000, k2=40500, k3=412+8.1667and k4=1 
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8-65) If t, = 3 and § = 0.707, then w, = 1.414. The 24 order desired characteristic equation of the 


system is: 
s*+2s+2=0 (1) 
On the other hand: 


0 1 
—6— K, =5=—.K,|” 


X =(A-BK)x= 
where the characteristic equation would be: 
s*+(5+K,)s+(6+K,) =0 (2) 
Comparing equation (1) and (2) gives: 
, + K,=2 
6+ K, =2 
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8-66) 


which means K, = —4 and K, = —3 


Using ACSYS we can convert the system into transfer function form. 


USE ACSYS as illustrated in section 8-19-1 


1) 
2) 
3) 
4) 
5) 


6) 
7) 
8) 
9) 


Activate MATLAB 

Go to the folder containing ACSYS 

Type in Acsys 

Click the “State Space” pushbutton 

Enter the A,B,C, and D values. Note C must be entered here and must have the same number of 
columns as A. We us [1,1] arbitrarily as it will not affect the eigenvalues. 

Use the “Calculate/Display” menu and find the eigenvalues. 

Next use the “Calculate/Display” menu and conduct State space calculations. 

Next verify Controlability and find the A matrix 

Follow the design procedures in section 8-17 (pole placement) 
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=| Cl x 
<3} State Space Tool Sex) 


Calculate/Display Tirne Response Accessories 


Block Diagram 


dx(t) 


a -| A xo B Jao 


yit)=| C |x D | ue) 


Input Module 


Enter coefficient Matrices. 
eq. For a 3x3 identity matrix enter [1 00:01 0,001] 


(1;0;1] is 4 3x1 column [1 0 O] is a 1x3 row. 


[-1 2,-2,0,-1 il 1 0,-1] 
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The A matrix is: 


Amat = 
-l -2 -2 
0 -1 1 
1 O -l 


Characteristic Polynomial: 
ans = 
S43 4+3*S42+5*s+5 


Eigenvalues of A = Diagonal Canonical Form of A is: 


Abar = 
-0.6145 + 1.56391 0 0 
0 -0.6145 - 1.56391 0 
0 0 -1.7709 


Eigen Vectors are 
T= 
-0.8074 -0.8074 -0.4259 
0.2756 + 0.14461 0.2756 - 0.14461 -0.7166 
-0.1200 + 0.48671 -0.1200 - 0.48671 0.5524 
State-Space Model is: 
a= 
xl x2 x3 
xl -1 -2 -2 
x2 0-1 1 


x3 1 0-1 
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xl x2 x3 
yl 1 11 
a= 
ul 
yl O 
Continuous-time model. 
Characteristic Polynomial: 
ans = 
S43 +3* 54245 *5+5 
Equivalent Transfer Function Model is: 
Transfer function: 
3s.2+75+4 
S43 433-592 45°55 
Pole, Zero Form: 
Zero/pole/gain: 
3 (s+1.333) (s+1) 


(s+1.771) (s*2 + 1.229s + 2.823) 
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The Controllability Matrix [B AB A‘2B 


.] 1S = 
Smat = 
2 -4 O 
0 1 O 
1 1 -5 


The system is therefore Controllable, rank of S Matrix is = 


rankS = 

6) 
Mmat = 

5 3 1 
3 1 0 
1 0 0 


The Controllability Canonical Form (CCF) Transformation matrix is: 


Ptran = 
oy a 
3 1 O 
3 4 #1 


The transformed matrices using CCF are: 


Abar = 
QO 1.0000 0 


0 0 1.0000 


-5.0000 -5.0000 -3.0000 
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Bbar = 


0 


Dbar = 


Using Equation (8-324) we get: 


js! —(A— BK)|=5° + +k,)s* +(5+k,)s+(5+k,) =0 


Using a 2™ order prototype system, for t, < 5, then €w, = 1. For overshoot of 4.33%, € = 0.707. 
Then the desired 2" order system will have a characteristic equation: 


s°+260,5+0,7 =s° +2s+2=0 
The above system poles are: s,, =—1+ j 


One approach is to pick K=[k1 k2 k3] values so that two poles of the system are close to the desired 
second order poles and the third pole reduces the effect of the two system zeros that are at z=-1.333 and 
z=-1. Let’s set the third pole at s=-1.333. Hence 


(S+1.333)*(s424+2*s+2)= 843+3.33*5%2+4.67*s+2.67 
and K=[-2.37 -0.37 0.33]. 


Y  3(s+1) 


Rs? +2542 


Use ACSYS control tool to find the time response. First convert the transfer function to a unity feedback 
system to make compatible to the format used in the Control toolbox. 


Ge ae) 
s°—s-l 
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ign Tool © 2002-2008 Farid Golnaraghi 


Time Response Frequency Response Controller Design Tool Calculator Unit Conversion Help 


-— Block Diagram 
Closed Loop Transfer Function: Closed-Loop Step Response 
2 
} 
Yo 3s4+3 15 | 
Ro 8? +2842 
ao 
Ts 
=] 
— Transfer Functions = 1 | 
‘= 
Click on blocks to change transfer functions TF Zeros are: TF Poles are: lis 
= 05 4 
F= 1 <1 -1-1i 
G(s) = wa, “141i 
s*—s— 
2 3 4 5 
Time (s) 
‘ a} 
C(s)=1 
O = zero, X = pole 
al 
H(s)= T 
Buttons lo 
Fi 
& Lprreceeeeeeeeeneeseeeteeeeeees] 
o 
Reset |e 
Close Window 4 


2 Internet Ex... + (3 WindowsE... > 4¥ 142.58.187.156 ... 4 MATLAB yf 3 Microsoft... ~ < B Yl ce 4 11:18 Pm 


Overshoot is about 2%. You can adjust K values to obtain alternative results by repeating this process. 


8-67) a) According to the circuit: 


y = (@i(t) — ig) Rp 


If iz = X1,V¢ = X2 and i(t) = u, then 
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Lx, + Rox, = X2 + R,CX2 


Xo =Glu- x) 


y =(u—X,)R2 
or 
: 2R> 1 R, 
“= ere + 7X2 +> (u — X,) 
; 1 
x2 = cu X1) 
y = (u—X,)R2 
Therefore: 


b) Uncontrollability condition is: 
det|B AB| = det(C) =0 
According to the state-space of the system, C is calculated as: 


Rp -2RiRs. 1 


+ pa 
lt Ee Le 
1 R, 

C LC 
pe 1 
ENE Ge G2 


As det(C) # 0, because RR, # RC, then the system is controllable 


c) Unobservability condition is: 


det | = det(H) = 0 


cal 


According to the state-space of the system, C is calculated as: 


—R, 0 
n-[e 
L L 


2 
det(H) = o 


Since det(H) # 0, because R # 0 or L # ©, then the system is observable. 
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d) The same as part (a) 


1 
iy] _| RC [pay Ric 
ie | = R, Le] ale ba 
L L 
| 1 i és 1 
y= R, x R, u 
For controllability, we define G as: 
1 1 
RC (R,C)? 
G =[B AB] =]|'1 ? 
ee) 
Lo JA 
R, 1 


Bet) = pee * BORE)? 


If R,R2C = L ,and then det(G) = 0, which means the system is not controllable. 


For observability, we define H as: 


1 
cy_| Rm * 
—_ — al 
ses Leal ~{ 1 R, 
R2C L 
det(H) = eae’ 
TD Rall ROG 


If R,R2C = L , then det(H) = 0, which means the system is not observable. 
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Chapter 9 


9-1 (a) P(s)=s* +45 +4s° +85 


Finite zeros of P(s): 


Finite zeros of Q(s): 


Asymptotes: 


Chapter 10 Solutions 


QO(s)=s+1 


0, —3.5098, —0.24512 +j1.4897 


Intersect of Asymptotes: 


(b) P(s)= s +557 +8 


Finite zeros of P(s) : 


Finite zeros of Q(s): 


Asymptotes: 


Intersect of Asymptotes: 


(c) P(s)= i 


Finite zeros of P(s): 
Finite zeros of Q(s): 


Asymptotes: 


—] 
K>0: 60°, 180°, 300° K <0: 0°, 120°, 
~3,5—0.24512-0.24512-(-1) : 
: ARy 
O(s)=s+1 
0, —4.7912, —0.20871 
-1 
K>0: 90°, 270° K <0: 0°, 180° 
4.7913 —0.2087 —(-1) 5 


oO 
' 51 


O(s)= 5° +3s° +2548 


05:0 
—3.156, 0.083156+ 715874 


K>0: 180° K <0: 0° 
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(d) P(s)=s° 4287435 Q(s) =(s°-1)(s+3) 


Finite zeros of P(s): 0, —1+j1414 
Finite zeros of Q(s): 1, -1, -3 
Asymptotes: There are no asymptotes, since the number of zeros of P(s) and 
Q(s) are 
equal. 


(e) P(s)=s°+25°+35° = O(s)=s° +3845 


Finite zeros of P(s): 0, 0, 0, —1+ 1.414 
Finite zeros of Q(s): —15+ j16583 
Asymptotes: K>0: 60°, 180°, 300° K <0: 0°, 120°, 240° 


Intersect of Asymptotes: 


1—1-(-15)-(-15) 1 


5-2 3 
(f) P(s)=s* +257 +10 O(s)=s+5 
Finite zeros of P(s): —1.0398+ j1.4426, 1.0398+ 714426 
Finite zeros of Q(s): —5 
Asymptotes: K>0: 60°, 180°, 300° K <0: 0°, 120°, 240° 


Intersect of Asymptotes: 


—1.0398— 1.0398 + 1.0398 + 1.0398—(-5) —5 
— 4-1 3 
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9-2(a) MATLAB code: 


s = tf('s') 


num_GH=(st1); 


Chapter 10 Solutions 


den GH=(s*4+4%*s%3+4%*s*2+8%s) ; 
GH a=num_GH/den_ GH; 


figure(1); 
rlocus (GH a) 


GH_p=pole (GH_a) 
GH 2=26ro0 (CH 4) 
n=Léength (GH. p) 
m=length (GH_ 2) 


k=0; 


Snumber 
Snumber 


sAsymptotes angles: 


80* (2*k+] 


Assympl_ angle=+1 
Assymp2 angle== 


180* (2*k+] 


k=1; 


Assymp3_ angle=+1 


80* (2*k+] 


SAsymptotes intersection 
sigma=(sum(GH p)-sum(GH_z) )/ (n-m) 


Imaginary Axis 


Assymp1_angle = 
Assymp2_angle = 
Assymp3_angle = 


of poles of G(s)H(s) 
of zeros of G(s)H(s) 


) / (n-m) 


point on real axis: 


6r 


60 


180 


Root Locus 
T T c 
Oo———“x«r 
i E c 
-4 -2 0 
Real Axis 
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sigma = -1.0000 (intersect of asymptotes) 
9-2(b) MATLAB code: 


s = tf('s') 


"Generating the transfer 


num GH=(s+1) 


. 
- 


den GH=(s"3+5*s*2+s) 7 
GH a=num_GH/den_GH; 


figure(1); 
rlocus(GH a) 


GH p=pole (GH_a) 
GH 2=2ero (GH a) 


n=Léength (GH p) Snumber 
m=Length (GH. 2) Snumber 
sAsymptotes angles: 

k=0; 

Assympl_ angle=+180* (2*k+1 
Assymp2 angle=-180* (2*k+1 


functusn: * 


of poles of G(s)H(s) 
of zeros of G(s)H(s) 


) / (n-m) 
) / (n-m) 


SAsymptotes intersection point on real axis: 
sigma=(sum(GH p)-sum(GH_z) ) / (n-m) 


Imaginary Axis 


Root Locus 


-106 
a) 


Assympl_angle= 90 


Assymp2_angle= -90 


Real Axis 
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sigma = -2 (intersect of asymptotes) 


9-2(c) MATLAB code: 


s = tf('s') 

"Generating the transfer function:' 

Hum, GH=(s°3+3*s°2s2*s+8) 7 

Gem GH=(s°2) % 

GH a=num_GH/den_GH; 

figure(1); 

¥ locus (GH. 4) 

GH_p=pole (GH_a) 

GH Z=zZero (GH a) 

n=length (GH_p) snumber of poles of G(s)H(s) 
m=length (GH_ 2) Snumber of zeros of G(s)H(s) 
sAsymptotes angles: 

k=0; 
Assympl angle=+180* (2*k+1) / (n-m) 

SAsymptotes intersection point on real axis: 
sigma=(sum(GH p)-sum(GH_z) ) / (n-m) 


~— 


Root Locus 
2r T t C c C T “E 


Imaginary Axis 
Oo 
4 


-2 Ie ‘ie c fe FE c 
-6 5 -4 -3 -2 -1 0 


Real Axis 


ah 
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Assympl_angle= 180 
sigma = -3.0000 (intersect of asymptotes) 


9-2(d) MATLAB code: 


s = tf('s') 
"Generating the transfer function:' 
Hum GH=((6°2=1)* (S73) )7 

den GH=(s"3+2*58°213*5) 7 

GH a=num_GH/den_GH; 

figure (1 
rlocus (GH a) 
GH_p=pole (GH_a) 
GH zZ=zZero0 (GH 4) 
n=length (GH_p) 
m=length (GH_z) 


~— 


. 
, 


snumber of poles of G(s)H(s) 
Snumber of zeros of G(s)H(s) 


Root Locus 
15¢ 1 “T 
1 = 
0.5}- - 
2 
x 
xt 
a 
a OF S ©) ™ 2 7 
& 
[o>) 
© 
£ 
-0.5/-- 
-{h 
1.55 : : : : : : : t 
-3.5 -3 -2.5 -2 -1.5 -1 -0.5 0.5 1.5 
Real Axis 


No asymptotes 
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9-2(e) MATLAB code: 


s = tf('s') 


Chapter 10 Solutions 


"Generating the transfer function:' 
num GH=(s*2+3*s+5); 


den GH=(s°o+2"s°4+3"s"3)7 


GH _a=num_GH/den_GH; 


figure(1); 


¥ locus (GH @) 

GH_p=pole (GH_a) 
GH 2=2ero (GH a) 
n=Léength (GH p) 
m=Length (GH. 2) 


snumber of poles of G(s)H(s) 
Snumber of zeros of G(s)H(s) 


sAsymptotes angles: 

k=0; 

Assympl angle=t180* (2* kt] 
Assymp2 angle=-180* (2* kr 
k=1; 

Assymp3 angle=+160* (2*k+1 


SAsymptotes intersection point on real axis: 
sigma=(sum(GH p)-sum(GH_z) ) / (n-m) 


) / (n-m) 


Root Locus 
6 r- C 
4k 
hi On, 
Q 
x 
<x 
> 
oe 0 
& 
oD 
© 
E 5 
-Oh 
“Ae 
i665 r r r 
-8 -6 -4 -2 
Real Axis 


Assympl_angle= 60 
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Assymp2_angle= -60 
Assymp3_angle= 180 
sigma = 0.3333 (intersect of asymptotes) 


9-2(f) MATLAB code: 


s = tf('s') 

"Generating the transfer function:' 
num_GH=(s+5) ; 

den GH=(s*4+2*s*2+10); 

GH a=num_GH/den_GH; 

figure(1); 

¥ locus: (GH..4) 

xlim([-20 20]) 

ylim([-20 20]) 

GH_p=pole (GH_a) 

GH_z=zero (GH_a) 

n=length (GH_p) snumber of poles of G(s)H(s) 


m=Length (GH 2) snumber of zeros of G(s)H(s) 
sAsymptotes angles: 
k=0; 


Assympl angle=+180* (2*k+1) / (n-m) 
Assymp2_ angle=-180* (2*k+1) / 

k= 
Assymp3 angle=+180* (2*k+1) / (n-m) 

SAsymptotes intersection point on real axis: 
sigma=(sum(GH p)-sum(GH_z) ) / (n-m) 


10-8 


Automatic Control Systems Chapter 10 Solutions 
Root Locus 
20 
15}- 
10}- 
5b 


Imaginary Axis 
oO 
") 


5h | 

10+ -| 

-15/- 

-20 & t r r t C t r mi 
-20 -15 -10 -5 0 5 10 15 20 


Real Axis 


Assympl_angle= 60 


Assymp2_angle= -60 


Assymp3_angle= 180 


sigma = 1.6667 (intersect of asymptotes) 


9-3) 


Consider 


Q(s) Tiss + 2) 


AS = oy pe Gen) 


As the asymptotes are the behavior of G(s)H(s) when |s|>oo , then 
|s| > |zi| for i= 1,2,...,m and |s| > |pi| for i= 1,2,...,n 

therefore 2 G(s)H(s) = marg(s) — narg(s) = —(n — m) arg(s) 
According to the condition on angles: 


2i+Dnx K>0 


4 GHG) = { vin KO 
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If we consider arg(s) = 6; , then: 


—(n—m)6;=(2i¢+1)n KE0 


Z G(s)H(s) =| —(n—m)6,;=2in K<0 


or 
44. 
= g K S90 
|n — m| 
2i 
;=——1 K<0 
In —m| 


9-4) IfG(s)H(s)=K then each point on root locus must satisfy the characteristic equation of 


P(s) + KQ(s) =0 
If P(s) = s" + ay,_ys™ 1 +++ + a4,S + dg and Q(s) = s™ + by_ys™ 14+ +++ bys + Do, then 
Ss” + Ags t+ +9 + K(s™ — Dm_ys™ * +++ + bo) = 0 
or 
s™—™ + (ay_1 — Dm_-1) sr 1 + + K = 0 


If the roots of above expression is considered as s; for i = 1,2,...,(n-m), then 


n-m 


n m n m 
Nt OP si= -) si- D=- DB D2 


i=1 i=1 i=1 i=1 i=1 
since the intersect of (n-m) asymptotes lies on the real axis of the s-plane and —(a,_1, — Dm_4) is 


real, therefore 


n m 
= An-1 = Dinas = _ dies Pi = pyres 
n—-m n—-m 


9-5) Poles of GH is s = 0, -2, -1 + j, -1 —Jj, therefore the center of asymptotes: 


LPi- Uzi 
On = n=m =-1 


i soot dette é =45",135°225°, 315° kK 0 
Pee setae Ope 2, 90° 1809270" K-< 0 
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9-6 (a) Angles of departure and arrival. 


S-plane 


K > 0: -0,-0,-0,+0, =-180 
-0, - 90° - 45° +90° = -180° 


6, =135" 


K<0: —6, —90° — 45° +90° =O: 


0, =-45° 


(b) Angles of departure and arrival. 


K>0: -0,-0,-0,+0, =-180 


K<0: @, -135° —90° +90° =0° 


10-12 


Automatic Control Systems Chapter 10 Solutions Golnaraghi, Kuo 


(c) Angle of departure: 


K>0: 0,-0,-0,+0, =-180 


(d) Angle of departure 


K > 0: 0, -9, -0,-0, =-180 
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(e) Angle of arrival 


K<0: 6,+0,-0,-0,-0,-0, =-360 


6, + 90° -135° -135° —45° — 26.565" = -360° 


0, = -108.435° 
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9-7) a)  £G(s)H(s) =D, 2(s +z) — IL 2s +) 
=D, 26s +2) + Dhaie 26s + pd) — 2(s +p) 
= £G(s)H'(s) — 2(s + p;) 
= 26(s)H'(s) — 8p 


(2i+1)x180 K>0O i=0,41... 


we know that 26(s)H(s) = | (2i)x180 K<0 i=0,41 


therefore 
eee —0,=180 K=0 
ZG(s)H'(s)-—@7 =0 K<O 


As aresult, 0 p = Z G(s)H’(s) — 180° = 180 + ZG(s)H'(s), when -180° = 180° 
b) Similarly: 
2 G(s)H(s) = Liki 2s + 2)) — Liz 26s + pi) 
= yetiay L(s + 2) + Die 268s — py) + L(s + Z;) 
= 2G(s)H"(s) + 2(s + z;) 
=ZG(s)H'(s) + 0 
Therefore: 


Ono +0=180 K>0 
ZG(s)H"(s)+ 0=0 K<0 


As aresult, 0 =180 — Z2G(s)H"(s) 
9-8) zeros: s = —1—j,—1+/ and poles:s = 0,—2j, +2] 


S=2j) : §6=180-63.4= 116.6 


Departure angles from: s=-2j : @6= -1984 


; s=-1+j : 06@=180-—(-—18.4) = 1984 
Arrival angles at Soay 6 Peaedegs 
9-9) (a) (b) 
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(c) (d) 


10-16 


Automatic Control Systems Chapter 10 Solutions Golnaraghi, Kuo 


10-17 


Automatic Control Systems Chapter 10 Solutions Golnaraghi, Kuo 


10-18 


Automatic Control Systems Chapter 10 Solutions Golnaraghi, Kuo 


9-10) The breaking points are on the real axis of 1 + KG(s)H(s) = 0 and must satisfy 


dG(s)H(s) 
ds 


=0 


If G(s)H(s) = a and a is a breakaway point, then 


1+ KM =09K=-@ 
P(a) Q(a) 


se he : ; as dK 
Finding a where K is maximum or minimum = 0 , therefore 


d |P(a)| | 
da|Q(a)| — 
or 
d |(a+p1)(a + po)... (@ + Dn) 
SA) (sR AR EI 
al(at+z,)(@+Z2)...(@ +2Zm) 
3 1 eo) Yas 1 Pol. 
fant & + Py Q(a) a+ Zz; |Q(a) 
n a 
y 1 _ > 1 
fuat+p, Laatz; 
=1 i=1 
9-11) (a) Breakaway-point Equation: — 2° + 20s* +74s° +110s” +485 =0 
Breakaway Points: -0.7275, —2.3887 
(b) Breakaway-point Equation: 35° +.22s° +655" +100s° +865" +445+12=0 
Breakaway Points: -1l, -25 
(c) Breakaway-point Equation: 35° +549° +347.55* +925s° + 867.28” —781.25s—1953=0 
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Breakaway Points: —2.5, 1.09 
(d) Breakaway-point Equation: ~s° —85° —19s* +85° +9457 +1205+48 =0 
Breakaway Points: 0.6428, 2.1208 
9-12) (a) 
K(s+8) 
G(s)H(s) = ——————— 
s(s+5)(s +6) 

Asymptotes: K>0: 90° and 270° K<0: 0° and 180° 


Intersect of Asymptotes: 


Breakaway-point Equation: 


2s° +35s° +176s+240=0 


Breakaway Points: 2.2178, —5.5724, —9.7098 


Root Locus Diagram: 
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s-plane 


° 
“« 
xX 


Kk<o 


=" K>0 R=@K=@ 


-5.572¢ 9 -2.2/78 } 


9-12 (b) 


G(s)H(s) = 
s(s+1)(s+3)(s +4) 


Asymptotes: K > 0: 


AB. 135", (225°. 315" 


Intersect of Asymptotes: 


Breakaway-point Equation: 45° +245? +385+12=0 
Breakaway Points: 


0.4189, —2, —3.5811 


Root Locus Diagram: 
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s~plane 


9-12 (c) 
K(s+4) 
GW) A () == 
Ss (s+2) 
Asymptotes: K>0: 60°, 180°, 300° K<0: 0°, 120°, 240° 


Intersect of Asymptotes: 


640=2=2-(—4) 
o1= = 
41 


0 


Breakaway-point Equation: 
35° +245° +5257 +325 =0 


Breakaway Points: 0, -—1085, -—2, -—4.915 


Root Locus Diagram: 
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9-12 (d) 
K(s+2) 
G(s)H(s)=—~—— 
s(s° +2542) 
Asymptotes: K>0: 90°, 270° K<0: 0°, 180° 


Intersect of Asymptotes: 


es eee es ee eee 
o,= = 
3-1 


0 


Breakaway-point Equation: 25° +857 4+854+4=0 


Breakaway Points: —2.8393 The other two solutions are not breakaway points. 
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9-12 (e) 


K(s +5) 
s(s° +2s+2) 


G(s)H(s) = 


Asymptotes: K>0: 90°, 


Intersect of Asymptotes: 


270° 


_0=1-j-1-j-(-5) | 


Gi 15 


Breakaway-point Equation: 


Breakaway Points: 


3-1 


25° +175” +20s+10=0 


—7.2091 The other two solutions are not breakaway points. 
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K 
G(s)H(s) = 
s(s+4)(s*+2s+2) 
Asymptotes: K> 0: 45°, 135°, 225°, 315° K<0: 0°, 90°, 180°, 270° 


Intersect of Asymptotes: 


ae ee ee pa 
o, = cat ela re 
4 


Breakaway-point Equation: 4s° +1857 +20s+8=0 


Breakaway Point: —3,0922 The other solutons are not breakaway points. 
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-@ 
Pe g1IS, K=IB3 


“s. 


9-12 (g) 
K(s+4)° 
GAS) == ——> 
s (s+8) 
Asymptotes: K>0: 90°, 270° K<0: 0°, 180° 


Intesect of Asymptotes: 


_ 0+0-8-8-(-4)-(-4) 


o7 
4-2 
Breakaway-point Equation: 5° +20s* +160s° + 640s” +1040s =0 
Breakaway Points: 0, -4, -8, -4-j4, -4+j4 
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K<0O 


a 


9-12 (h) 
K 
G(s)H(s)=—, 
s-(s+8) 
Asymptotes: K>0: 45°, 135°, 225°, 315° K<0: 0°, 90°, 180°, 270° 


Intersect of Asymptotes: 


—8-—8 
= Feo 
4 
Breakaway-point Equation: s° +125" +32s=0 
Breakaway Point: 0, -4, -8 
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9-12 (i) 


K(s* +85 +20) 
s'(s+8) 


G(s)H(s) = 


Asymptotes: K>0: 90°, 270° K<0: 0°, 180° 
Intersect of Asymptotes: 


_ -8-8-(-4)-(-4) | 


A 
: £29 
Breakaway-point Equation: s + 20s* + 128° +7365" +1280s =0 
Breakaway Points: 4, -8 -4+j49, -4-j49 
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(i) 


2 


Ks 


G(s)H(s) = 


Since the number of finite poles and zeros of G(s)H(s) are the same, there are no asymptotes. 
Breakaway-point Equation: 8s =0 


Breakaway Points: s=0 
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9-12 (k) 
K (s° -4) 
G(s)H(s) = — - 
(s + 1)(s + 4) 
Asymptotes: K>0: 90°, 270° K<0: 0°, 180° 
—24+2 
Intersect of Asymptotes: a= =0 
4-2 
‘ ; 6 4 2 
Breakaway-point Equation: s —8s —24s" =0 
Breakaway Points: 0, 3.2132, —3.2132, 15246, — 715246 
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9-12 (lI) 
K(s° -1) 
G(s)H(s) = 
(s +1)(s +4) 
Asymptotes: K>0: 90°, 270° K<0: 0°, 180° 


Intersect of Asymptotes: 


—-1+1 
o.= =0 
4-2 
Breakaway-point Equation: s°—2s?-9s=0 
Breakaway Points: —2.07, 2.07, —jl47, 71.47 
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K= -i0. 00. 


Keo 


(m) 


K(s+)(s+2)(s+3) 


G(s)H(s) = : 
s (s—-l) 
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Asymptotes: K> 0: 180° K<0: 0° 
Breakaway-point Equation: 5° +12s° +275* +25° -1857 =0 
Breakaway Points: —1.21, -2.4, -9.07, 0.683, 0, O 


K<O K>-@ 


“11.0 -10.0 
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(n) 


K(s+5)(s +40) 


G(s)H(s)= ; 
Ss (s+250)(s +1000) 


Asymptotes: K>0: 60°, 180°, 300° K<0: 0°, 120°, 240° 


Intersect of asymptotes: 


0+0+0-—250—1000—(-—5)-—(—40) 
o,= mae = —401.67 


Breakaway-point Equation: 3750s° +335000s° +5.247 x 10° s* +2.9375x 100s? +1875x10!'s” =0 


Breakaway Points: —7.288, -712.2, 0, O 
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s-plane 


ay 


j440 5 
K=2.425x10 


K <0 4 


| 


jl6 K=1.4325x10° 


K=1.4325x10° 


Not drawn to scale 


7 j440 


K=2.425x10° 


9-12 (0) 
K(s-1) 
G(s)H(s) = ——————— 
s(st+1)(s+2) 
Asymptotes: K>0: 90°, 270° K<0: 0°, 180° 
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Intersect of Asymptotes: 


Breakaway-point Equation: 


Breakaway Points; 


Chapter 10 Solutions 


s°—3s—-1=0 


—0.3473, -—1.532, 1.879 


Golnaraghi, Kuo 
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9-13(a) MATLAB code: 


num=[1 7]; 

den=conv([1 0], [1 5]); 
den=conv (den, [l 6]); 
mysys=tf (num, den) 
rlocus (mysys) ; 


9-13(b) MATLAB code: 


num=[0 1]; 
den=conv([1 0], [1 1]); 
den=conv(den, [1 3]); 
den=conv(den,[l 4]); 
mysys=tf (num, den) 
rlocus (mysys) ; 


Imaginary Axis 


Imaginary Axis 


Root Locus 


4 3 


Real Axis 


Root Locus 


14 


Real Axis 
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Root Locus 
15 T T T T T T 
10}- 
Bil, | 
5 
9-13(c) MATLAB code: Fo — ‘ 
num=[1 4]; é 
den=conv([1 0],[1 0]); ” 
den=conv(den,[1l 2]); 
den=conv(den,[1l 2]); 10 
mysys=tf (num, den) 
rlocus (mysys) ; I : : | 
139 10 8 6 4 -2 0 2 4 6 8 
Real Axis 
Root Locus 
10 v T T T | T 
8 _ 
| 
6b | 4 
| 
4b a 
og 2 . 
g _ 
= 0 ° + 
Z| 
9-13(d) MATLAB code: 
4h 
num=[1 2]; 
den=conv([1 0], [1 = | 1 
(1+4) 1); al. | | 
den=conv (den, [1 (1- | ; ; i 
I) 1)% 195 2 15 4 0.5 0 0 
mysys=tf (num, den) Heal DN 
rlocus (mysys) ; 
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9-13(e) MATLAB code: 


num=[1 5]; 
den=conv([1 0], [1 
ole oat Bie 
den=conv(den, [1 (1- 
J)])3 
mysys=tf (num, den) 
rlocus (mysys) ; 


Imaginary Axis 


Imaginary Axis 


-20 |- 


-25 
-6 


Root Locus 
i 


Real Axis 


Root Locus 


r 


-2 
Real Axis 
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9-13(f) MATLAB code: 


num=conv([1 4], [1 

den=conv([1 0], [1 

den=conv (den, [1l 8] 
den=conv (den, [1l 8] 
mysys=tf (num, den) 

rlocus (mysys) ; 


9-13(g) MATLAB code: 


num=conv 
den=conv 
den=conv 
den=conv 
mysys=tf (n 
rlocus (mys 


Ci 
((4 
(d 
(d 


4], [1 
0], [1 
en, [k -2] 
en, [1 8] 
um, den) 


ys)? 


Imaginary Axis 


Root Locus 


Real Axis 
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9-13(h) MATLAB code: 


num=[0 1]; 
den=conv([1 0] 
den=conv(den, [1 8]); 
den=conv (den, [1 8]); 
mysys=tf (num, den) 
rlocus (mysys) ; 


9-13(i) MATLAB code: 


num=conv([1 4-23], [1 
4+24]) 
den=conv([1 0], [1 0]); 
den=conv (den, [1 8]); 
den=conv(den,[1l 8]); 
mysys=tf (num, den) 
rlocus (mysys) ; 


plLl Ol); 


Imaginary Axis 


Imaginary Axis 


Root Locus 


x 
10 Lo 
4 
15 ee 
20 
rs 
-25 ye E i fc i 
-30 -25 20 15 -10 5 
Real Axis 
Root Locus 
15 F- c v T 
10; 
Sr SS. 
onl 
© 
Ob 
(0) 
oe | 
re ee Gee 
-10- 
-15 i c c r i i 
- 8 -7 6 5 -4 3 0 1 
Real Axis 
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Root Locus 
0.25 T T v T 5 T T T T 
0.2 
0.15 
0.1 
wo 0.05 7 
& 
= 0 . 
9-13(j) MATLAB code: ® 
£ -0.05 
num=conv([1 0], [1 0]); 
den=conv([1 2], [1 -2]); en 
mysys=tf (num, den) -0.15}- 
rlocus (mysys) ; e 
-0.25 ; ; c ‘ : “ , : : 
-2.5 -2 -1.5 -1 -0.5 0 0.5 1 AS 2 2.4 
Real Axis 
Root Locus 
Sir T C L L E T L 1% T “Tt 
4h a 
3 4 
2 x = 
go if “| 
& 
= O}- Se 4 
Bah ‘ - 
9-13(k) MATLAB code: “27 x ‘i 
num=conv([1 2], [1 -2]); 3 7 
den=conv([1 -j],[1 j]); sil 
den=conv (den, [1 -2j]); 
den=conv (den, [1 2j]); os. is. 4. 05. 0 05 4 152 25 
mysys=tf (num, den) Real Axis 
rlocus (mysys) ; 
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9-13(1) MATLAB code: 


num=conv 
den=conv 
den=conv 
den=conv 


( 
( 
( 
( 


[ 
[ 
d 
d 


Dye 
d=] 3 
en, [1 
en, [1 


mysys=tf (num, den 
rlocus (mysys) ; 


Imaginary Axis 


Imaginary Axis 


Root Locus 
Sr r ' T 
| 
4 = 
"y | 
2} * 
| | 
OF © -| 
-1h | 
-2}- % 
4 | 
| 
-4|- 
| 
E id r f 
1.5 1 -0.5 0 0.5 1.4 
Real Axis 
Root Locus 
6 r- T U L T T z: = t “FP 
ak fe iN | 
\ 
5 \ 
ais if 
0 | be 
| \ 
A | | 
“4h 4 
ft C f rd C a f 
18 16 -14 12 -10 -8 -4 0 2 
Real Axis 
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9-13(m) MATLAB code: 


num=Conv 


num=Conv 


[J 

n 

[1 
den=conv (den, [1 
den=conv (den, [1 
mysys=tf (num, den 
rlocus (mysys) ; 


( 
( 
den=conv ( 
( 
( 


9-13(n) MATLAB code: 


num=Conv 


= ol eG 


Imaginary Axis 


-1500 & 


rae 


ap Bes 
den=conv([1 0], [1 
den=conv (den, [1 0 
den=conv (den, [1 ] 
den=conv (den, [] 


mysys=tf (num, den 
rlocus (mysys) ; 


1800 
1000 + 


500 |- 


-500 |- 


i} 
-1000 }- 


-1400 -1200 -1000 
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Root Locus 


9-13(0) MATLAB code: 


a oO 
— 
. 
Imaginary Axis 
‘ oO ine) 
7 T 7 
1 


num=conv([1 5],[1 4 
den=conv([1 0], [1 0]); 2 yf 
den=conv (den, [1 0]); . 
den=conv (den, [1 100]); | 
den=conv (den, [1 200]); ° 
mysys=tf (num, den) gh | 
rlocus (mysys); : L . . 
G5 -2 “15 “1 -0.5 0 0.5 1 1.4 
Real Axis 
9-14) (a) Q(s)=s+5 — P(s)=s(s° +3542) =5(s +1 +2) 
Asymptotes: K>0: 90°, 270° K<0: 0°, 180° 
Intersect of Asymptotes: 
—1-2-(-5 
is Ds 
3-1 
Breakaway-point Equation: 5° +98’ +15s+5=0 
Breakaway Points: —0.4475, -1.609, -6.9434 
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s-plane g 
7 
5.0 | 
a! 
4.0 = 
gl 
4) 
20 = 
u“u 
K<0 os 
K-  -15.00. Ke 
2o 4 4224 | 
| 
A) | 
eek [6.94 Ke20 K=O K=0 ko] Kro | K=0 visu 
r -1.0 Cy K<O 1.5 

- 0441S | 
-LO | 
| 
20 4 Ke3 | 
“4224 | 
2.0 | 
| 
“4.0 | 
30 | 

~ 

x 

“6.0 9 


9-14 (b) O(s)=s+3  P(s)=sG? +5420 
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Asymptotes: K>0: 90°, 270° K<0: 0°, 180° 


Intersect of Asymptotes: 


—1-(-3 
i= (3) -] 
3-1 
Breakaway-point Equation: 5° +55° +35+3=0 
Breakaway Points: —4.4798 The other solutions are not breakaway points. 
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Asymptote. RL 


I 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 


9-14 (c) QO(s)=5s  P(s)=s° +10 


Asymptotes: K>0: 180° K<0: 0° 
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Breakaway-point Equation: 55° -50=0 


Breakaway Points: -3.162, 3.162 
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Asymptotes: K>0: 180° 


Breakaway-point Equation: 


Breakaway Points: 
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P(s)=s' +35°+5° +55+10 


5° +259 +851 425° 335 


—2, 


K<0: 


1.784. 


2 


20s—20=0 


The other solutions are not breakaway points. 
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K=0 7 
+ 0.64744 1.412 


9-14 (e) Q(s)=(s’-1)(s+2) — P(s)=s(s7+2s+2) 
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Since Q(s) and P(s) are of the same order, there are no asymptotes. 


Breakaway-point Equation: 6s° +1257 +85+4=0 


Breakaway Points: —1.3848 
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K= £00 K<o K-+o 


9-14 (f) O(s)=(s+I(s+4) Ps) =5(s°-2) 
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Asymptotes: K>0: 180° K<0: 0° 
Breakaway-point equations: s* +105? +1457 -8 =0 
Breakaway Points: —8.334, 0.623 


K>o 
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9-14 (g) O(s)=s° +4545 P(s)=s° (s° +85 +16) 


Asymptotes: K>0: 90°, 270° K<0: 0°, 180° 


Intersect of Asymptotes: 


—8 —(-4 
eee s 
4-2 
Breakaway-point Equation: s° +10s* +.425° +9257 +805 =0 
Breakaway Points: 0, -2, -4, —24+ j2.45, -—2-j2.45 
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9-14 (h) 


O K=200 
-2-4 


K>o K>0O 


K 70 
-2-4245 


OOK 


Q(s)=(s°-2)(s+4) — P(s)=s(s° +2542) 


Since Q(s) and P(s) are of the same order, there are no asymptotes. 
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-2.0 


3.0 
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Breakaway Points: —2, 6.95 
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9-14 (i) QO(s)=(st+2)(s+05)  P(s)=sG°-1¢ 
Asymptotes: K>0: 180° K<0: 0° 
Breakaway-point Equation: s'+5s°+4s*-1=0 
Breakaway Points: —4.0205, 0.40245 The other solutions are not breakaway points. 
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g-plane 
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9-14 (j) 


Q(s)=2s+5 — P(s)=s°(s°+28+1)=5° (+1) 
Asymptotes: K>0: 60°, 180°, 300° K<0: 0°, 120°, 
Intersect of Asymptotes; 

0+0-1-1-(-2.5) 05 
o,= = = 0.167 
4-1 3 

Breakaway-point Equation: 651 +285° +3257 +105 =0 
Breakaway Points: 0, -0.5316, -1, -3.135 
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9-15 ) MATLAB code: 


clear all; 
close all; 
s = tf('s') 


Sa) 

num GH _a=(st5); 

den. GH 2=(s°37a*s"2t2"s) 5 
GH a=num_GH_ a/den GH a; 
figure(1); 

¥ locus (GH @) 


10-61 


Automatic Control Systems Chapter 10 Solutions 


Sb) 

num_GH_b=(s+3); 

Gen GH b= (e"376" 2t4A*s) 7 
GH b=num_GH b/den_ GH b; 
figure (2); 

rlocus (GH _b) 


aC) 

Hum GH. ¢= 3°68°2; 

Gen GH c=(6"37L0) 7 

GH c=num_GH c/den_ GH c; 
figure (3); 

Pe OGus (GH 3G) 


Sd) 

num GH G=(6" 37a" 24) 9 

den GH d=(s%4+3*s*3+s*2+15); 
GH d=num_GH d/den GH d; 
figure (4); 

elocus (GH .d) 


26) 

num GH @=(s*2=-1)* (s+2) ; 
Gen GH e=(s°3t2*s°272"8) 7 
GH e=num_GH e/den GH e; 
figure (5); 

¥1OCUS (GH -¢) 


num GH t=(s14)* (eel) 
Gen GH f=(e"s-2" 8) 7 

GH f=num_GH f/den GH f; 
figure (6); 

rlocus (GH f) 


6g) 

num GH g=(s"274*s15) 7 

den GH g=(s"4+6*s*3+9*s"*2) ; 
GH g=num_GH g/den_ GH g; 
figure (7); 

rlocus (GH g) 


Sh) 

num GH h=(s*2-2)* (s+4); 
Gen GH N=(S°s12%s° 2724s) ys 
GH h=num_GH_ h/den_ GH _h; 
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figure (8); 
rlocus (GH_h) 


ei) 

num GH 1=(s+2)* (s+0..5) 7 
den GH i=(s%3-s); 

GH i=num_GH_i/den_ GH i; 
figure (9); 

rlocus (GH_1i) 


3) 

num GH j=(2*s+5); 

den GH J=(s"at2*s"3t2*a"2) 7 
GH j=num_GH_j/den_GH j; 
figure(10); 

rlocus (GH 7) 


$k) 

num GH k=1; 

den Gh k=(e™ota*e™ad+3* esta" a" 2te) F 
GH k=num_GH_k/den_ GH _k; 

figure(11); 

e1OCus: (GH: Kk) 


Root Locus diagram — 9-15(a): 


Root Locus 
20 T c T 
15}- 
10}- 
5 a 
x2) 
a 
= 0 Oo - * 
& 
S 
£ 
EL 
-10 L. 
-15 bs 
-20 E : : 
-6 +5 -4 -3 -2 
Real Axis 
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Root Locus diagram — 9-15(b): 


Root Locus 


Imaginary Axis 
Oo 
T 
® 


T 


-3.5 -3 -2.5 -2 -1.5 -1 
Real Axis 


Root Locus diagram — 9-15(c): 
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Root Locus 
2r C C tC T E - 


0.5 - - 


Imaginary Axis 
j=) 
{ 


-0.5 - 7 


rm 
1? 


5 -4 3 2 E 0 1 2 
Real Axis 


Root Locus diagram — 9-15(d): 


Root Locus 


1.5 ¢- T T 


Imaginary Axis 
j=) 
oO 
4 


-0.5 -- 7 


1.55 c 
-6 -5 


rh 


-4 -3 -2 -1 0 1 
Real Axis 


Root Locus diagram — 9-15(e): 
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Root Locus 


0.5 }- 


Imaginary Axis 
oO 
T 
{ 


-0.5|- 
aq “4 
1.5 t t : : : : t 
-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 
Real Axis 
Root Locus diagram — 9-15(f): 
poles: s = —1,-2 + j,-2 —j 
g, = = 1.67 
Asymptotes angle: 6; = 247 x 180 = ** x 180 


In—m| 


Therefore, 0; = 60,180,300 
=-2-j : @=45 


S 
Departure angle from: ‘s 947 & Gaad5 
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Root Locus 

5c t t . tC - 
4; 4 
3h 4 
2 = 

og If 

x 

> | 

a> 

a O OQ) xO | 

: | 

i>) 

iv] 

—£ +f 
-2/- 
“Bike =| 
-4h | 
+5 c E £ E r r £ f. cr 
-18 -16 -14 -12 -10 -8 -6 -4 -2 0 2 

Real Axis 


Root Locus diagram — 9-15(g): 
Poles: s = —1,—5 —j,3 +j and zeroes: s = —2 


—1-3-j-3+j+2 
gE 9s 


21+1 2i-1 
Asymptotes angles: - ~ n=m Aon 3-1 mee 
6; = 90,270 
s=-3-j 9 = —72° 
Departure angles from: . = 9 = 720 
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Root Locus 
15 t T t tT i t - 
10}- | : 
5 - 

Ey 
4 —O 
E 

-5|- : 

| 

ACOs | “4 

-15 FE £. E r | cr E 

-3.5 -3 -2.5 -2 -1.5 -1 -0.5 0 0.5 

Real Axis 
Root Locus diagram — 9-15(h): 
Poles: s = 0,—1 and zeros: s = —2,—3 
The break away points: 
d |P(s)| _ 
ds|Q(s)| — 
which means: 
d s(s + 1) _ 
ds|(s +2)(s+3)] | 


or 


1 1 1 1 
ls eae 
(2s + 1)(s? + 5s +6) — (25 + 5)(s%7 +5) =0 
4s*+12s+6=0 
i = —0.634 
s = —2.366 
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Root Locus 
1.5 = v Tv T T T c eh 
1; - 
0.5 |- 
no 
x | 
< | 
= | 
a O}- So o, aT. | 
= 
jo) 
oO 
£ 
-0.5}- 
-1h al 
-1.5 c 7 : 7 7 : 
+5 -4 -3 -2 -1 0 1 2 
Real Axis 


Root Locus diagram — 9-15(i): 
Poles: s = 0,—2 —j,-2+j 


breaking points: — “ (s? + 4s* + 5s) =0 


which means : 


{ s=-l 

Ss = —1.67 
s=-2j : §0=-—63.43 

Departure angles from: 2247 © 626343 

Asymptotes angles: 0; = —— x 180 =“ x 180 


or 0 = 60°, 180°, 300° 
_2=f=245 A 
oo 3 = 3 
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Root Locus 


Imaginary Axis 
j=) 
0) 
0) 
{ 


r ia fr 
10 -8 -6 -4 -2 0 2 
Real Axis 


ne} 
La 


Root Locus 
10 C “— 


Imaginary Axis 
Lj 
( ( 


-Di- 

-4}- 

26K 

-BF 

-10% c t a 
-10 -5 0 5 


Real Axis 


Root Locus diagram — 9-15(k): 
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Root Locus 
6r t t c t tT t t c - 
4- 4 
2 = 
Q 
x 
< 
> 
a 0 | 
< 
i>) 
iv] 
£ 
Bre 
“4h al 
-6 £ E E E r fr £ r c 
-6 -5 -4 -3 -2 -1 0 1 2 4 
Real Axis 


9-16) (a) Asymptotes: K>0: 45°, 135°, 225°, 315° 


Intersect of Asymptotes: 


_ -2-2-5-6-(-4) _ 


3c, 375 
onl 
Breakaway-point Equation: 45° + 655° +396s° +1100s~ +1312s+480=0 
Breakaway Points: —0.6325, —5.511 (on the RL) 
When ¢ = 0.707, K =13.07 
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s-plane 


9-16 (b) Asymptotes: K>0: 45°, 135°, 225°, 315° 


Intersect of Asymptotes: 
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0-—2-5-10 
os 


f = —4,25 
4 


Breakaway-point Equation: 4s° +51s* +160s+100=0 


When ¢ =0.707, K=61.5 
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9-16 (c) Asymptotes: K>0: 180° 


Breakaway-point Equation: s' +4s° +1057 +3005 +500=0 
Breakaway Points: -1.727 (on the RL) 
When ¢ = 0.707, K=9.65 
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9-16 (d) K>0: 90°, 270° 


Intersect of Asymptotes: 


When ¢ = 0.707, K=8.4 
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9-17) MATLAB code: 


clear all; 
close all; 
s = tf('s') 
Sa) 


num_G_a=(s+3); 


den G a=s*(s°2+4*s14)* (st5)* (sro); 


G_a=num_G a/den G a; 
figure(1); 
r locus (Ga) 


foe) 


b) 


10-77 


Automatic Control Systems Chapter 10 Solutions 


num G b= 1; 
A * 


den G bas" (s+2)* (S674)* (6710) 
G b=num_G b/den_G b; 
figure (2); 


r¥l6ocus.(G 5) 


SC) 

Hum G e=(S° 272" S70) 7 
den. G O=8* (675)* (e710) 7 
G_c=num_G c/den Gc; 
figure (3); 

FlOCus: (GC) 


$d) 

num G d=(s*2+4); 

den & O=(et2)* 2" (675) * (a7 6) 7 
G d=num_G d/den G d; 

figure (4); 

rlocus (Gd) 


Se) 

num G e=(st10); 

den G e-p7 0" (et2. Oye (e° ote rate): 
G e=num G e/den G e; 

figure(5); 

LOCH Ae 3S) 


num G f=1; 

cen © f=(Sr lye (6° 27a St oy 
G f=num_G f/den G f; 
figure (6); 

¥locus(G £) 


6g) 

num _G g=(st2); 

Gen, G g=(erl) * (6° 276o7s4 LO) } 
G g=num_G g/den G g; 

figure (7); 

rlocus(G 9g) 


Sh) 

num -G h=(st3)*(st2) 
den G h=e* (eri); 

G h=num_G h/den Gh; 
figure (8); 
rlocus(G h) 
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1) 
num G i=1; 


den G i=s*(s*2+4%*s+5); 
G i=num_G i/den G i; 


figure (9); 
elocus (G1) 


Root Locus diagram — 9-17(a): 
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Golnaraghi, Kuo 


By using “Data Cursor” tab on the figure window and clicking on the root locus diagram, gain and 


damping values can be observed. Damping of ~0.707 can be observed on intersection of the root locus 


diagram with two lines originating from (0,0) by angles of ArcCos(0.707) from the real axis. These 


intersection points are shown for part (a) where the corresponding gain is 19. In the other figures for 


section (b) to (1), similar points have been picked by the “Data Cursor’, and the gains are reported here. 


Imaginary Axis 


Root Locus 
v 
System: G_a 
Gain: 19 
Pole: -0.584 + 0.589 
Damping: 0.704 


Overshoot (%): 4.43 
Frequency (rad/sec): 0.829 


\ a 


c c 


oat 


System: G_a 


Gain: 19 

Pole: -0.584 - 0.589i 
Damping: 0.704 

Overshoot (%): 4.43 
Frequency (rad/sec): 0.829 


-10 +5 
Real Axis 


Root Locus diagram — 9-17(b): (K = 45.5 @ damping = ~0.0707) 
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Root Locus 
v “E, 
Q 
x 
<d 
> 
g "| 
S 
£ 7 
: 
5 10 15 20 
Real Axis 
Root Locus diagram — 9-17(c): (K = 12.8 @ damping = ~0.0707) 
Root Locus 
3 C C C i 
pa L- 
1 4 
| 
| 
a | 
< 
a> 
ao 0 x |x "] 
= | 
g | 
£ 
ak 4 
=2 7 
23 BS c c c i cr c i c c cil 
-18 -16 -14 -12 -10 -8 -6 -4 -2 0 2 
Real Axis 


Root Locus diagram — 9-17(d): (K = 8.3 @ damping = ~0.0707) 
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Root Locus 
v v v v T = E 


30 


omemee 


Imaginary Axis 
Oo 
T 


-20b 


ia ig ia im ia 
-4 -3 -2 -1 0 1 
Real Axis 


Root Locus diagram — 9-17(e): (K = 0 @ damping = 0.0707) 


Root Locus 
20 C c T 


Imaginary Axis 


Real Axis 


Root Locus diagram — 9-17(f): (K = 2.33 @ damping = ~0.0707) 


10-81 


Automatic Control Systems Chapter 10 Solutions Golnaraghi, Kuo 


Root Locus 


Imaginary Axis 
Oo 
4 


-7 -6 5 -4 -3 -2 -1 0 1 
Real Axis 


Root Locus diagram — 9-17(g): (K = 7.03 @ damping = ~0.0707) 


Root Locus 


Imaginary Axis 
Oo 
7 
4 


35 3 25 2 15 ¥ 0.5 0 05 
Real Axis 


Root Locus diagram — 9-17(h): (no solution exists for damping =0.0707) 
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Root Locus 


Imaginary Axis 
Oo 
T 
{ 


3.5 3 25 2 45 “4 -0.5 0 0.5 
Real Axis 


Root Locus diagram — 9-17(i): (K = 2.93 @ damping = ~0.0707) 


Root Locus 
4c T tC T C 


Imaginary Axis 
o ok 


ol. 
3h 
40 r c c 
6 5 -4 3 2 
Real Axis 
9-18) (a) Asymptotes: K>0: 60°, 180°, 300° 
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Intersect of Asymptotes: 


Breakaway-point Equation: 35° +60s+200=0 Breakaway Point: (RL) —4.2265, K=384.9 


(b) Asymptotes: K>0: 45°, 135°, 225°, 315° 


Intersect of Asymptotes: 


0-1-3-5 
oO, =——— 


‘ ==2:25 


Breakaway-point Equation: 4s° +27s° +465+15=0 


Breakaway Points: (RL) —0.4258 K = 2.879, —4,2537 K=12.95 


10-84 


Automatic Control Systems Chapter 10 Solutions Golnaraghi, Kuo 


s-plane 


c) Zeros: S = 0.5 and poles: s = 1 
Angle of asymptotes: 0 = (2i + 1)180 = 180 


> s*4+54+05=0 


. 1 1 
The breakaway points: (st1)2 40.5 


Then s = —0.5 — 0.5j,—0.5 + 0.5j and o, = = = 0.5 


1 
d) Poles: s = —0.5, 4.5 


2i+1 
2 


Angle of asymptotes: 0; = x 180 = 90,270 


breakaway points: 


s?+s+0.75=0 Bs=-1-V2j,-14 V2j 


-—0.54+1.5 
n= 2 = 0.5 


e) Zeros: S = -2,-1 and poles: s = 0, 0.5, 1 


Angle of asymptotes: 0; = = 180 = 180 


: ee 
Gah age 
s-1 he 
st+5 


breakaway points: an = + +—- > s = 0.383, —2.22 
KY StS S4+1 
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Poles: s = 0,—3 + 4j,—-3 — 4j 


Angles of asymptotes: 0; = = x 180 = 60,180,300 
__ 0+3-4j+344j 
—— = 


On = 2 


breakaway point: = < [s(s? + 6s + 25)] =0 


3s? 4+125+25=0 > s~—2421j,-2-2.1/ 


9-19) MATLAB code: 


clear all; 
close all; 
s = tf('s') 


%a) 

num G a=1; 

den G a=s* (+10) * (s+20) ; 
G_a=num_G a/den G a; 
figure (1); 

rlocus (G6 2) 


Sb) 
num G b= 1; 
den G b=s*(s+l)* (8+3)* (8+5); 
G_b=num_G b/den_ Gb; 

figure (2); 

rlocus(G b) 


Sc) 

num & ¢c=(8-0.5)7 

den G c= (e=l)"23 

G c=num_ G c/den G c; 
figure (3); 

¥rlocus (G.<) 


$d) 

num CG d=1; 

den CG a=(640..9)* (s=1.5) 3 
G d=num_G d/den G d; 
figure (4); 

¥ locus (G d) 
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Se) 

num G e=(st+1/3)* (stl); 
den G @=s* (st1/2)* (s-1); 
G_e=num_G e/den Ge; 
figure (5); 

rlLocus (G 6) 


Sf) 

num G f=1; 

Cen F=s* (8° 270°s72 5) 7 
G f=num_G f/den G f; 
figure (6); 

locus (6. *) 


Root Locus diagram — 9-19(a): 


Root Locus 
60 ¢- T c T C tT Tr 
40 |}- 4 
System: G_a 
Gain: 385 
20 Pole: -4.23 - 1.45e-007i 


Damping: 1 
Overshoot (%): 0 
Frequency (rad/sec): 4.23 


Imaginary Axis 
Oo 


] | 

-20 + 

-40- 4 

-60 - L L L i" r t 
-80 -60 -40 -20 0 20 40 


Real Axis 


Root Locus diagram — 9-19(b): 
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Root Locus 
15 ri Tv L T E 7G 
10}- 4 
System: G_b 
Gain: 2.88 
5 |. Pole: -0.426 - 1.02e-008i 
Damping: 1 
2 Overshoot (%): 0 
< Jj Frequency (rad/sec): 0.426 
= OF «Ex pais -| 
Cc 
> System: G_b 
= Gain: 13 
Pole: -4.25 + 0.0278i 
or Damping: 1 
Overshoot (%): 0 
Frequency (rad/sec): 4.25 
-10- - 
-15 : ° 
-15 10 5 0 5 10 
Real Axis 
Root Locus diagram — 9-19(c): 
Root Locus 
0.8 - c c c T t t c c T ar 
0.6 |- 
System: G_c 
AL WI zl 
- Gain: 2 
Pole: 0 
0.2 Damping: -1 | 
2 Overshoot (%): 0 
<< Frequency (rad/sec): 0 
> 
fe 0 a OQ * | 
=e | 
Oo 
Ee 
~~ -0.2 |- 
-0.4}- 
0.6 |- 
-0.8 = r c fa r r r £ r r 4 
-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1 1.2 
Real Axis 


Root Locus diagram — 9-19(d): 
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Root Locus 
1:5 Fig T T v c rE 
1 4 
System: G_d 
Gain: 1 
05|- Pole: 0.5 
Damping: -1 
2 Overshoot (%): 0 
<x Frequency (rad/sec): 0.5 
FOF a | 
£ 
jo) 
oO 
£ 
-0.5|- 
-1h al 
1.5 : : : : : 
-1 -0.5 0 0.5 1 15 2 
Real Axis 
Root Locus diagram — 9-19(e): 
Root Locus 
15¢ c C C c 5 c 
Tk 
System: G_e System: G_e 
Gain: 5.34 Gain: 0.211 
o5- Pole: -2.24 - 3.95e-008i Pole: 0.383 
Damping: 1 Damping: -1 
2 Overshoot (%): 0 Overshoot (%): 0 
<x Frequency (rad/sec): 2.24 Frequency (rad/sec): 0.383 
S 0 a ee rT - 
a) 
o 
£ 
-0.5/- 
-1h 4 
1.55 c : c “ : c t 
- -4 -3 -2 -1 0 1 2 
Real Axis 


Root Locus diagram — 9-19(f): (No breakaway points) 
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Root Locus 
25 [7 v v v v v T i T “T 


Imaginary Axis 
Oo 
4 


54 r i t t t t t t af 
-30 -25 -20 -15 -10 =5 0 5 10 15 


Real Axis 
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9-20) 


8-9 (a) n=1 (b) n=2 


42.906 
K=29S¢.7 


Co 


-§2.906, k= 2954.7 
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9-21) MATLAB code: 


num © a= 1% 

den G a=(s+4)*n; 
G_a=num_G a/den G a; 
figure (n); 
¥locus(G 4) 


num G b= 1; 

den G b=(st4)%*n; 

G b=num_ G b/den Gb; 
figure (n); 


num _G c= 1; 

den G c=(st4)%*n; 

G c=num G c/den G c; 
figure (n); 

PLOCUS (GC) 


num G d= 1; 

den G d=(s+t4)%*n; 
G_d=num_G d/den G d; 
figure (n); 
rlocus(G d) 


num GC e= 1 

den G e=(s74) °n; 
G_e=num_G e/den Ge; 
figure (n); 

rlocus (GS) 


Root Locus diagram — 9-21(a): 
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Root Locus 
0.8 T C c T c c T T 


OG | 
| 
0.4/- 


0.2 |- 


Imaginary Axis 
oO 


-0.2 |- 


-0.4}- 


16 -14 +12  -10 8 6 -4 2 0 2 
Real Axis 


Root Locus diagram — 9-21(b): 


Root Locus 
2.5 5 5 t t t t t t T 


1.5 


Imaginary Axis 
=] 
* 


| 
=2: F cr r r rf F f Er . 
-45 -4 -3.5 -3 -2.5 -2 -1.5 -1 -0.5 0 0.5 
Real Axis 


ye) 
oa 
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Root Locus diagram — 9-21(c): 


Root Locus 
4e : 7 
3 a, 
2 ™ 
1 - 
2 
xs 
<x 
> 
5 0 4 
< 
oD 
oO 
= 
= oy. 
-2/- 
-3/- 
-44 f f f lu E r E i i" c 
-9 -8 -7 -6 5 -4 -3 -2 -1 0 1 
Real Axis 
Root Locus diagram — 9-21(d): 
Root Locus 
156 C C C T T i =F 
1 - 
0.5 }- 
2) 
a 
> 
w O/;- % -| 
< 
to?) 
oO 
£ 
-0.5 = 
at's 
1.55 : : : : : t : 
-6 5 -4 -3 -2 “1 ) 1 
Real Axis 
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Root Locus diagram — 9-21(e): 


Chapter 10 Solutions 


Root Locus 


Imaginary Axis 
oO 


6 5 -4 -3 


Real Axis 
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9-22) P(s)=s5°+25s°+25+100  O(s)=100s 
Asymptotes: K >0: 90°, 270° 


Intersect of Asymptotes: 


25-0 
i= =-125 
3-1 
Breakaway-point Equation: s° +12.5s° -50=0 
Breakaway Points: (RL) —2.2037, —12.162 


Kp 20 
0.039645 1996 


9-23) MATLAB code: 
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Ss = ti('s") 

num _G= 100; 

den Ga" 344o7%e1 2 *S7 LOO; 
G=num_G/den G; 

figure (1); 

rlocus (G) 


Root Locus diagram — 9-23: 


Chapter 10 Solutions 


Root Locus 


30 C c 


20 |- 


Imaginary Axis 
oO 


-20+ 


-30 Es c c 
-30 -25 -20 


-15 -10 -5 0 
Real Axis 


9-24) Characteristic equation: s° +5s° + K s+K=0 


(a) K,=0: P(s)=s°(s+5) 


Os) =1 


Asymptotes: K>0: 60°, 180°, 300° 


Intersect of Asymptotes: 
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Breakaway-point Equation: 357 +10s =0 Breakaway Points: 0, —3.333 
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9-24 (b) P(s)=s°+5s°+10=0 O(s)=s 


Asymptotes: K>0: 90°, 270° 


Intersect of Asymptotes: 


Breakaway-point Equation: 2s°+5s-10=0 


There are no breakaway points on RL. 
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ea 
0.1747-j1356 


Kex2 


-)L4 


Automatic Control Systems Chapter 10 Solutions Golnaraghi, Kuo 


9-25) 
By collapsing the two loops, and finding the overall close loop transfer function, the characteristic 


equation (denominator of closed loop transfer function) can be found as: 


si 4557+ K,s+K 


1+GH = 5 
s“(s+5)+K;,s 
For part (a): Root locus diagram, part (a): 
K,=0. Therefore, assuming - = 
Den(GH)= s°+5s7 and 
10}- 
Num(GH) =1, we can use rlocus 
command to construct the root 5f- 
locus diagram. g 
zo ! 
z 
For part (b): Lek 
K=10. Therefore, assuming 
-10- od 
Den(GH)= s? +557 +10 and 
Num(GH) = s , we can use rlocus gets : : : : 2 \ 
-20 -15 -10 -5 0 5 10 
command to construct the root Real Axis 
locus diagram. Root locus diagram, part (b): 
Root Locus 
15 ¢- 1 C cad 
| 
| 
MATLAB code (9-25): el | 


QB 
num G a= 1; 3 ee oe 
hepa > 
den G a=s*3+5*s%2; 5 0 % ee © 
— i=) ee 
£ 


GH a=num G a/den G a; 
figure (1); si a 


¥locus (GHG) 


Sb) : 
num G b= 68; | 

=a% “A ° 50 r r r L r L fy et 
den G b=s%3+5*s*2+10; iS = a = 2 3 0 1 
GH_b=num_G b / de tts 5 7; Real Axis 


figure (2); 
rlocus (GH 6b) 
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9-26) P(s)=s? +116845+1843 O(s) = 2.05s°(s+5) 
Asymptotes: J, =0: 180° 


Breakaway-point Equation: 2.05s* —479s* — 125325” —37782s =0 


Breakaway Points: (RL) 0, -204.18 


$35.55 
J. = 0.0453 


-!8.6 
JiunO Syste 
Od 


9-27) MATLAB code: 
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s = tf('s') 


Hum G=— (2,05%e"s + 10n25*s"2) 3 
den G = (s°2 + 116.84*=e 4+ 1343); 


G = num_G/den G; 
figure(1); 
rlocus (G) 


Root locus diagram: 


Chapter 10 Solutions 


Golnaraghi, Kuo 


Root Locus 
150 - T 1 L ai 
100 }- 4 
50 + 4 
xo) 
x 
<x 
SOF x : 
& 
om 
oO 
= 
-50 -- - 
-100 |- 
-150- : : : : : + 
-400 -350 -300 -250 -200 -150 -100 -50 50 
Real Axis 
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9-28) (a) P(s)=s(s°-1) Ql) =(s + 5)(s +3) 


Asymptotes: K>0: 180° 


Breakaway-point Equation: s’ +165? +465? -15=0 


Breakaway Points: (RL) 0.5239, -—12.254 


4.0 


Kxxxo Kro K=0 


P.0 -44.0 -40.0 -8.0 -8.0 -7.0 -8.0 -8.0 -4.0 -3.0 -2.0 
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9-28 (b) P(s)=s(s°+10s+29) — Q(s) = 10(s +3) 


Asymptotes: K>0: 90°, 270° 


Intersect of Asymptotes: 


Breakaway-point Equation: 20s* +1905” +6005 +870 =0 


There are no breakaway points on the RL. 
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9-29) 


Chapter 10 Solutions 


| 

| 

| 

lz 

ly 

rk 
= 

B 

| 

| 

| 

| 
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MATLAB code (9-29): 


s = tf('s') 

Sa) 

humi:G.62 =] (S+5)* (St3) 7 
Cen & a= 8" (2°! = .1)F 
Ga = num G a/den G a; 
figure(1); 


YrlLocus.(G 2) 


Root locus diagram, part (a): 
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K=10; 
Sb) 

num Gb 
den © b 
(e°Srh*s"2th* 3% e=3) 7 
Gb = num _ G b/den G b; 
figure (2); 

rlocus (Gb) 


(3*K+K*s) ; 


Root Locus 
8 C T U C E 
6 = 
4. 7 
2}- i | im 
x) 
6 | 
= 
Po ©. 6 
a | 
& \ 
S | 
£ \ 
“2° \ | 
“4h 
“6K 
-8 r i ia i f 
-25 -20 -15 -10 5 0 
Real Axis 


Root locus diagram, part (b): 


Root Locus 


20 - 


Imaginary Axis 
Oo 


-4 -3 -2 -1 
Real Axis 


9-30) Poles: s=0,-—3.6 zeros: 


s = -—0.4 
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i+1 


Angles of asymptotes: 6; = —— x 180 = 90°, 270° 


_  3.6-04 _ 


= —1.6 
3-1 


1 1 


: al 
breakaway points) 5+ = 
Ss S+3.6 S+0.4 


> 53742.4574+1.445=0 Ds =0,-1.2 


MATLAB code: 


a = ti('s") 

num G=(s+0.4); 

Gen Gas" 2" (St 360) % 
G=num_G/den G; 
figure(1); 
¥LOCusS.(G) 


Root locus diagram: 


Root Locus 
5 t C c C c C C T =r 


Imaginary Axis 
fo) 
] 
* 


-4 -3.5 -3 -2.5 -2 -1.5 -1 -0.5 0 0.5 
Real Axis 


9-31 (a) P(s)=s(s+12.5)(s+1)  Q(s) = 83.333 
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Asymptotes: N>0: 60°, 180°, 300° 


Intersect of Asymptotes: 


Breakaway-point Equation: 35° + 27s_125=0 


Breakaway Point: (RL) —0.4896 


s-plane 


9-31 (b) P(s) =s° +12.55+833.333  Q(s)=0.02s"(s+12.5) 
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A>0: 180° 


Breakaway-point Equation: 0.02s* +0.5s° +53.125s° + 416.675 =0 


Breakaway Points: (RL)O 


s-plane os 
~6.25 +4 28.18 


5 
=j2, A=0.923 


—6.25-j28.18 


A=0 


9-31 c) P(s)= s° +12.55° +1666.67 = (s+17.78)(s —2.64+ j9.3)(s— 2.64 — 79.3) 
Q(s) =0.02s(s+ 12.5) 
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Asymptotes: K,>0: 180° 


Breakaway-point Equation: 0.02s* +0.5s° +3.125s” — 66.675 —416.67 =0 


Breakaway Point: (RL) —5.797 


(-j9.27) 
K=344 


(j9.27) ~~ | ( 2.66-j9.3) 


9-32) MATLAB code: 
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s = tf('s') 

Sa) 

A=50; 

K0=50; 

num Ga = 250; 

den 6-2 = 0,00"s* (e+ 12.5) * (Aer) y 
Ga = num G a/den G a; 

figure (1); 

rlocus(G a) 


Sb) 

N=10; 

KO0=50; 

num. G b= 0.06%s* (stlZ.o)*s 

den G b= KO* (0.06*s* (st12.5) )+250*N; 
Gb = num G b/den G b; 

figure (2); 

rlocus(G b) 


) 
50; 

=20 

nom G =" 0.0% Ss (et le. oF 

Gen 6 C= 0. .0e%e* (a1 le co) *AX er A00sN; 
G c= num.@ ¢/den @ c; 

figure (3); 

rlocue (GC) 


. 


, 


Root locus diagram, part (a): 
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Root Locus 
30 [= T v T T 


20;- 7 


10;- 7 


Imaginary Axis 
Oo 


-10- 


th 


40 -30 -20 -10 0 10 20 
Real Axis 


Root locus diagram, part (b): 


Root Locus 
30 T c t c r “E 


20;- 7 


10}- - 


Imaginary Axis 
oO 
0) 
4 


oh 


25 -20 -15 -10 5 0 
Real Axis 


Root locus diagram, part (c): 
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Root Locus 


ie) 


Imaginary Axis 
j=) 
0) 
© 
4 


-35 -30 -25 -20 -15 -10 -5 0 5 
Real Axis 


9-33) (a) A=K, = 100: P(s)=s(s+12.5)(s+1)  O(s)=4167 


Asymptotes: N>0: 60° 180° 300° 


Intersect of Asymptotes: 


Breakaway-point Equation: 35° +275+12.5=0 


Breakaway Points: (RL) —0.4896 
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s-plane 


9-33 (b) P(s)=s° +12.5+1666.67 = (s+6.25+ 740.34)(s+6.25— j40.34) 


Q(s) = 0.02s°(s +125) 
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Asymptotes: A>0: 180° 


Breakaway-point Equation: 0.02s* +0.5s° +103.13s~ +833.33s =O 


Breakaway Points: (RL) 0 


(-6.25+j40. 34) 
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9-33 (c) P(s)=s° +12.5s° +833.33 = (s+ 15.83)(s—1.663+ j7.063)(s— 1.663— j7.063) 


Q(s) = 0.01s(s +12.5) 


Asymptotes: K >0: 180° 


Breakaway-point Equation:  0.01s* +0.15s° +1.5625s” —16.67s—104.17 =0 


Breakaway Point: (RL) —5.37 
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8.0 jim s. 


oat ST, Ko=405 
1.6634+}7.063 


48 —87 “38 -15 ~-i4 —83 “42 -41 -10 -3 -8 


5.83 “12.5 


9-34) MATLAB code: 


num G-4. = 250; 

dén 6 4 = U,Ue"se*(s + 12.9) "(A sek) > 
Ga = num G a/den G a; 

figure(1); 

rlocus(G a) 
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num G&D = U,0e"s* (etl wo) ee 

den CG b= KO*(U.06"s* (St12.5)) +2504N; 
Gb = num _G b/den G b; 

figure (2); 

rl6cus. (Gb) 


SC) 

A=100; 

N=20; 

num @ Oo = 0.007s* (erl2 23) 7 

Gen G Go] O.0Ges (erly) Av ore se Ny 
Gc = num G c/den G ¢c; 

figure (3); 

¥rlocus (G.<¢) 


Root locus diagram, part (a): 


Root Locus 
30 T C tr C T 
20 ;- 7] 
10; 7 
ae) 
x 
<x 
> 
5 0+ XK 
5 
i] 
£ 
-10 = 
-20|- 7] 
-30 % : : ; : ; 
-40 -30 -20 -10 0 10 20 
Real Axis 


Root locus diagram, part (b): 
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Root Locus 


Imaginary Axis 
Oo 
4 


30 -25 -20 -15 -10 5 0 5 10 
Real Axis 


Root locus diagram, part (c): 


Root Locus 
bre C C tT T 


Imaginary Axis 
Oo 
) 
4 


-30 -25 -20 “15 -10 
Real Axis 


a 
° 


9-35) a) zeros: s = —2, poles: s = —2j,+2j,—5 
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Angle of asymptotes: 6; = —— x 180 = 90,270 


-2 
g=-3 


: 1 1 1 
Breakaway points: Zant (ts)? (stn) 


> s*?+6s+25=0 Ds = -1.54 2j,1.5—-2 
b) There is no closed loop pole in the right half s-plane; therefore the system is stable for all K>0O 


c) MATLAB code: 

num G25" (St2) "27 

den G=(s*2+4) * (s+5)%2; 
G a=num_G/den G; 
figure(1); 

¥locus(G 4) 


Root locus diagram: 


Root Locus 


Imaginary Axis 
oO 
I 


-5 -4 -3 -2 -1 0 
Real Axis 


= 
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9-36) (a) = P(s)=8°(s+1(st+5)  — O(s)=1 
Asymptotes: K>0: 45°, 135°, 225°, 315° 


Intersect of Asymptotes: 


Breakaway-point Equation: 45° +185*+10s =0 Breakaway point: (RL) 0, —3.851 


(b) P(s)=s°(st+I(st+5) QO(s)=5s41 


Asymptotes: K>0: 60°, 180°, 300° 


Intersect of Asymptotes: 


0+0-1-5-(-0.2) 58 
- == =-193 
4-1 3 


o; 


Breakaway-point Equation: 155° +.64s° +43s° +10s =0 


Breakaway Points: (RL) —3.5026 
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9-37) 
MATLAB code (9-37): 


Ss = ti('s!) 

Sa) 

num GH a= 1; 

Gen Hee" 2" (etl) *4e- 
DS)? 
GH_a=num_GH_a/den_GH_ a 
figure(1); 
rlocus (GH a) 


Sb) 

num GH b= (sa*s+1) 3 

den GH b=a°2* (et 1) * (a+ 
5); 

GH b=num_GH b/den GH b 
figure (2); 
rlocus (GH _b) 


Root locus diagram, part (a): 


Root Locus 


15 t T 


Imaginary Axis 
oO 


Real Axis 


Root locus diagram, part (b): 
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Root Locus 


Imaginary Axis 
oO 
T 


-20 c c t ; 
-25 -20 -15 -10 5 


Real Axis 
9-38) a) e~* can be approximated by ( easy way to verify is to compare both funtions’ Taylor 
series expansions) 
es A 278 
2+s 
Therefore: 
K(s=—2 
(eee (s — 2) 


(s+ 1)(s + 2) 
Zeros:s = 2 and poles: s = —1,—-2 
Angle of asymptotes : 6; = (2i + 1)180 = 180 

go, =—-(1+2-2)=-1 
Breakaway points:— Sa = =o 
Which means: s? + 4s =0 ¥s=0,s = +2 


b) s+1+K—=0 > s?4+354+2—Ks+2K =0 
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s° | (3-k)(2+2k) 
As a result: 
{ 3-K>0> K<3 
(3-—K)(2+2K)>0 > 24+2k>0> K>-1 


Since K must be positive, the range of stability is then 0 < k < 3 


c) In this problem, e-"* term is a time delay. Therefore, MATLB PADE command is used for pade 


approximation, where brings e-' term to the polynomial form of degree N. 


N=1; 
Hum GH= paede(exp(-lL*T*s) ,N); 
den GH=(st1); 
GH=num_GH/den_GH; 

figure (5); 

rlocus (GH) 


Root locus diagram: 
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Root Locus 


Imaginary Axis 
Le] 
q 
O 


- r r r r _t 
-4 -2 0 2 4 6 8 10 12 
Real Axis 


9-39) 


(a) P(s)= s(s +1)(s+5)+10 = (5+ 4.893)(s + 1896)(s —0.394+ j0.96)(s—0.394+ 70.96) 
Q(s) =10s 
Asymptotes: T,>0: 60°, 180°, 300° 


_ 74893-1896 + 0.3944 +0.3944 
4=1 


Intersection of Asymptotes: G, 


There are no breakaway points on the RL. 
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(b) MATLAB code: 

Ss = ti('s') 

num_GH= 10*s; 

den GH=e*2* (Srl) (S15) +10; 
GH=num_GH/den_ GH; 
figure(1); 

rlocus (GH) 


Root locus diagram: 
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Root Locus 


Imaginary Axis 
S' 
© 
4 


r r _t 
-20 -15 -10 -5 0 5 10 
Real Axis 


9-40) (a) K=1: P(s)=5°(s+117.23)(s +48828)  O(s) =1010(s + 15948)(s + 114.41)(s + 4884) 


Asymptotes: K,>0 90°, 270° 


Intersect of Asymptotes: 


_ 7117.23 — 48828 + 15948 + 114.414 4884 
5-3 


= -0.126 


oy 


Breakaway Point: (RL) 0 
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O 
“UT.23° -114.41 


(Not drawn to scale ) 


9-40 (b) K=1000: P(s) = s°(s+117.23)(s +48828) 


Q(s) =1010(s° + 5000s” +5.6673x 10° s +891089110) 
= 1010(s + 4921.6)(s + 39.18 + 7423.7)(s + 39.18 — 423.7) 


Asymptotes: K,>0: 90°, 270° 


Intersect of Asymptotes: 


—117.23- 4882.8 + 4921.6 + 39.18 + 39.18 
= = = ~0.033 


Breakaway-point Equation: 


2020s’ +.2.02x 10’ 5° + 5.279 x 10!° 5° +.1.5977 x 10'3 5* +18655x 10'° 5? +154455x10!8 5? =0 


Breakaway points: (RL) 0, -87.576 
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-39.18+}423.7 


-4921.6  —4882.8 


9-41) MATLAB code: 
s = tf('s") 
Ki=9; 

Kb=0. 636; 

Ra=5; 

La=.001; 


q 
Kk 
ll 
ro) 
ro) 
ro) 
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K=1; 

num G-4={(n*2*La*J1l+ha*Jm) *s°3+(n°’2*Ra*J1+Ra*Jm+Bm* La) *s*2+Ra*Bm* S+hi 
*Kb*stn*Ks*K*Ki) ; 

den G a=( (ha*dum*d1)*s5*S+ (dl *Ra*dmtd 1 *Bm* ha) *s°4+ (Ki *Kb*J1+Ra*Bm*d1)*s 
ao) 

G_a=num_G a/den G a; 

figure(1); 

rlocus(G_ a) 

Sb) 

K=1000; 

nium, Go b=((n' 2" hal ehe* Im) *s° 3+ (nse * hal ha ms Bm he) Soo Rha* Bm Sh. 
*Kb*stn*Ks*K*K1) ; 

den G b=( (ha*dm*d1) *6°S+ (di *Ra*dmtd1*Bm* ha) “64+ (Ki *Kb*d1+Ra*Bm* dl) 6 
sae 0 

G_b=num_G b/den_G _b; 

figure (2); 

rlocus(G 5) 


Root locus diagram, part (a): 


Root Locus 
1000 C C c c c E 
800 |- 7 
600 |- a 
400 
wo 200 
a 
> 
rf Or -& © @ “ 
& 
fo>) 
oO 
£  -200;- 4 
-400 + 4 
-600 |- 7 
-800 |- 
-1000 fa ia r i c r r 
-3500 -3000 -2500 -2000 -1500 -1000 -500 0 500 
Real Axis 


Root locus diagram, part (b): 
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Root Locus 
1000 C t c c C C C 


Imaginary Axis 
j=) 
T 
{ 


r r c c c E r 
-4000 -3500 -3000 -2500 -2000 -1500 ~-1000 -500 0 500 
Real Axis 


9-42 
(a) Characteristic Equation: s° +5000s? +572,400s +900,000+ J, (10s? +50,000s? )=0 


P(s)= s° +5000s° + 572,400s + 900,000 = (5 + 1.5945)(s +115.6)(s + 4882.8) O(s)= 10s°(s +5000) 
Since the pole at —5000 is very close to the zero at —4882.8, P(s) and Q(s) can be approximated as: 
P(s) =(s+15945)(s+115.6) O(s) = 10.248” 


Breakaway-point Equation: 1200s” + 3775s =0 Breakaway Points: (RL): 0, —3.146 


Not drawn +o scale 
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(b) MATLAB code: 
s = tf('s') 
K=1; 
Jm=0.001; 
La=0.001; 
n=0.1; 


Ki=9; 
Bm=0; 
Kb=0.0636; 
Ks=1; 


HUM Goa > (ns herve" S14 *Ra* a2) 7 

den. G42 = (La*Jm*s° 3+ (Ra*dm+Bm* ha) *s°2+(Ra*Bm+Khi*kS) *s+n* Ki *Kke*K) 3 
Ga = num G a/den G a; 

figure(1); 

rlocus(G a) 


Root locus diagram: 


Root Locus 
300 - T c E T C T Ty 


200 |- 


100 |- 4 


Imaginary Axis 
oO 
7 
& 
4 


-100 }- 


i c c 


: -6000 -5000 -4000 -3000 -2000 -1000 
Real Axis 


h 


oO 


1000 
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9-43) (a) a@=12; P(s)=s°(s+12)  O(s)=s41 
Asymptotes: K>0: 90°, 270° K<0: 0°, 180° 


Intersect of Asymptotes: 


0+0-12-(-1) 
o,= = 
3-1 


a) 


Breakaway-point Equation: 2s? +15s° +245 =0 Breakaway Points: 0, —2.314, —5.186 


K=0 K<O K->-c 


9-43 (b) a=4  P(s)=s°(s+4)  O(s)= 541 


oO 


Asymptotes: K>0: 90°, 270° K<0: 0°, 180° 


Intersect of Asymptotes: 


0+0-4-(-10 
o.= = 


15 
; 3-1 


Breakaway-point Equation: 25° +75° +85=0 Breakaway Points: K>0 0. None for K<0. 
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K=8 kK>0 K=e'- 
x 


hag an!o F 


a+3 y(a+3)’ -16a 


(c) Breakaway-point Equation: 25° +(@+3)s+2s=0 Solutions: s= + ,s= 
4 4 


For one nonzero breakaway point, the quantity under the square-root sign must equal zero. 


Thus, a —-10a+9=0, a@=lora=9. The answeris a =9. The a =1 solution represents pole-zero 


cancellation in the equivalent G(s). When @ = 9, the nonzero breakaway point is at s = —3. =A, 
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9-44) 
For part (c), after finding the expression for: 


dk -—3-a+V(a-l)(a-9) 


ds 4 


? 


there is one acceptable value of alpha that makes the square root zero (a =9 ). Zero square root means 
one answer to the breakaway point instead of 2 answers as a result of + sign. a =1 is not acceptable 


since it results in s=-1@ *=0 and then k=". 


ds 


MATLAB code: 


% (a) 
alpha=12 
num _GH= stl; 
den GH=s*3ralpha*s* 2; 
GH=num_GH/den_ GH; 
figure(1); 

rlocus (GH) 


% (b) 

alpha=4 

num GH= 871; 
cen GH=s*3ralpha*s*2; 
GH=num_GH/den_ GH; 
figure (2); 

rlocus (GH) 


7B ie) 

alpha=9 

num _GH= stl; 
den GH=s*3ralpha*s*2; 
GH=num_GH/den_GH; 
figure (3); 

rlocus (GH) 


Root locus diagram, part (a): 
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Root Locus 
10- t T t T tr T - 


Imaginary Axis 
oO 
T 
4) 
4 


-10% £ im E r r r E 
“14 -12 -10 -8 -6 -4 -2 0 2 


Real Axis 


Root Locus 
10 ~ v v v C T 7 c C T “T 


Imaginary Axis 
Oo 
7 
0) 
4 


-4.5 -4 -3.5 -3 -2.5 -2 -1.5 -1 -0.5 0 0.5 
Real Axis 
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Root locus diagram, part (c): (alpha=9 resulting in 1 breakaway point) 


Root Locus 


Imaginary Axis 
oO 
O 
ia 


Real Axis 


9-45) (a) P(s)=s°(s+3)  O(s)=s+a 
Breakaway-point Equation: 253+ 31+a@)s+6a=0 


The roots of the breakaway-point equation are: 


~3(1+4a)  9(1+a@)’ -48a 
sS= ote 


4 4 


For no breakaway point other than at s=0, set 9(1+ a) —48a<0or -0.333<a<3 


Root Locus Diagram with No Breakaway Point other than at s = 0. 
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9-45 (b) One breakaway point other than at s=0: @=0.333, Breakaway point at s =—1. 
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(c) Two breakaway points: a < 0.333: 


— 20 st [acter 480k 


if ol <0,333 


aot 
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9-45 (d) Two breakaway points: a@>3: 


K<0O 


3(l+h) , | 2 
a me Wl+h) ~ 4Boh 


9-46) First we can rearrange the system as: 


+ 
x }——»  Hy(s) |——> G(s) 


Golnaraghi, Kuo 


where 


H 
H,(s) = 


1+(1—e-)GH 


Now designing a controller is similar to the designing a controller for any unity feedback system. 
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9-47) Let the angle of the vector drawn from the zero at s = j12 toa point s, on the root locuss near the zero 


be @. Let 


= angle of the vector drawn from the pole at j10 to s.. 


= angle of the vector drawn from the pole at 0 to s,. 


a, 
a, 
@, = angle of the vector drawn from the pole at — j10 to s,. 
A, 


angle of the vector drawn from the zero at — j12 to s,. 


Then the angle conditions on the root loci are: 


0=0,-@,-0,+6, = odd multiples of 180 


6,=0,=0,=90 =90° Thus, 6=0° 


The root loci shown in (b) are the correct ones. 


Answers to True and False Review Questions: 


6.(F) 7.(T) 8.(T) 9. (F) 10. (F) 11. (1) 12. (T) 13. (T) 14. (PD) 
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Chapter 10 


bat | 


10-1 (a) K=5 Oo, = V5 =2.24 rad/sec 6 =146 M=1 @ , =0 rad/sec 
4.48 


6.54 1 
(b) K=2139 ow =V2139=462rad/sec ¢=—— 


=0.707 M,=— ==! 
9.24 


O.=0, 1-¢? = 3.27 rad/sec 


6.54 
(c) K=100 @,=10rad/sec ¢=—— =0.327 M_=1618 @, =9.45 rad/sec 
20 


10-2 Bode diagram (a) — k=5: data points from top to bottom indicate 
MATLAB code: bandwidth BW, resonance peak M,, and resonant frequency @,. 
Oe 7 = 
a Ouestion 10=2, System: CL_a 
clear all ; . Frequency (rad/sec): 0.855 

: ae Bode Diagram Magnitude (dB): -3 
close all; eae re aie wo aa 
s = tf('s') -1o/- a 

a System: CL_a 

e 3 -20}- Frequency (rad/sec): 2.25 
Sa) 2g Magnitude (dB): -9.4 
num _G a= 5; = 30}, 
den G a=s*(st+6.54); = ale 


G a=num_G a/den G a; 
CL_a=G_a/(1+G a) er 
BW = bandwidth (CL a) bees 
bode (CL a) 
7 -45 | - 
Sb) 

Figure (2) 3 
a linen cee System: CL_a 


Frequency (rad/sec): 2.25 
den G b=s*(st+6.54); 135 a : pt -_ Phase (deg): -90.2 

G b=num G b/den G b; is 10 

CL b=G vaeerve b) — Frequency (rad/sec) 


BW = bandwidth (CL_b) Bode diagram (b) — k=21.38: data points from top to bottom 
bode (CL _b) 


Phase (deg) 


-90 |- | 


indicate bandwidth BW, resonance peak M,, and resonant frequency 


SC) 

figure (3); 
num _G c=100; 

Gen & C=s* (a6. 94) 7 
G c=num G c/den G c; 


Or. 
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CL c=G ¢/ (146 c) 
BW = bandwidth(CL c) 
bode (Cl <<) 


System: CL_b 
Frequency (rad/sec): 4.6 
Bode [ Magnitude (dB): -3 
0 — a 
System: CL_b Ore 
Frequency (rad/sec): 4.62 ane 
Magnitude (dB): -3.03 = 
-40 Ty, a 


-20} 
Magnitude (dB) 


-60 


-100 


Phase“ féleg) Hy 


-90 u 
System: CL_b 
Frequency (rad/sec): 4.62 


-135} 
Phase (deg): -89.9 


1gQb 


10° 10° 10° 
Frequency (rad/sec) 


Bode diagram (c) — k=100: data points from top to bottom indicate 


resonance peak M,, bandwidth BW, and resonant frequency @,. 


Bode Diagram 


20 

OF ——i - 
= System: CL_c 
S 55 Frequency (rad/sec): 9.99 System: CL_c 
o ~ | Magnitude (dB): 3.62 Frequency (rad/sec): 14.3 
3 Magnitude (dB): -2.96 
s -40 
is} 
= 

-60 

-80 a E SE 

Or = 
\ 

-45 \ 
c) 
(3) 
2 
o -90 a 
on 
£ System: CL_c 
* 435 Frequency (rad/sec): 10 

Phase (deg): -90 
0) a ee Be gis i wee a ope an 
10" 10° 10' 10° 10° 


Frequency (rad/sec) 
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10-3) If u(t) = U sin (wt) is the input, then 


| 
JO+A A, + Ajo) 


GUGw) = = 
: jot A,(1 + Apjw) 
2 
where 
IGGw)| = 
and 
ZG(jw) = tan! A,w —tan7+T,w = ©@ 
Therefore: 
UA, [1+ A2w2 
y@) = ae Taz? Sin(we + tan7* A,w — tan™* A,w) 
As aresult: 


iF A, > Az > ® > 0 - the network is a lead network 
if Ay < Az ~ ® < 0 > the network is a lag network 


10-4 (a) M_=2944(938dB)  @,=3rad/sec BW=4.495rad/sec 
(b) M_ = 15.34 (23.71 dB) @, =4 rad/sec BW = 6.223 rad/sec 
(c) M_ =4.17(124 dB) @,=6.25rad/sec BW=9.18 rad/sec 
(d) M,_=1 (0 dB) a,= 0 rad/sec BW = 0.46 rad/sec 


(e) M_=157(3918dB)  @,=082rad/sec BW=1.12 rad/sec 
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(f) @ =co(unstable) @,=15rad/sec BW=2.44rad/sec 


(g) M_ = 3.09 (9.8 dB) @, = 1.25 rad/sec BW = 2.07 rad/sec 


(h) M_ = 4.12 (12.3 dB) @, =3.5 rad/sec BW =5.16 rad/sec 


10-5) 


10-6) 


10-7) 


Maximum overshoot = 0.1 Thus, ¢=0.59 


2 
1 1-041 2.917 
M =——— = 1.05 t= eG TeS 


"refi? o, 


Thus, minimum a, = 17.7 rad/sec Maximum M, = 1.05 


1/2 
Minimum BW = @, ((: - 267) + ald ae" 2 = 20.56 rad/sec 


= 0.1 sec 


=4 
2 
Maximumovershoot = 0.2 Thus, 0.2=e. ° ¢=0.456 
2 
1 1-0.416¢ + 2.917 
M =— = 1232 t= ae 6 =0.2 Thus, minimum o,= 14.168 rad/sec 


> De ae ‘ o, 


1/2 
Maximum M_ = 1.232 Minimum BW = ((1-2¢") + (ae aae +2) = 18.7 rad/sec 


aa 
2 
Maximum overshoot = 0.3 Thus, 0.3=e.'* &€ =0.358 


tes 1-0.416¢ +2.9176° 


=0.2 Thus, minimum o,= 6.1246 rad/sec 
2641-6" o, 
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1/2 
Maximum M_ = 1.496 = Minimum BW = ((1-2¢*) +e" —4¢" +2) = 1.4106 rad/sec 


10-8) (a) 
(Gee 0.5K 
GU) = 0375 o + —0.25 0°) 
At the gain crossover: 
: 0.5K 
|E¢Goa)| = ——— ————— _= 1 


(0.3752w*) + (w? — 0.25 w?) 
Therefore: 
(0.375)?w* + (w — 0.25 w?)? — 0.25K* =0 


atmo =159 K =2.138 


(b) 
MATLAB code: 


Ssolving for k: 

syms kc 

omega=1.5 

sol=eval (solve ('0.25*kc*2=0.7079%2* ((-0.25*omega*3+tomega) *2+ (- 
O.373* omega” 2+0.5* ke) 2) ",kc) ) 
Sploting bode with K=1.0370 

s = tf('s') 

K=1.0370; 

num © a= 0.07%; 

Gen © e=s* (0.29 Ss" 203 3° StL) 7 
G_a=num_G a/den G a; 

CL_a = G a/(1+G a) 

BW = bandwidth(CL a) 

bode (CL_a); 


Bode diagram: data point shows -3dB point at 1.5 rad/sec frequency which is the closed loop 


bandwidth 
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Bode Diagram 


ttt ttte Tt T+ LEE | = ttt etter; Tt ttt tte 
29h System: CL_a 
Frequency (rad/sec): 1.5 
a -40 4 Magnitude (dB): -3.01 
© 
3 -60}- 
Cc 
2 sol 
= 
-100 


rerk 


10° 


Frequency (rad/sec) 


10-9) 6=sin"+ a) = sin? (=) se 27° 


a= 90-6 = 63° 
2 
OA=-— = —1.26 
M2—-1 
Therefore: 
AB = eZ 
= yz ny OOS 
= (——) cos(90 - 6) 
— M q 
= yz a sine 
_ M (Z)= 1 
~ M2—1\M/)” M2-1 
As aresult: 
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OB = — 


Therefore: 


M? 1 


— ee | 
M2—1 M2—-1 


IG(jw)Is--1 = —0.54 
k=1 


To change the crossover frequency requires adding gain as: 


K= = 1.85 


~ —0.54 


(b) MATLAB code: 
s = tf('s') 


K = 0. 95*23 

num Ga = U3" Kz 

Gen 6 6 Sse (0.20%68 "27043 7087 1) 
Ga = num G a/den G a; 

CL_a = G a/(1+G a) 

Boge (Ch a); 

figure (2); 

sisotool 


. 
- 


Peak mag = 2.22 can be converted to dB units by: 20*Log(2.22)= 6.9271 dB 
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By using sisotool and importing the loop transfer function, the overall gain (0.5K) was changed until the 
magnitude of the resonance in Bode was about 6.9 dB. At 0.5K=~0.95 or K=1.9, this resonance peak 


was achieved as can be seen in the BODE diagram of the following figure: 


Root Locus Editor for Open Loop 1 (OL1) Open-Loop Bode Editor for Open Loop 1 (OL1) 
= c c c F c 20 Sa Ecol chi nd I 
4 oO} 
2 -20 
0 m—x* + -40 
2 -60 
4 -80 
G.M.: 4.48 dB 
: 7 p 7 b : -100 ; 
°8 6 a 2 0 2 4 Freq: 2 rad/sec 
; Stable loop 
Bode Editor for Closed Loop 1 (CL1) 120 b-_=> = = 2 aceet ak 
at TSS Sry > ie ida | — SEoE -90 & nanan eeeroren eee 


4) ) -135|- 


| -225} 


P.M.: 59.1 deg 
Freq: 1.11 rad/sec 


Sekt 4 


-360 == = =e peeseeh 2s pace => seecat -27() see 
-2 A 0 1 2 1 0 1 2 
10 10 10 10 10 10 10 10 10 
Frequency (rad/sec) Frequency (rad/sec) 
10-10) 
ee 
1 : yee? 
M,=14= Thus, ¢=0.387 Maximum overshoot = e = 0.2675 (26.75%) 


3 
@, =3 rad/sec= o,V1- a = 0.83670 | rad/sec 0. =——= 3.586 r ad/sec 
0.8367 


bg =— = = — = 05 sec At @=0, |M|=09. 


nw yl-g? 3.586 1- (0.387) 
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This indicates that the steady-state value of the unit-step response is 0.9. 


Unit-step Response: 


10-11) a) The closed loop transfer function is: 


Y(s)_ GH K K 


X(s)1+GH 10s?+s+K  s?+01s+0.1K 


1 


2&9 1-& 


According to the transfer function: € @ n= 0.1 > @ n =0.129 rad/s 
As @n? = 0.1K ; then, K = 10 @n” = 0.1669 


as = 1.4 ,which means € = 0.387 


rad 


b) Wg = Wy V1 — 2% = 0.108 
M, = ex (- 5) = 0.268 
cams a 
PM = ZGH(jw,) — 180° 


K K 
IGHG®)|o-0, =1° 2a oo = 1 
mae Iio)(10j+1)1 [x00 w+ 2 


As K = 0.1664, then 100 Wg + Wg = 0.0277 
which means Wg = 0.1104 
Accordingly PM = 42° 


As M(w) = aml > (2) K, then w, = 0.179 


rad 


Ss 


10-12) 
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T BW (rad/sec) M. 

0 1.14 1.54 
0.5 1.17 1.09 
1.0 1.26 1.00 
2.0 1.63 1.09 
3.0 1.96 1.29 
4.0 2.26 1.46 
5.0 2.52 1.63 

10-13) 

T BW (rad/sec) M. 

0 1.14 1.54 
0.5 1.00 2.32 
1.0 0.90 2.65 
2.0 0.74 2.91 
3.0 0.63 3.18 
4.0 0.55 3.37 
5.0 0.50 3.62 


10-14) The Routh array is: 


Ss 0:25 1 

S? 0.375 0.5K 
Ss! 1-1/3 0 

Ss 0.5K 


Automatic Control Systems 


Therefore: 


Chapter 10 Solutions 


GH = 


0.5K 


As H(w) = |GHUa,)| > 2K, if GH is rearranged as: 


1 
GH ® wea Den 
then 
Wp 2 2 2 
alle) ty 2-407 2") 
n 


which gives 


of = w8[(1- 267) + 2-4 - | = 1.5) 


K 1 
where w2 = ae and €* = ae 


therefore, K = 2.146, w, = 1.692 and € = 0.6213 


3 


0.375s? + (1- =) ee 05K 


Golnaraghi, Kuo 


(c) 
MATLAB code: Bode diagram: 
s = tf('s') 
Se ) 4 Bode Diagram 
= STTE = 

K = 1.03697; _20|- System: CL_a 
num_G_a = 0.5*K; ea eee 
den G4 = = 
s* (0.25*s*2+0.375*stl 2 SP 
); Z 80 
create closed-loop 100+ , 
system -120 : cf rot 
Ga = OF Sere a E a 
num G a/den G a; 
CL_a = G a/(1+G a) ze 
bode (CL a); 6 

— = -180|- 


Notes: 


-270 & 


reek 


0 
10 


Frequency (rad/sec) 


10 
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1 - BW is verified by finding - 
3dB point at Freq = 1.5 rad/sec 
in the Bode graph at calculated 
k. 


2- By comparison to diagram of 
typical 2™ order poles with 
different damping ratios, 
damping ratio is approximated 
as: 


IM(jw)| 


&=~.707 
10-15 (a) 
20 
L(s) = P=), Pa 
s(1+0.1s)(1+ 0.55) 
When @=0: ZL(j@)=-90" |L(ja)|=% When w=; ZL(ja)=-270° |L(ja)|=0 
20 20| -0.6a° — jo(1-0.050” ) | 
L( jo) = — = ; Setting Im|L(ja)]=0 
-0.60" + jo(1-0.050") 0.360" + 0° (1- 0.050" ) 
1-0.05@7 =0 Thus, @ = +4.47 rad/sec L(j4.47) = —1.667 
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360° 
180° 


®,, = 270’ =(Z-0.5P, — P)180° =(Z-0.5)180° Thus, Z = 


= 2 


The closed-loop system is unstable. The characteristic equation has two roots in the right-half 


s-plane. 
MATLAB code: 
s = tf('s') 


oa) 

figure(1); 

num G a= 20; 

Gen. eae (0 «ee ee at eal )F 
G_a=num_G a/den G a; 
nyquist(G a) 


Nyquist Plot of L( ja): 
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(b) 
10 
L(s) = ————————_ Based on the analysis conducted in part (a), the intersect of the negative 
s(1+0.1s)0+0.5s) 
real axis by the L(j@) plot is at —0.8333, and the corresponding @ is 4.47 rad/sec. 
®,, = -90° = O- 0.5P,—P180° =180Z—90° Thus, Z=0. The closed-loop system is stable. 
MATLAB code: 
s = tf('s') 
Sb) 


figure (1); 

num G a= 10; 

Gen Base 0 «Ley (Oe eae 
G_a=num_G a/den G a; 
nyquist(G a) 


Nyquist Plot of L( ja): 
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(c) 


100(1+ 5) 
i=—_—@£@ a ___ P =1, P=0. 
s(1+0.15)(1+0.25)(1+ 0.55) ae 


When @=0: ZL(j0)=-90° |L(j0)|=0 When w=: ZL(joo)=-270° |L( joo)|=0 


When w=: ZL(jo)=-270° |L(ja)|=0 When @=0: ZL(ja)=-270° |L(jo)|=0 


J (0.010 —0.8«° ) + jo(1-0.170°) (0.010 080° ) e (1-0.170° ) 


Setting Im[L(jo)|=0  0.0lw* -08@° -1+0.170° =0 @ —630° —100=0 


Thus, @ =6455 @=+8.03 rad/sec 


100| (0.010' -0.8@*)+ 0° (1- 0.170” ) | 


L(j8.03) = . 
(0.0107 - 0.807) +@*(1-0.17@") 


=-10 


@=8.03 


®,, = 270° =(Z-0.5P, — P)180° =(Z-0.5)180° Thus, Z=2 The closed-loop system is 


unstable. 


The characteristic equation has two roots in the right-half s-plane. 


MATLAB code: 


s = tf('s') 

SC) 

figure (1); 

num G-a= 100* (st1); 
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Gen 6 sa=S 5.00 Say 00 2 5 Ser ye Og Ore ny 
G_a=num_G a/den G a; 
nyquist(G a) 


Nyquist Plot of L( ja): 


(d) 


10 
s)=>————- P=2 P=0 
s (1+0.25)0+0.5s) 


When w@=0: ZL(ja)=-180° |L(j@)|=0 When w=x: ZL(jo)=-360° | L(ja)|=0 


10 : 10(0.10* -@° + j0.7a' ) 


LO) = a ee 
os (0.10' - 0 )— j0.70° (0.10 a’) +0490" 


Setting In| L(jo)| =0, @=0. The Nyquist plot of L(j@) does not intersect the real axis except at the 
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origin where @ = ©. 


®,, =(Z-0.5P, — P)180° =(Z-1)180° Thus, Z =2. 


The closed-loop system is unstable. The characteristic equation has two roots in the right-half s-plane. 


MATLAB code: 


s = tf('s') 

SQ) 

figure(1); 

num G a= 10; 

den CG a=e°2* (U.2%st1)*(0.5%et1) 3 
G_a=num_G a/den G a; 

nyquist(G a) 


Nyquist Plot of L( ja): 
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10-15 (e) 
3(s +2) 
Ls) =? P=1 P=2 
s(s +3s+1) 
When w=0: ZL(j0)=-90° |L(j0)| = When @=00: ZL(joo)=-270° | L(joo)|=0 
3(jo+2 3( ja + 2)| (@' —3a° )- ja 
L(jo@) = es = se# | =a) Setting In| L(jo)| =0, 
(w — 30 )+ jo (4° -30’) +o 
o'-30°-2=0 or ow =356 @=+189 rad/sec. L(j189) =3 
®, =(Z-0.5P, — P)180" =(Z -2.5)180" = -90" Thus, Z=2 


The closed-loop system is unstable. The characteristic equation has two roots in the right-half s-plane. 


MATLAB code: 

S = cli’ s") 

Se) 

figure (1); 

Hum Gua 3% (812) 7 

Gen G e=a* (se 373*arl); 
G_a=num_G a/den G a; 
nyquist(G a) 


Nyquist Plot of L( ja): 
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10-15 (f) 
L(s) = P =1 P=0 
s)= = — 
s(s+1)(s°+s+1) ‘ 
When w@=0: ZL(j0)=-90° |L(j0)| = When w=: ZL( joo) =-360° | L(joo)| =0 
0.1] (@ —2@* )- ja(1-20° 
L(ja) = = _21[ (o'-20")- ja(1-20") | Settiing Im L(j@)|=0 


(w' -20°) + jo(1-20”) (o' -20°) +0” (1-20°) 
@=0 or @ =05 w=+0.707 rad/sec L( j0.707) = —0.1333 
®, =(Z-0.5P, —P)180° =(Z-0.5)180° =-90’ Thus, Z=0 The closed-loop system is stable. 


MATLAB code: 

Ss = ti('s') 

S£) 

figure(1); 

num © a= 0.17 

den G a=s* (srl) *(s°2rstl)y 
G a=num G a/den G a; 
nyquist(G a) 


Nyquist Plot of L( ja): 
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10-15 (g) 
L(s) il P =3 P=0 
QoQ — = 
s(s+1)(s° +2) 7 
When w@=0: ZL(j0)=-90° |L(j0)| = 00 When @=0; ZL( jo) =—360° |L( joo)| = 0 


The phase of L(j@) is discontinuous at @=1.414 rad/sec. 


: ‘ ore ee 360° 
®,, = 35.27’ + (270° - 215.27’) =90"  @,, =(Z~-1.5)180° =90" Thus, P, =——=2 


180° 


The closed-loop system is unstable. The characteristic equation has two roots in the right-half s-plane. 


MATLAB code: 

S = te ('s*) 

6g) 

figure(1); 

num G a= 100; 

dem & a=s" (a7 1p eee) 
G_a=num_G a/den G a; 
nyquist(G a) 


Nyquist Plot of L( ja): 
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w>1.414 


JGH = 35.27° 


[GH = 215.27° 


10-15 (h) 
10(s+10 
(s+10) = P=0 
s(s+1)(s+100) 
When @=0: ZL(j0)=-—90° |L(j0)| = 00 When @=0; ZL( joo) =—180° |L( joo)| = 0 

ae 10( joo +10) 10( jo +10)| -101e° — jo (100 - *) | 

JO)= 2 ; ae 2 

—101e° + ja(100-@”) 10201a‘ + @* (100-@’) 


Setting In| L(jo)| =0, m=O isthe only solution. Thus, the Nyquist plot of L(j@) does not intersect 


the real axis, except at the origin. 


®, =(Z-0.5P, — P)180" =(Z—0.5) 180" = -90° Thus, Z = 0. 


The closed-loop system is stable. 


MATLAB code: 


Automatic Control Systems Chapter 10 Solutions 


figure (1); 

nom © a= 10"(er10); 

Gen Gas" (671) * (s+100)4 
G_a=num_G a/den G a; 
nyquist(G a) 
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Nyquist Plot of L( jw) 


10-16 
MATLAB code: 
s = tf('s') 
Sa) 
figure(1); 


num G-a= J; 

den © a-e*(s72)* (6710); 
G_a=num_G a/den G a; 
nyquist(G a) 


Sb) 

figure (2); 

Hum & b= 1 (eri) % 

Gen © De" (e124) * (873) (e115) 
G _b=num_G b/den_ Gb; 
nyquist(G b) 


SC) 

figure (3); 

num G c= 1; 

den GCG ¢=s*2" (Sr2)* (Srl0) ¢ 
G c=num_ G c/den G c; 
nyquist(G c) 


6d) 

figure (4); 

num _G d= 1; 

den. G d=(s+2)"2* (S+5)7 
G _d=num_G d/den G d; 
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nyquist(G qd) 


Se) 

figure(5); 

num G €> 19> (s+5)" (stl); 
Gen: GC e=(S7a0)* (ste) "37 
G_e=num_G e/den Ge; 
nyquist(G e) 


Nyquist graph, part(a): 


Nyquist Diagram 
1.5 t t Tr t - 
a 
1} = 
0.5 |- 
a) 
xs 
< 
5 0 
2 oT a 
DoD 
© 
£ 
-0.5 |- 
Ae a 
1.5 Ee c c c cr cr c cr fe: E A =f 
-1 -0.9 -0.8 -0.7 -0.6 -0.5 -0.4 -0.3 -0.2 -0.1 0 
Real Axis 


Nyquist graph, part(b): 
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Nyquist Diagram 


4c tC i T = T 


Imaginary Axis 
Oo 
a 
4 


-4 r id E: a A E: 
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 
Real Axis 


Nyquist graph, part(c): 


Nyquist Diagram 


0.5 - 


Imaginary Axis 


-0.5 5 : ° 
-10 -8 -6 -4 -2 0 


Real Axis 


ph 


Nyquist graph, part(d): 
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Nyquist Diagram 


Tv T T rE 


Imaginary Axis 
f=) 
rf 
{ 


) 
fo) 
= 
7 
{ 


i 


-0.04& : r : : : 
“1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 


Real Axis 


Nyquist graph, part (e): 


Nyquist Diagram 


T T T iE 


os os 8s 9 
Oo oO fo} P=] 
Oo oO Oo Oo 
ine) oS [o>) lee} 
7 T 7 7 
4 4 1 1 


Imaginary Axis 
Oo 
+ 
4 


=) 
oO 
Ss 
BK 
H 
i 


=) 
fo) 
oO 
(oe) 
7 
ec 
\ 


-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 
Real Axis 
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10-17 (a) 
K 
G(s)= 3 . =0 P=0 
(s+5) 
0 a : K 
ZG(j0) =0 (K >0) ZG(0)=180° (K <0) GO| = 
G( joo) = -180° (K>0) ZG( jo) =0° (K<0) — |G(joo)|=0 


For stability, Z=0. 

®, =-(0.5P, + P)180° =0° 
0<K<a @®,=0" Stable 
K<-25 ®, , = 180° Unstable 


-25< K <0 ®,, =0° Stable 


The system is stable for -25<K< 0. 


10-17 (b) 
K 
G(s) = 5 P,=0 P=0 
(s+5) 
ZG(j0)=0° — (K>0) ZG(0)=180° (K <0) |G(j0)|= a 
125 
G( joo) = -270°  (K>0) ZG( joo) = 270° (K<0) |G(jo)|=0 
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For stability, Z=0. 


®,, =-(0.5P, + P)180° =0° 


0<kK<1000 ©, =0° Stable 
K > 1000 ®,, = 360° Unstable 
K<-125 ®,, = 180° Unstable 
-125<K<0 @® =0° Stable 


The system is stable for —125< K <0. 


10-17 (c) 
G(s) = ; P=P2@ 
(s+5) 
ZG(j0)=0° (K>0) ZG(0)=180° (K <0) 
G( joo) = 0° (K > 0) ZG( joo) = 180° (K<0) 
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K 

|G({0)| = — 
625 

|G(joo)| = 0 
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For stability, Z=0. 


®, =-(0.5P, + P)180° =0° 


0<K<2500 ©, =(0° Stable + w=5 
K < 2250 

K > 2500 ®,, = 360° Unstable 

K <-625 ®,,= 180° Unstable 


625<K<0 ©, =0° Stable 


The system is stable for —625 < K < 2500. 


10-18) The characteristic equation: 


K 
(> — = 0 
(s + 1)(s?2 + 2s + 2) 


or 
s?+3s?+4s+K+2=0 
if K > 0, the cross real axis ats =0.1. For stability -10 < K < 10 
if K < 0, the Nyquist cross the real axis at s = 0.5 .So, for stability, -2 << K <2 


therefore, the rage of stability for the system is —2 < K < 10 


MATLAB code: 
s = tfi('s') 


G= K/ (s*2+2*s+2); 
H=1/ (s+1); 
GH=G*H; 


Sisotool 
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K=10.15 


Chapter 10 Solutions 


G2= K/ (s°2+2*et2) 7 


H2=1/ (s4 


Pc) 


GH2=G2*H2; 
nyquist (GH2) 


xlim[(-1. 


ylim[ (-] 
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After generating the feed-forward (G) and feedback (H) transfer functions in the MATLAB code, these 


transfer functions are imported to sisotool. Nyquist diagram is added to the results of sisotool. The 


overall gain of the transfer function is changed until Nyquist diagram passes through -1+0j point. Higher 


values of K resulted in unstable Nyquist diagram. Therefore K<10.15 determines the range of stability 


for the closed loop system. 


Nyquist at 


10-19) 


s(s 


margin of stability: 


Nyquist Diagram 


Imaginary Axis 


Real Axis 


428° +s+1)+K(s° +5+1)=0 
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K(s* +41) : ; 
Sores P=1 P=0 L,(j0)=02-90 L, (joo) = 02180 
1 Gay= Lice’ )+ ie] _ Kf -(o'+0")- jo(o! -20 +1] 

. (o' -@°)+ jo(1-20°) (o'-o') +0 (1-20) 


Setting Im L,,(jo)| =0 


4 2 
@ —2@ +1=0 
Thus, @=+1 rad/sec are the real solutions. 


L, GD=-K 


For stability, 


®,, =-(05P, + P)180° =-90° 


When K=1the system is marginally stable. 


K>0 ® =-90° Stable 


K<0 ®,,= +90° Unstable 
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Routh Tabulation 


RY 1 K+1 K 

s° 2 eal 

2 K+i1 

KY K K>-1 
2 


| K’-2K+1_ (K-1)° 
K+1 K+1 


Chapter 10 Solutions 
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When K = 1 the coefficients of the s' row are all zero. The auxiliary equation is s’ +1=0 The solutions 


are @=+1 rad/sec. Thus the Nyquist plot of L (jq@) intersects the —1 point when K = 1, when w= +1 
eq J 


rad/sec. The system is stable for 0 < K< © , except at K=1. 


10-20) Solution is similar to the previous problem. Let’s use Matlab as an alternative approach 


MATLAB code: 


iS) 


= tf('s"') 


figure (1); 


K= 


8.09 


num_GH= K; 

den GH=(s*3+3*s*2+3*s+1); 
GH=num_GH/den_GH; 

nyquist (GH) 


x 


. 


Sisotool; 


Tl. byoo)) 
im([{-1,1]) 


x 
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After generating the loop transfer function and analyzing Nyquist in MATLAB sisotool, it was found 
that for values of K higher than ~8.09, the closed loop system is unstable. Following is the Nyquist 
diagram at margin of stability. 


Part(a), Nyquist at margin of stability: 


Nyquist Diagram 


Imaginary Axis 


0.6 |- 
0.8 |- 
at r t ak 
le) -1 -0.5 0 0.5 


Real Axis 


Part(b), Verification by Routh-Hurwitz criterion: 


Using Routh criterion, the coefficient table is as follows: 


5 1 3 
Ss 3 K+1 
s! (8-K)/3 0 
S° K+1 0 


The system is stable if the content of the 1“ column is positive: 


(8-K)/3>0 > K<8 
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K+1>0 > K>-1 


which is consistent with the results of the Nyquist diagrams. 


10-21) 


Parabolic error constant K, = lims G(s) =lim10(K, +K,s) =10K, =100 Thus K, =10 
s30 s30 


Characteristic Equation: s° +10K,,5+100= 0 
10K_s 
G,(s))== =2 = P=0 
Z s’ +100 


For stability, 


®,, =—(0.5P, + P)180° = —180° 


The system is stable for 0< K, <0, 
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10-22 (a) The characteristic equationis 1+G(s)—G(s)— AG(s)| =1- AG(s)| =0 


2 


és 56e;-— = P=0 P=0 
“ (st4)"(st5)® 
ae 2K" -2K’ | (400-120 +”) — jo(360-180’) | 
Qo) = = Sv 
 (400= 1200" + 0") + jeo(360- 180") (400 -1200° + @) + 0” (360-180") 


2 
K . 5 : : 
G (j0)=—— 180° G (jo)=02180" Setting Im|G (jo)|=0 
200 a oo 


2 

K 
@=0 and w=+4.47 rad/sec G, (j4.47) = — 
: 800 


For stability, 
®, =-(0.5P, + P)180° =0° 


The system is stable for K’< 200 


or |K| < 200 


Automatic Control Systems Chapter 10 Solutions Golnaraghi, Kuo 


10-22 (b) 


Characteristic Equation: s* +18s° +121s* +360s+400—2K~ =0 


Routh Tabulation 


s 1 121 400—2K* 
s° 18 360 
s° 101 400-2K? 


| 29160-36K~ 
a eee 


29160+36K~ >0 
101 


s° 400—2K” K? < 200 


Thus for stability, K| < ¥200 
10-2 
— (a) Nyquist Plot 
83.33N 
G(s) = ————_ 
s(s+2)(s+11.767) 


G( )-plane 


For stability, N<3.89 


Thus N<3 since N must be an integer. 
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(b) 


2500 


G(s) = ————____ 
5(0.06s +0.706)(As +100) 


Characteristic Equation: 0.06As° + (6+0.706A)s~ +70.6s + 2500 = 0 


As” (0.065 +.0.706) 
G (s)= 


7 5 Since G(s) has more zeros than poles, we should sketch the Nyquist 
7 6s +70.6s + 2500 7 


plot of 1/ G,,(5) for stability study. 


1 (2500 -60°)+ j70.6@ — | (2500 -6«*) + 770.6 |(-0.706«* + j0.06«’ ) 


G_(jo) A(-0.7060" — j0.060’ ) A(0.4980' +.0.00360° ) 


1 
1/G, (j0)=2Z-180° 1/G,, (joo) =02-90° Setting Im =0 
4 ‘ G. (jo) 


1 4.23 
G,,(j16.68) A 


100156-036@° =0 w=+1668 rad/sec 


For stability, 


jim(1/G,,) 


©, =—(0.5P, + P)180° =-180" 


For A>4.23 O = 180° Unstable 


For 0<A<4.23 ®,, =-180° Stable 


The system is stable for 0< A < 4.23. 


(c) 
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2500 
G(s)= 
5(0.06s + 0.706)(50s + K,) 
Characteristic Equation: 5(0.06s + 0.706)(50s + K) +2500 = 0 
K_ s(0.06s + 0.706) ‘ : 
G (s)= 5 5 P.=0 P=0— G, (j0)=0290 G, (jx) =02-90 
a 35° + 35.38" +2500 7 a 


K (-0.060' +0.706 jo) K, (-0.06«* + 0.706 ja )| (2500 -35.50*) + j30° | 
(2500 -35.30°) — j30° (2500-35.30')' +90" 


G_ (jo) = 


Setting Im|G,,(jo)|=0 «* +13845@° -980555=0  @ =516 = 47.18 rad/sec 
G,, (jT18) = -0.004K, 
For stability, ©,, =—(0.5P, + P)180° =0° 


1 


For stability, O0< K, < 217.4 
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10000K 
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10000K 


E(s)  s(s°+10s+10000K,) — s°(s +10) 


The (—1, j0) point is enclosed for all 


values of K. The system is unstable 


for all values of K. 


(b) K =0.01: 


10000K 
s (s° +10s+ 100) 


G(s) = 


Setting Im/G(jo)|=0 @ =100 
@ = +10 rad/sec 


G(j10) =-10K 


The system is stable for 0< K<0.1 


G(jo) = 


10000K | -10«* — jo(100- 0” ) | 


1000* + (100-") 
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(c) K =O4: 
10000K —— 10000K | - 100" — jo (1000 - w*) | 
G(s)=— G( jo) = : 
s(s +10s +1000) 1000° +a (1000 - 0” ) 
Setting Im[G(jo)|=0 @ =100 @ = +316 rad/sec G(j31.6) =-K 


For stability, 0< K<1 


10-25) The characteristic equation for K = 10 is: 


s° +10s° +10,000K, s+ 100,000 =0 


10,000K. s 
G_(s)= ; P20: PS 
eq 3 2 Qo 
s° +10s7 +100,000 
10,000K jaw 10,000K, | -c* + jeo(10,000-100”) | 
G., (jo) = oe : Setting Im|G,, (j@)|=0 
100,000 - 100° = jo (10,000-10") +0 
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o=0, ow =10,000 


@ = +100 rad/sec G,,(j100) = =K, 


For stability, 


®, =-(0.5P, + P)180° = -360° 


The system is stable for K, >0. 


10-26) 
Y(s) __ KK 
X(s) Js? +(a+KKy)s + KK; 
Ys) _ K = K 
a) i= ae X(s) ~ ‘Js2+astK  s2+s+K 
¥(s) _ 0.1K _ 0.1K 
b) Ky = 01° X(s) Js?+(at+0.1K)st0.1K  s2+(1+0.1K)s+0.1K 
YG) _ 0.2K 
c) Kp = = 0.29 X(s) ~~ 524(-140.2K)s+0.2K 
MATLAB code: 
s = tf('s') 
figure(1); 
J=1; 
B=1; 
K=1; 
Kf£=0 
Gl= K/(J*S+B); 


CL1=G1/ (1+G1*KE£) ; 
HA => ds 
G1G2 = CLl1/s; 
L_ TF=G1G2*H2; 
nyquist(L TF) 


Ssisotool 
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Part (a), K£=0: by plotting the Nyquist diagram in sisotool and varying the gain, it was observed that 
all values of gain (K) will result in a stable system. Location of poles in root locus diagram of the second 


figure will also verify that. 


Nyquist Diagram 
20 C C C t t AE. 
15 |r 4 
10 

5 i= - 
YQ 
& 
> 
@ 
& 
io} 
Oo 
= 

r c c r r r r r a 

-1 -0.9 -0.8 -0.7 -0.6 -0.5 -0.4 -0.3 -0.2 -0.1 0 

Real Axis 
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20; 
0.5; 
OF 
Ox« * 
-20 
-0.5 }- -40 
i G.M.: Inf 
A i Z Z -60 
=i : 
2 08 06 04 -02 0 Freq: Inf 
: Stable loop 
Bode Editor for Closed Loop 1 (CL1) -80 & Paceee 
50 pp re ee Saaaed 
-90 —= 7 
0 
-50 
-100 *- seek 4954 
Or Saad 
-90 
P.M.: 54.9 deg 
Freq: 0.704 rad/sec 
-180 & seat seeks = we seat - 180 & ereeme reer bee® a ——— 
10° 10" 10° 10" 10° 10° 10" 10° 10' 
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Root Locus Editor for Open Loop 1 (OL1) 


40 


Open-Loop Bode Editor for Open Loop 1 (OL1) 


= 1 


Frequency (rad/sec) 


Frequency (rad/sec) 


Golnaraghi, Kuo 


Part (b), K£=0 . 1: The result and approach is similar to part (a), a sample of Nyquist diagram is 


presented for his case as follows: 


Nyquist Diagram 


C U U 


cr cr r 


T 


T 


r 


15 

10};- 

5 
2 
xs 
<x 
> 

ao OF 
& 
to} 
ss 
£ 

5 = 

-10- 

“154 

-1 


-0.6 


-0.5 


Real Axis 
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Part (c), K£=0 . 2: The result and approach is similar to part (a), a sample of Nyquist diagram is 


presented for his case as follows: 


Imaginary Axis 
[=] 
T 


Nyquist Diagram 


10-27) 


MATLAB code: 
s = tf('s") 
figure (1) 
J=1; 
B=1; 
K=10; 

Kf=0.2 

G1l= K/ (J*sS+B) ; 
CL1=G1/ (1+G1*KE£) ; 
HZ = 1s 
G1G2 = CL1/s; 
L_TF=G1G2*H2; 
Hyquise(L TF) 


¥ 


-0.9 -0.8 -0.7 -0.6 -0.5 -0.4 -0.3 -0.2 -0.1 0 


Real Axis 


X(s) s2 + (1+10K;)s + 10K; 


After assigning K=10, different values of Kf has been used in the range of 0.01<K<10*. The Nyquist 


diagrams shows the stability of the closed loop system for all 0<K<oo. A sample of Nyquist diagram is 


plotted as follows: 
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Nyquist Diagram 
25 t C c 


Imaginary Axis 
oO 
q 
+ 


-25 i fr t c r cr cr 
-1.4 shee -1 -0.8 -0.6 -0.4 -0.2 


Real Axis 


10-28) a) K > 2 > system is stable 
b) 0<K<land-2<K<09-2<K< 1 Ssystem is stable 


MATLAB code: 


s = tf('s') 

Sa) 

figure(1); 

K=1 

num GH a= K* (stl); 

Gen GH @=(s=1) °2 5 

GH a=num_GH a/den GH a; 
nyquist (GH_a) 

Sb) 

figure (2); 

K=1 

num GH b= K* (s-1) 7 

den GH b=(Sal) 2 

GH b=num_GH b/den_ GH b; 
nyquist (GH_b) 
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Sisotool 


Part(a): Using MATLAB sisotool, the transfer function gain can be iteratively changed in order to 
obtain different phase margins. By changing the gain so that PM=0 (margin of stability), K>~2 resulted 
in stable Nyquist diagram for part(a). Following two figures illustrate the sisotool and Nyquist results at 


margin of stability for part (a). 


Root Locus Editor for Open Loop 1 (OL1) Open-Loop Bode Editor for Open Loop 1 (OL1) 


2 F -~ 10 7 
th Bf 
0 oe = 
5k 
Ps 
2 - -10 | GM: -0.00581 dB 
“4 3 2 Freq: 1.73 rad/sec 
; Stable loop 
Bode Editor for Closed Loop 1 (CL1) 15 ; 2 
100 p— ere woe eetee on 
-90 . = =] 
P.M.: 0.0688 deg 
50}- A + 45 | Freq: 1.73 rad/sec 
0 ———————— ‘a. 
ia | 
-50& = » ees | 
180 = = 
_, 
| ne I | 
ae a “0 ° per cae ° ° rr ° 
10 10 10 10 10 10 
Frequency (rad/sec) Frequency (rad/sec) 
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0.5 |- 


Imaginary Axis 
oO 
T 


-0.5 |- 


Chapter 10 Solutions 


Nyquist Diagram 


T 


i ——_+—_ 


+» 


fr r r r 


-0.5 


0 0.5 1 1.5 
Real Axis 
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Part(b): Similar methodology applied as in part (a). K<1 results in closed loop stability. Following are 


sisotool and Nyquist results at margin of stability (K=1): 


Root Locus Editor for Open Loop 1 (OL1) 


Open-Loop Bode Editor 


for Open Loop 1 (OL1) 


1p T + —: OF SSS = a 
0.5} 1. cel 
0 = a ) 4 
-10+ 
-0.5 - 
-15}- 
F G.M.: -0.00236 dB 
Ps lees F r : 4 iz + : 
5 -4 3 2 0 { 2 Freq: 0 rad/sec 
Unstable loop 
Bode Editor for Closed Loop 1 (CL1) 20k 7 a 
80 F — = - 
1 = 
60 Li: 80 _— 
ba ] 135 
20 |- 
: 90 | 
-20} A 
“ 45 | | 
90 F S = 
45 0} 
0 
45 |. | 45) PM: -4.01 deg 
Freq: 0.0233 rad/sec 
-90 © i = -90 & eae 2 . 
10° 10° 10° 10° 10 10° 10" 10° 10 


Frequency (rad/sec) 
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Nyquist Diagram 


Te t t c c tr T T =r 
ea a 
0.8 |- a 
o6k SO . 
0.4|- - 
@ 02 - 
< 
5 Of + | 
£ -02 . 
04+ 4 
-0.6 : 
-0.8 7 
=-1 r r r r r r r r = 
“1.2 “1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 
Real Axis 
10-29) (a) 
-T,s 100 
Let G(s)=G,(s)e . Then G(s)= —.——_, 
s (s +105 + 100) 
100 100 
Let =l1 oc ————_ = l 


-10«* + jo(100-«’) [1000 oe (100-«")' |” 


Thus 100° + @° (100-@’ ) =10,000 w*°—100w* +10,000w’ —10,000 =0 


The real solution for @ are @ = +1 rad/sec. 
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100-a° 
ZG (jl) =~ tan" [eae] = 264.23” 


-100 ||, 


jimG, 
(264.23” -180" ) 
Equating o©, |, = 
180 LN 
84.237 
= = 1.47 rad 
180 wT =84.23° 
w=1 
vi 
¥ 


Thus the maximum time delay for stability 


is 
1; = 1.47 sec. 


(b) 7, =1 sec. 


100Ke* 100Ke ” 


oe s(s° +105 +100) COO oR jo(100-a") 


At the intersect on the negative real axis, w= 1.42 rad/sec. 


G(j1.42) = -0.7107K. 


The system is stable for 


0<K<1.407 
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10-30 (a) K=0.1 


10e 2 
G(s) = > = G (se 
Ss (s +105+ 100) 

10 10 
et. | nt or ————S—S—SS 

; 2 

-100° + jo (100 -«" ) | 1000" +@° (100-a’) ] 

Thus o° —100e* +10,000c* —100=0 _ Thereal solutions for @ is w= +0.1 rad/sec. 


100-a’ | 
—10@ 


= 269.43" 


o=0.1 


ZG, (j0.1) = tan" 
(269.43° - 180° )x 


oo = : =1.56 rad Wehave T, =15.6 sec. 
180 


Equate oT), 


We have the maximum time delay 


for stability is 15.6 sec. 


10-30 (b) 7, =0.1 sec. 


100Ke*" 6a) 100Ke*'”” 
jo) = 
s(s° +10s +100) -10«* + jo (100-o’) 


G(s) = 


At the intersect on the negative real axis, 


@ =6.76 rad/sec. G(j6.76) =—0.1706K 
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The system is stable for 


0<K<5.86 


10-31) 


MATLAB code: 


figure (1); 

K=1 

num_GH_ a= K; 

Gem GH. A=6* (srl) (erly 
GH a=num_GH_ a/den GH a; 
nyquist (GH_a) 


Sb) 

figure (2); 

K=20 

num GH b= K; 

Gen GH b=6> (sal)? (stl) 7 
GH b=num_GH b/den_ GH b; 
nyquist (GH_b) 


Sisotool; 
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By using sisotool and importing the loop transfer function, different values of K has been tested which 


resulted in a stable system when K<2, and unstable system for K>2. Following diagrams correspond to 


margin of stability: 


Root Locus Editor for Open Loop 1 (OL1) 


30 


Open-Loop Bode Editor for Open Loop 1 (OL1) 


ol. 20- 
10 }- 
Fi 
0 
0 = 
-10- 
-1- 
-20 
-2 
-30 <i 
, ; : G.M.: -0.282 dB 
oi 3 2 4 0 -40 | Freq: 1 rad/sec 
Unstable loop 
Bode Editor for Closed Loop 1 (CL1) -50 peg RG 
100 p—— ees a — 
-90 
A. 
0 << 
OO -135 
-100 ad 
10 “8180 - 
Oper ee a 
-180 ae | 005 | 
-360 -—~ P.M.: -0.925 deg 
Freq: 1.02 rad/sec 
-540 nese sn enseet -270 & ees, 
10 10° 10" 10° 10° 


Frequency (rad/sec) 


Frequency (rad/sec) 


Part(a): small K resulted in stable system as shown below for K=0.219: 
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Root Locus Editor for Open Loop 1 (OL1) 
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Open-Loop Bode Editor for Open Loop 1 (OL1) 


3r + 7 = 10 Tre = 
2- + or 
-10|- 
ib | 0 
-20 ak 
0 “x 
-30- 4 
af he 4 
-40 
-2 4 
-5OF 4 
3 G.M: 19.2 dB 
3k : : ps bk + : 
“4 3 2 4 0 ; ~60} Freq: 1 rad/sec 
; Stable loop 
Bode Editor for Closed Loop 1 (CL1) -70 : . 
Or EE Ss 7 = 
-90 : 
-5OF- 4 
-135 | 
-100 . 
-150 * a . 7 * -180 | 
Or . = 7 = 
-180}- | 7-225 F 
P.M.: 66.3 deg 
Freq: 0.21 rad/sec 
-360 © ast a  -270 te * 
10 10" 10° 10" 10° 10° 
Frequency (rad/sec) Frequency (rad/sec) 
Nyquist Diagram 
10 - t T T T T T c T T 4 
8}- - 
6} 4 
4h a 
x2) 2r | 
x 
<x 
£ 
S 
E -2}- - 
-4h 4 
-6 be 4 
-8 Le 4 
-10 id r r r r Aa r i r i 
-1 -0.9 -0.8 -0.7 -0.6 -0.5 -0.4 -0.3 0.2 -0.1 0 
Real Axis 


Part(b): Large K resulted in unstable system as shown below for K=20: 
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Root Locus Editor for Open Loop 1 (OL1) 
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Open-Loop Bode Editor for Open Loop 1 (OL1) 


3F : = . . 50 ¥ 
a. 40 
30 
1 he 
0 = x 
-1 
-2 
G.M.: -20 dB 
a 3 2 4 0 1 -30 | Freq: 1 rad/sec 
; Unstable loop 
Bode Editor for Closed Loop 1 (CL1) -40 : ai 
F = © 50 : 
0 
-50/ 4-135 
-100 * . . * 180 
Or : S a 
-90 |: 4 
-180 + 7) -225 >; 
a cn, P.M.: -47.8 deg 
-360 ' Freq: 2.59 rad/sec 
-450 & 2 * sat -270 k * 
10 10° 10" 10° 10° 
Frequency (rad/sec) Frequency (rad/sec) 
Nyquist Diagram 
T v F 
30 |- | 
20|- | 
10}- | 
m2) | 
a 
2 
E : == 
S | 
£ | 
-10}- 
-30 + 
r id t 
15 -10 5 0 
Real Axis 
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The system is stable for small value of K, since there is no encirclement of the s = -1 


The system is unstable for large value of K, since the locus encirclement the s = —1 twice in 
CCW; which means two poles are in the right half s-plane. 


10-32) (a) The transfer function (gain) for the sensor-amplifier combination is 10 V/0.1 in = 100 V/in. The velocity 
of flow of the solution is 


10in* /sec 
y= 


0.1in 


= 100 in/sec 
The time delay between the valve and the sensor is ie = D/v sec. The loop transfer function is 


100Ke ‘ 


5) —_— 
s”~ +10s+100 
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(b) K=10: 
ri 10000 7” 


G(s)=G(sje * Pei 
-@ )+j10@ 


2 
Setting =1 (100-7) +1000” =10° 


(100-7) + jlo 
Thus, @*-100@?—990,000=0 Real solutions: @7 =1046.2 w=3235 rad/sec 


26,8225) =~1as'( 22] =-161° 
100-@° J4-32 25 


Thus, 
°o 
32357, =" = 033 rad 
o 
180 
Thus, 
a, = 0.0103 sec 


Maximum D= v7, = 100~x 0.0103 = 103 in 


(c) D=10 in. 
D 100Ke°"'* 
T, =—=011 sec G(s)=- 
y s +10s+100 


The Nyquist plot of G(j@) intersects the negative real axis at @ = 12.1 rad/sec. 
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10-33) 


(a) The transfer function (gain) for the sensor-amplifier combination is 1V/0.1 in = 10 V/in. The velocity 


of flow of the solutions is 


_ 10 in® /sec 


0.1 in 


= 100 in/sec 


The time delay between the valve and sensor is ie = D/v sec. The loop transfer function is 


10Ke 
COS aan 
s° +105+100 
(b) K=10: 
es 100e%*" 
G(s)=G (sje * G(jo) =... 
(100-0”)+ jl0e 
. 100 a\? 2 
Setting |————————_]=1 __ (100-0) +100” = 10,000 
(100-o”) + j10@ 


Thus, ao —100@” =0 Real solutions: @=0, m=+10rad/sec 


: 4 10a F 
ZG,(j10) = — tan a = —90 
100-@ J\o-1 
Thus, 
90°n «x 
107, = =— rad 
180° 
Thus, 
1 
Ts = — =0,.157 sec 
20 


Maximum D= wT = 100x 0.157 = 15.7 in 
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(c) D=10in. 


D 10 loxe 
T, =—=— =0.1 sec G(s)= 


vy 100 s’ +10s+100 


d 


The Nyquist plot of G(j@) intersects the negative real axis at @ = 12.09 rad/sec. G(j) = —0.0773K 


For stability, the 
maximum value of Kis 12.94 


10-34) 

The system (GH) has zero poles in the right of s plane: P=0. 

According to Nyquist criteria (Z=N+P), to ensure the stability which means the number of right poles of 
1+ GH=0 should be zero (Z=0), we need N clockwise encirclements of Nyquist diagram about -1+0] 
point. That is N=-P or in other words, we need P counter-clockwise encirclement about -1+0j. In this 
case, we need 0 CCW encirclements. 

10-34(a) According to Nyquist diagrams, this happens when K<-1. The three Nyquist diagrams are 
plotted with K=-10, K=-1, K=10 as examples: 


MATLAB code: 

S. St Che) 
Sa) 

figure (1); 
K=-10 

num Ga=kK ; 


Automatic Control Systems Chapter 10 Solutions 
den: G @ =—(s+1); 

num _H a = (s+2); 

den Ha (S*2+2%*S+2) ; 


G_a=num_G a/den G a; 

H a = num_H a/den_ H a; 
OTb a SG a 2 
nyquist (OL a) 


Nyquist Diagram 


T T T T T T 


Imaginary Axis 


ot 0 8 -6 -4 -2 0 2 t 
Real Axis 


Case 1) Nyquist graph, K=-10: margin of stability K<-1 unstable 


figure (2); 

K=- 

num Ga-=kK; 

den G a =(st1); 
num _H a = (s+2); 

Gen Ha (e°er2*er2) 
G_a=num_G a/den G a; 

H a = num_H a/den_H a; 


SCL a = G a/(1 + G a*H a); 
Oly 2 = aa 3S 
nyquist (OL a) 
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Nyquist Diagram 


06 T T T T T T 


Imaginary Axis 


Real Axis 


Case 2) Nyquist graph, K=-1: marginally unstable 


figure (3); 

K=10 

num Ga-=kK ; 

den Ga =(stl); 

Hum Ha = (S12); 

Gen Ha. (eer 2 ser 2) 5 


G_a=num_G a/den G a; 

H a = num_H a/den_ H a; 
CL @ = G aj/(l + G.a*h a); 
Of 2 = @ a*H 2 
nyquist (OL a) 
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Nyquist Diagram 


Imaginary Axis 


Real Axis 


Case 3) Nyquist graph, K=10: stable case, -1<K no CCW encirclement about -1+0j point 
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10-34 (b) 
For K<-1 (unstable), there will be | real pole in the right hand side of s-plane for the closed loop system, 


by running the following code. 


K=-10 

num Ga-=kK ; 

den Ga =(s+1); 

Hem: Has =" (SZ) 9 

den (Ha (S*24+2*S+2) ; 


G_a=num_G a/den G a; 

H a = num_H a/den_ H a; 
Oliva, = G6, aH. ia 
nyquist (OL a) 
CL=1/(1+OL_a) 

pole (CL) 


-10 


Transfer function: 
-10 s - 20 


83.6 3 28420 sb ae Sik 2 


Transfer function: 
s*3 + 3 s%2 + 48s + 2 


2.4495 
-3.0000 
-2.4495 


For K=-1 (marginally unstable), there will be 2 negative complex conjugate poles and a pole at zero for 


the closed loop system, by running the following code. 


K=-1 

num Ga-=kK ; 

déenGvas Seely 

num Ha = (st2); 

Cen Hea. => (S272 Seay 
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G_a=num_G a/den G a; 

H a = num_H a/den_H a; 
OL, a-= G-a*H sa 
nyquist (OL a) 
CL=1/(1+0L_a) 

pole (CL) 


K= 


Transfer function: 
-s-2 


s63 +3 §42+454+2 


Transfer function: 


s63 +3 §42+454+2 


s.3 +3 s2+35 


ans = 
0 
-1.5000 + 0.86601 


-1.5000 - 0.86601 


Note: you may also wish to use MATLAB sisotool. 
See alternative solution to 10-38. 
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10-34(c) The Characteristic Equation is: s? + 3 s? + (4+K) s + 2+2K 


Using Routh criterions, the coefficient table is as follows: 


s? 1 44+K 
s? 3 2K+2 
s! K+10 0 

s° 2K+2 0 


The system is stable if the content of the 1“ column is positive: 
K+10>0 > K>-10 
2K+2>0 > K>-1 


which is consistent with the results of the Nyquist diagrams. For K>-1 system is stable. 


10-35) (a) M,=2.06, @, =9.33 rad/sec, BW =15.2 rad/sec 


(b) 


M =———— = 2.06 £* ~€? +0.0589=0 The solution for ¢<0.707 is = 0.25. 


9.33 
o,y1- ae” =9.33rad/sec Thus @, = = 9.974 rad/sec 
0.9354 


o 99.48 19.94 
G(s) = ———_ = — = BW = 15.21 rad/sec 


 s(s+2¢@,)  s(s+4.987)  s(1+0.2005s) 
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10-36) Assuming a unity feedback loop (H=/), G(s)H(s)=G(s) 
(a) 


5 
s(1+0.5s)(1+ 01s) 


G(s) = 


cain coe = 2. 8063 rad/sec 


40 ee 7.08 an} | {II 
Ht 


ore Hi 
ore beer ool Lt 
ao BY ON EL [Sn Ha LCESe ee BEA 
SE Le hf en 8 ee 
a 
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10-36 (b) 
10 

G(s)= 

s(1+0.55)4+ 0.18) 

ESR DD RE ee ee a 
~278, Re EE BER ll ae ee I ee es 
Apes. of A a ee pe ee pr a) pz ee 
(c) 
500 

G(s) = ———_— 

(s+1.2)(s+4)(s+10) 


(ee ae a ee 
P= PS a] ES Dat (es Gas 
Bi, [aaa (SO [el PS) 
= a el 
a ay TTT (Ee) 1] 
aaa ESS 
me 


-z78 [__| (a Re SES 
ol Sal con i ALN oe eed ls LE eel Se Sa 
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(d) 
G(s) = 10(s+1) 
s(s+2)(s+10) be +t} +} cAI mARGIN = teetntte TTT 
Fr 
6 
-18 
-28 
10-36 (e) 
= mer aes ina i 
c mo SEE 
0.5 a 
G(s) = a 6 
i) (s +s+ 1) ap 


G 
FP 
H 
a 
s 
E 


a 
a 
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(f) 


100e* 


os s(s° +10s +50) 


&G o>x 


z wMaDdDrwy 


EULER 


GAIN MARGIN = -3.72 dB 
AIN C.0 = 1.9941 rad/sec BE 


oSS8sssas 


| 
~~ 
@ 


WNGde s 


2 


8-68 


Automatic Control Systems Chapter 10 Solutions Golnaraghi, Kuo 


(g) 
es SRE eee te ne ee at tt 
¢ bie Late tt IN G.O = 1.0566 nad/ece ~- 
=; ] se 
100e © a 4 
G(s) = ; ¢ 38 
s(s° +10s +100) os 2 
48 
mt 
8 
-75 
10-36 (h) 
CAIN C.0. = 3.3618 rad/sec 
10 5 
Gojoe PE 
Ky (s° +55+ 5) 
(a) 
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MATLAB code: 

s = tf('s') 

num G a= 5; 

Gen i ee (Gore) PO ea ye 
G_a=num_G a/den Ga 
margin(G a) 

Bode diagram: 


Bode Diagram 


Gm = 7.6 dB (at 4.47 rad/sec) , Pm = 19.9 deg (at 2.8 rad/sec) 


Magnitude (dB) 


Phase (deg) 


10° 10° 40" 10° 


Frequency (rad/sec) 


(b) 

MATLAB code: 

Ss > tf ("a") 

nom © a= 10; 

den. G- a=s" (170, 57S)" (leo. es) 9 
G_a=num_G a/den Ga 
margin(G a) 
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Bode Diagram 
Gm = 1.58 dB (at 4.47 rad/sec) , Pm = 3.94 deg (at 4.08 rad/sec) 


Magnitude (dB) 


Phase (deg) 


10 10" 10' 10° 10° 
Frequency (rad/sec) 
(c) 
MATLAB code: 
s = tf('s') 
num _G a= 500; 
den G.a=s* (st+l.2)*(s74)* (srl) 3 
G_a=num_G a/den Ga 
margin(G a) 
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Bode Diagram 
Gm = -9.4 dB (at 1.78 rad/sec) , Pm = -31.4 deg (at 2.98 rad/sec) 


Magnitude (dB) 


Phase (deg) 


10 10 10" 10" 10° 10° 
Frequency (rad/sec) 


(d) 


MATLAB code: 


s = tf('s') 

num G a= 10* (s+1); 

dén “G.e=s*(st2)*(sr10)7 
G_a=num_G a/den Ga 
margin(G a) 
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Bode Diagram 
Gm = Inf dB (at Inf rad/sec) , Pm = 100 deg (at 0.549 rad/sec) 


Magnitude (dB) 


Phase (deg) 


10 10 10" 10° 10 
Frequency (rad/sec) 


(e) 


MATLAB code: 


s = tf('s') 

num G a= 0.5; 

gen C45" (s°2+er1) 7 
G_a=num_G a/den Ga 
margin(G a) 
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Bode Diagram 
Gm = 6.02 dB (at 1 rad/sec) , Pm = 50.3 deg (at 0.565 rad/sec) 


Magnitude (dB) 


Phase (deg) 


10 10 10" 10 10° 
Frequency (rad/sec) 


(f) 


MATLAB code: 


s = tf('s') 

num G a= 100*exp(-s); 
den “G.aSs* (s°27l0*s+50)y 
G_a=num_G a/den Ga 
margin(G a) 
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Bode Diagram 
Gm = -3.69 dB (at 1.31 rad/sec) , Pm = -47.7 deg (at 1.99 rad/sec) 


Magnitude (dB) 


a) 

pay 

= 

o 

a 

G 

fi as 

a 

10 10" 10 10° 10° 
Frequency (rad/sec) 

(g) 
MATLAB code: 


s = tf('s') 

num G a= 100*exp(-s); 
den’ G a=s* (s*27l0*sr lou) ; 
G_a=num_G a/den Ga 
margin(G a) 
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Bode Diagram 
Gm = 3 dB (at 1.43 rad/sec) , Pm = 26.6 deg (at 1.01 rad/sec) 


Magnitude (dB) 


@ -2.304 

o 

= 

o 

a 

£ 460 

£ -4, 

-6.912 
10" 10° 10° 10° 10° 
Frequency (rad/sec) 

(h) 
MATLAB code: 


s = tf('s') 

num G a= 10*(s+5) ; 
den’ G 6=s* (s°275* S45) % 
G_a=num_G a/den Ga 
margin(G a) 
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Bode Diagram 
Gm = Inf dB (at Inf rad/sec) , Pm = 13.4 deg (at 3.36 rad/sec) 


Magnitude (dB) 


Phase (deg) 


10 10 10" 10 10 
Frequency (rad/sec) 
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10-37) 

MATLAB code: 

Ss = ti? e@*) 

num_ GH a= 25*(s+1); 

dén GH a=s* (st2)* te" 2-2 Sr16) : 
GH_a=num_GH_a/den_ GH a 

margin (GH_a) 


Bode Diagram 
Gm = 3.91 dB (at 4.22 rad/sec) , Pm =101 deg (at 1.08 rad/sec) 


Magnitude (dB) 


Phase (deg) 


Frequency (rad/sec) 
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10-38) MATLAB code: 


s = tf('s') 
num G a= 25*(s+1); 


Chapter 10 Solutions 


Gen Gee" (a124)* (e'242°6716) 7 


G_a=num_G a/den Ga 
margin(G a) 


Bode diagram: PM=101 deg, GM=3.91 dB @ 4.22 rad/sec 


Bode Diagram 
Gm = 3.91 dB (at 4.22 rad/sec) , Pm= 101 deg (at 1.08 rad/sec) 


Magnitude (dB) 
XB 
fo) 
T 


La ae a a c to er ee c Tv ce 


ror k P poor ep 


Phase (deg) 


TtttE C A 


10-38 Alternative solution 


MATLAB code: 

s = tf('s') 

Sa) 

figure (1); 

num Ga= 1; 

den Ga =(st+1); 
num H a = (s+2); 
den H a = (s%2+2*s+2); 


Frequency (rad/sec) 
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G a=num G a/den G a; 

Ha = num_H a/den H a; 
CL_a = G a/(1 + G a*H a); 
margin(CL_ a) 


sisotool 


Bode diagram: for k=1 


Bode Diagram 
Gm = Inf , Pm = Inf 
Or a a ea T a aE c a rs 4 


Magnitude (dB) 


Phase (deg) 


Frequency (rad/sec) 


Using MATLAB sisotool, the transfer function gain can be iteratively changed in order to obtain different phase 
margins. By changing the gain K between very small and very big numbers, it was found that the closed loop 


system are stable (positive PM) for every positive K in this system. 


K=0.034 
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Root Locus Editor for Open Loop 1 (OL1) Open-Loop Bode Editor for Open Loop 1 (OL1) 
10F 7 : c = -20 SEER EECREEICRECEEEECEEECREEEEEmeRERET 
5 | 
BAAN rnc / 
-5 7 
aa -100 | G.M.: Inf 
3 15 A 05 o | Freq: Inf 
. Stable loop 
Bode Editor for Closed Loop 1 (CL1) 4D) beet a eer | 
Or oe: os : o 
0p eee ee 
sho -45 z 
-100 *- a 7 * = 90 
Or zr = 
a5 |- | -135 ; 
P.M: Inf 
Freq: NaN 
al) eee srek peeee oe we = 1 BO eae ee ee posse ee 
10° 10" 10° 10! 10 10" 10° 10' 10° 
Frequency (rad/sec) Frequency (rad/sec) 
K=59.9 
Root Locus Editor for Open Loop 1 (OL1) Open-Loop Bode Editor for Open Loop 1 (OL1) 
10 = T T = AQ eo Tt TE 
5 | 20 ‘ 
0¢————————c 4 OF 
-20 4 
-5F P| 
ie -40 | G.M: Inf 
-2 15 7 -0.5 o | Frea: Inf 
i Stable loop 
Bode Editor for Closed Loop 1 (CL1) -60 (s+ 2 ee eeet ek ae eae 
40 r prey eee : oo 
Or : oe 
20 
-45 4 
0 
-20 & 2 * + 99 4 
90 F sey see eee 7 
F | oo *F 135 4 
P.M.: 7.67 deg 
Freq: 7.89 rad/sec 
-90 & zke ees 2 roreent - 180 & ee 
10" 10° 10' 10 10" 10° 10' 10° 
Frequency (rad/sec) Frequency (rad/sec) 
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In order to test the negative range of K, -1 was multiplied to the loop transfer function through the following 
code, and sisotool was used again. 


figure (1); 


num Ga= -1 ; 
den Ga =(st+1); 
num H a = (s+2); 


den H a = (s%2+2*s+2); 
G_a=num_G a/den G a; 

H_a = num_H_ a/den_H a; 
CL_a=Ga/(1 + G a*H a); 
margin(CL_a) 


sisotool 
at K=-1, margin of stability is observed as PM~=0: 


K= -1 


Root Locus Eqitor for Open Loop 1 (OL1) Open-Loop Bode Editor for Open Loop 1 (OL1) 


1 F —+ 10Fr ==5¥ ESE a 
0 -| 
0.5 - 7 -10/ . 
250): 4 
0 O-—%— -30 | 
-40 4 
-0.5/ I ad | 
6° GML: -0.0609 dB 
1 ri 2 0 > 4 -70 Freq: 0 rad/sec 
Bode Editor for Closed Loop 1 (CL1) -80 eee eae Bs eects 
40 ° ° I 180 —=——== ever ererery 7 
20 }- 
0 135 | | 
-20+ . 


90 }- 


45 | 


P.M.: -11.8 deg 
Freq: 0.137 rad/sec 
Ok ae BA 2 
10° 10° 10° 10 10" 10° 10° 10° 
Frequency (rad/sec) Frequency (rad/sec) 


The system is stable for K>-1 as follows: K= -0.6 
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Root Locus Editor for Open Loop 1 (OL1) Open-Loop Bode Editor for Open Loop 1 (OL1) 
1p r = . = oa 0-— 7 ore 


17 © 7 
0.5|- | 20 
0 © a oa 
05 -60 
F -80 | G.M.: 4.37 dB 
6 mi 2 0 2 4 Freq: 0 rad/sec 
Stable loop 
Bode Editor for Closed Loop 1 (CL1) -109 /#-_» + + == oh 
BO pe eer ee eer eee ren 180 r a aoe a 
9 135 
~ GQ Sse ppecret sensh st QQ) |- 
= i. 
90 | 45} 
P.M.: Inf 
Freq: NaN 
(niin eran eee ORE | hese es 
10° 10° 10° 10" 10° 10" 10° 10! 10° 
Frequency (rad/sec) Frequency (rad/sec) 


And the system is unstable for K< -1: K= -3 


Root Locus Editor for Open Loop 1 (OL1) Open-Loop Bode Editor for Open Loop 1 (OL1) 


20 Sorry =e oR 


-20 


Oo 
oO 
a 


4 
-0.5 


-60 | G.M.: -9.59 dB 
-6 -4 2 0 2 4 Freq: 0 rad/sec 
Unstable loop 


-80 5 


Bode Editor for Closed Loop 1 (CL1) 
20 pr ey Se 


180 -——= ; ay 
0 
135 
-20+ 4 
-40* sae - = = 90 
 —— — a 
Bak 45 |, 
P.M.: -129 deg 
Freq: 1.84 rad/sec 
ok cea paccech = eee Seren ee 
10° 10" 10° 10' 10 10" 10° 10! 10° 


Frequency (rad/sec) Frequency (rad/sec) 


*Combining the individual ranges for K, the system will be stable in the range of K> -1 
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10-39 See sample MATLAB code in Part e. The MATLAB codes are identical to problem 10-36. 


(a) 


K 
s(1+0.1s)1+0.5s) 


G(s) = 


The Bode plot is done with K = 1. 


GM = 21.58 dB For GM = 20 dB, 
K must be reduced by —1.58 dB. 


Thus K = 0.8337 


PM = 60.42°. For PM = 45° 
K should be increased by 5.6 dB. 


Or, KkK=1.91 


(b) 


K(s+1) 
G(s) = ————————_ The 
s(1+0.15)1+0.25)1+0.5s) 
Bode plot is done with K = 1. 
GM = 19.98 dB. For GM = 20 dB, 


Ke=1. 


PM = 86.9°. For PM = 45° 
K should be increased by 8.9 dB. 


Or, K=2.79. 


2 
pe ee ee Be 
oa eS 


| as os [El ad 
-158 fen ee SSCS na Se 
ito! Les [OS i ee ee ee ee Bs 
oo RD eS Ea SDSS ew ee 
GIGS BSB E0t ha Ee ES a eS ee eRe 
-278 ian a 0 ee ee A 
| ee i i Dee ee es ee Re Tk SG 


il 
eet) 

Re oeeeu Tt tole 
oa a a el 
Gprwee | Ln FH) em SDT De Se ET 

spo | | TTT TT TT se | Pada 
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8-39 (c) See the top plot 


G(s) = 


(s+3)° 

The Bode plot is done with K = 1. 
GM = 46.69 dB 

PM = infinity. 


For GM = 20 dB K can be 


increased by 26.69 dB or K=21.6. 


For PM = 45 deg. K can be 
increased by 28.71 dB, or 


K=27.26. 


(d) See the middle plot 


K 
G(s)=———> 
(+3) 


The Bode plot is done with K = 1. 


GM = 50.21 dB 

PM = infinity. 

For GM = 20 dB K can be 
increased by 30.21 dB or K = 32.4 
For PM = 45 deg. K can be 
increased by 38.24 dB, or 

K = 81.66 

(e) See the bottom plot 


The Bode plot is done with K = 1. 
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PT TTT TT Time = Sve.cs de LTT 
pet Te 


CAIN C.0 = 8.9871 rad/z0c| | 


aa eee 
><, ee Maes CN a aaa Lt 
pee Ty a Te TT bad “eeke] T] 


68 SS 
gee i ap ROT PHASE HARGIN = > 18.88E+89 deg. 
Dees at ——— PHASE C.0. 


1.B@S6 rad/sec aL 


SRBESTIB 


. 
L@ @ 
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G(s) = Te MATLAB code: 
s(1+0.1s + 0.015") ee 
num G a= exp(-s); 
GM=2.97 dB; PM = 26.58 deg ee eee ee Re ene 


G_a=num_G a/den Ga 
margin(G a) 


For GM = 20 dB K must be 
decreased by —17.03 dB or 
K=0.141. 

For PM = 45 deg. K must be 


decreased by —2.92 dB or K=0.71. 


Bode Diagram 
Gm = 3 dB (at 1.43 rad/sec) , Pm = 26.6 deg (at 1.01 rad/sec) 


r ry oe T ry rr a a 


wn 


' 
wn 


Magnitude (dB) 


-100 


-2.304 


Phase (deg) 


-4.606 


_-1 0 4 49 Be 
10 10 10 10 10 


Frequency (rad/sec) 
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K(1+0.5s) 


ae s(s° +5+1) 


The Bode plot is done with K = 1. 


GM = 6.26 dB 


PM = 22.24 deg 
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. dB 
GAIN C.O = 1.6575 rad/sec 


fsa ELT 
TS Th 

SRR a Sle ae i 
Baath Se eeeeren 


22.24 deg. 
1.4315 rad/sec_| | 


-98 al nD Ei aa aa ee 
deg. 976 ae ep eas eee 
ST Se aa (S| FA 1S a SS | DS PO 
| eae FR aT CO KG 2 eV 
aa Sa TT BM es coe oa I EP 


For GM = 20 dB K must be decreased by —13.74 dB or 


K =0.2055. 


For PM = 45 deg K must be decreased by —3.55 dB or 


K =0.665. 


10-40 (a) 


10K 
s(1+ 0.1s)+ 0.55) 


The gain-phase plot is done with 


K=1. 


GM = 1.58 dB 
PM = 3.95 deg. 


For GM = 10 GB, K must be decreased by —8.42 
dB or K = 0.38. 


GAIM VS PHASE OF GC jw) 
= 1.18 


For PM = 45 deg, K must be decreased by —14 dB, or K = 0.2. 


For M, = 1.2, K must be decreased to 0.16. 
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Sample MATLAB code: 


a = rei" e") 

num G a= 10; 

den 'G e=s* (1-0, 1s) * 10.0" Sa 1) ¢ 
G_a=num_G a/den Ga 
nichols(G_ a) 


Nichols Chart 
60 
40 
20 
ses o 
Oo 
& 
= 20 
o 
a 
8 
a -40 
= 
o 
Qa 
Oo -60 
80 
-100 
-120 
-270 -225 -180 -135 


Open-Loop Phase (deg) 


(b) 
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: 5K(s+1) 
s(1+ 0.18)(1+0.25)(1+0.58) 


GAIN US PHASE OF GC ju) 


The Gain-phase plot is done with 


K=1. 
GM =6dB 
PM = 22.31 deg. 


For GM = 10 GB, K must be decreased by —4 
dB or K =0.631. 


For PM = 45 deg, K must be 
decrease by —5 dB. 


For M., = 1.2, K must be decreased to 0.48. 


10-40 (c) 


10K 
s(1+0.1s +0.01s") 


G(s) = 


The gain-phase plot is done for 
K=1. 
GM =0dB M,=0 


PM =O deg GAIN MARGIN = -8.08 4B 
GAIN C.0. = -126.44 rad/sec 
PHASE MARGIN = -78.65 deg 

For GM = 10 dB, K must be decreased by —10 io ? 


dB or K =0.316. 


For PM = 45 deg, K must be decreased by —5.3 
dB, or 


K =0.543. 


For M_ = 1.2, K must be decreased to 0.2213. 


(d) 
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Ke" 


cs s(1+0.1s + 0.015") 


The gain-phase plot is done for 
K=1. 
GM = 2.97 dB M,= 3.09 


PM = 26.58 deg 


For GM = 10 GB, K must be decreased by —7.03 
dB, K=0.445. 


For PM = 45 deg, K must be decreased by 
—2.92 dB, or 


K=0.71. 


For M. =1.2, K =0.61. 
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10-41 
MATLAB code: 
s = tf('s') 
Sa) 


num GH-a> 1° (671) * (et2)3 

Gen GH 26°72" 1813) * (6° 202" S125) 3 
GH a=num_GH a/den GH a; 

CL_a = GH _ a/(1+GH_a) 

figure (1); 

bode (CL _a) 


Sb) 
figure (2); 
Plocus (GH a) 


=C) 

num §H c= 53° (e671) * (ars) 7 

den GH c=s6°2* (6t3)* (8°22 *5+25) 7 
GH c=num_GH c/den_ GH c; 

figure (3); 

nyquist (GH ¢) 

xlim([-2 1]) 

ylim([-1.5 1.5]) 


Sd) 

num GH d= (s71)* (stZ) ¢ 

den. GH d=s°2* (et3)" (B° 2t2*Bt25) 7 
GH d=num_GH d/den_ GH d; 

CL_d = GH_d/(1+GH_d) 

figure (4); 

margin(CL d) 


Sisotool 


Part (a), Bode diagram: 
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Bode Diagram 


50-- re nny =e: res 
oOo 
iS 
Oo 
ne} 
z 
c 
i>) 
o 
= 
150 &- por eeeek poo rc po er E poo ee 
re aaa, 
@ -90}- 
o 
_ 
oO 
s 
£ -180- , 
-270 poo eee pe ph aie pee a ee ea a 
-2 -1 0 1 2 
10 10 10 10 10 
Frequency (rad/sec) 
Part (b), Root locus diagram: 
Root Locus 
30 T c t c c “a 
20;- 4 
10}- 7 
x2) 
xs 
<x 
5 0 xOOk | 
< 
Lo») 
o 
£ 
-10/- 4 
-20 |-- a 
-30 & t r r r t ale 
-40 -30 -20 -10 0 10 20 
Real Axis 


Part (c), Gain and frequency that instability occurs: Gain=53, Freq = 4.98 rad/sec, as seen in the data 


point in the figure: 


8-92 


Automatic Control Systems Chapter 10 Solutions Golnaraghi, Kuo 


Nyquist Diagram 


System: GH_a 
Real: -1 


Imag: 0.0174 / —_ 
Frequency (rad/sec): 4.98 \ wn 


0.5 


2 
& 
= OF iF | 
= / 
D | 
oO 
: a 
“0.5 
Tt 
ie 
“1k 
1.5 : c t 
=2 “1.5 -1 -0.5 0 0.5 1 
Real Axis 


Part (d), Gain and 
frequency that 
instability occurs: 
Gain=0.127 at PM 
=20 deg: 

By running sisotool 
command in 
MATLAB, the 
transfer functions 
are imported and the 
gain is iteratively 
changed until the 
phase margin of 
PM=20 deg is 
achieved. The 
corresponding Gain 


is K= 0.127. 


Root Locus Editor for Open Loop 1 (OL1) Open-Loop Bode Editor for Open Loop 1 (OL1) 


15 ~ 60 
/ bi 
7 4 40 
a 20 ? 
5 _ ie 
Q)-= S <— a ee ee | 
() acO} | 20 core a 
5 » 40 \ 
\ 
. ‘ er i 
-10 \ \ 
\ * 
Ne -80 * 
15 1 fl t i \ G.M.: 22.7 dB \ 
-20 -15 -10 5 0 5 10-100} Freq: 4.96 rad/sec \ 
Stable loop 
Bode Editor for Closed Loop 1 (CL1) 120 a 
0 ae on : ‘ -90 
Bien cas, - 
-50 455 i \ 
NN -135} 4 \ 4 
ia Ei \ 
SS \ 
-100 | NY =. \ 
t at £ 10 ——— ~~ 
0 —— 
-45+ \ 
-90 | \ J | 
ha is ees, -225| \ 
135+ ~ i \ 
\ 
“180 \ 1 P.M.: 19.8 deg \ 
-225 + Me | Freq: 0.33 rad/sec ree 
270 & — arrears a eee 7 {\) Sa i at 
r e 0 1 2 2 4 0 1 2 
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Part (e): The corresponding gain margin is GM = 22.7 dB is seen in the 


figure 
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10-42 (a) Gain crossover frequency = 2.09 rad/sec 


Phase crossover frequency = 20.31 rad/sec 


(b) Gain crossover frequency = 6.63 rad/sec 


Phase crossover frequency = 20.31 rad/sec 


(c) Gain crossover frequency = 19.1 rad/sec 


Phase crossover frequency = 20.31 rad/sec 


PM = 115.85 deg 


GM = 21.13 dB 


PM = 72.08 deg 


GM = 15.11 dB 


PM = 4.07 deg 


GM = 1.13 dB 


(d) For GM = 40 dB, reduce gain by (40 — 21.13) dB = 18.7 dB, or gain = 0.116 x nominal value. 


(e) For PM = 45 deg, the magntude curve reads —10 dB. This means that the loop gain can be increased by 


10 dB from the nominal value. Or gain = 3.16 X nominal value. 


(f) The system is type 1, since the slope of IG(jo)| is -20 dB/decade as w > 0. 


(g) GM = 12.7 dB. PM = 109.85 deg. 


(h) The gain crossover frequency is 2.09 rad/sec. The phase margin is 115.85 deg. 


Set 


115.85° 
of = 2.09, = 7 = 2.022 rad 


180° 


Thus, the maximum time delay is | 0.9674 sec. 
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10-43 (a) The gain is increased to four times its nominal value. The magnitude curve is raised by 12.04 dB. 
Gain crossover frequency = 10 rad/sec PM = 46 deg 
Phase crossover frequency = 20.31 rad/sec GM = 9.09 dB 
(b) The GM that corresponds to the nominal gain is 21.13 dB. To change the GM to 20 dB we need to 
increase the gain by 1.13 dB, or 1.139 times the nominal gain. 
(c) The GM is 21.13 dB. The forward-path gain for stability is 21.13 dB, or 11.39. 
(d) The PM for the nominal gain is 115.85 deg. For PM = 60 deg, the gain crossover frequency must be 
moved to approximately 8.5 rad/sec, at which point the gain is —10 dB. Thus, the gain must be increased 
by 10 dB, or by a factor of 3.162. 
(e) With the gain at twice its nominal value, the system is stable. Since the system is type 1, the steady-state 
error due to a step input is 0. 
(f) With the gain at 20 times its nominal value, the system is unstable. Thus the steady-state error would be 
infinite. 
(g) With a pure time delay of 0.1 sec, the magnitude curve is not changed, but the the phase curve is subject 
to a negative phase of —O0.l@ rad. The PM is 
PM =115.85-—0.1 x gain crossover frequency = 115.85—0.209 = 115.64 deg 
The new phase crossover frequency is approximately 9 rad/sec, where the original phase curve is 
reduced by —0.9 rad or —51.5 deg. The magnitude of the gain curve at this frequency is —10 dB. 
Thus, the gain margin is 10 dB. 
(h) When the gain is set at 10 times its nominal value, the magnitude curve is raised by 20 dB. The new 
gain crossover frequency is approximately 17 rad/sec. The phase at this frequency is —30 deg. 
Thus, setting 


30° 
OT, =17T, = —" = 05236 = Thus_—‘T, = 00308 sec. 
d d 180° d 
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10-44 
MATLAB code: 


Ss = tii7e*) 

Susing pade cammand for PADE approximation of exponential term 
num G a= pade((80*exp(-0.1%*s)),2); 

den G a=s* (s+4)* (e710)7 

G_a=num_G a/den G a; 

CL_a = G a/(1+G a) 

OL a= Gar ly 


% (a) 
figure (1) 
nyquist (OL a) 


$(b) and (c) 


figure (2); 
margin(CL_ a) 


Part (a), Nyquist diagram: 


Nyquist Diagram 


T Tt 


> 


Imaginary Axis 
j=) 
y 
¥ 


>— 


-8 r t fe i f t 
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 


Real Axis 


Part (b) and (c), Bode diagram: 
Using Margin command, the gain and phase margins are obtained as GM = 6.3 dB, PM = 42.6 deg: 
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Bode Diagram 
Gm = 6.3 dB (at 4.02 rad/sec) , Pm= 42.6 deg (at 2.9 rad/sec) 


50 oot c Tot Tt Tr 
Ee E E E Pip. 
as, 0 “| 
a 
a 
o 
Sg -50¢ 4 
= 
c 
D 
S 
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-150 & r por peek r pork reeeeE r pore or peek r poor pe eee 
360 = 
180 }-— 
3 
Oo 
= 
rn O}- 
g 
= 
oa 
-180 }- 
-360 & c poo ee r poor peer r por or peek r por ree 
-1 0 1 2 3 
10 10 10 10 10 


Frequency (rad/sec) 
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10-45 (a) Bode Plot: 


For stability: 166 (44.4 dB) < K < 7079 (77 dB) Phase crossover frequencies: 7 rad/sec and 85 rad/sec 


100. oo 
2.00 peter} 
aE Fa 5S SP A i SS OD ny 


Omega (rad/sec) 


GPHASE (dag) 


oO. icten2 
Dmegao (rad/sec) 
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Nyquist Plot: 


G( jw )/K-plane 


Not drawn to scale 
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10-45 (b) Root Loci. 


'j85 K=7079 


-j85 K=7079 


Not drawn to scale 


8-100 


Automatic Control Systems Chapter 10 Solutions Golnaraghi, Kuo 


10-46 (a) Nyquist Plot 


wW=1.4185 
-0.748 


Bode Plot 


| TI 
3.88 deg. 
1.4185 rad/sec_| | 


ee am 
-158 (eR ns a Sc A a a a ew 
188 et 
Sa RE VR Oe en sc ES 
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Root Locus 
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10-47 
MATLAB code: 


Sa) 
k=1 
num GH= k*(s+1)*(s+5); 
Gen CH=s* (st). 1) > (e138) (et20)* (e500) ¥ 
GH=num_GH/den_ GH; 
= GH/ (1+GH) 
figure (1); 


figure (2); 
OL = GH; 
nyquist (GH) 


Part (a), Bode diagram: 
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Bode Diagram 


= : —E —————— 
-50 = 
oOo 
zs 
oO 
8 -100 |- 
= 
i>) 
Ss 
-150 - 
200 porpeeeek r fai rere ror cok rorreeee ror fn 
re peer ; sos = or —: = 
GB -90}- 
o 
_ 
oO 
s 
£ -180+ 4 
-O70 Be ree pop rere pore pop preeeek por peek por eee pop renee 
-4 -3 -2 -1 0 1 2 3 
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Frequency (rad/sec) 
Part (a), Nyquist diagram: 
Nyquist Diagram 
1 c : t 
0.8 
0.6 
0.4+- - 
a 0.2}- | 
= \ 
S OF 7. / | 
2 
—E -0.2- 
0.4} - 
-0.6 
-0.8 
-1 i i L t 
15 4 -0.5 0 0.5 


Real Axis 


Part (a), range of K for stability: By running sisotool command in MATLAB, the transfer functions 
are imported and the gain is iteratively changed until the phase margin of PM=0 deg is achieved (where 


K = ) which is the margin of stability. The stable rang for K is K>8.16x10*: 
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Open-Loop Bode Editor for Open Loop 1 (OL1) 
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150 T T T 120 
100} 
50 fF 
0 a—x 4 
-50 L 
-100}+ 
-40 L | 
-150 n n t G.M.: -0.0536 dB 
-200 -150 -100 -50 100 -¢9| Freq: 33.8 rad/sec 4 
Unstable loop 
Bode Editor for Closed Loop 1 (CL1) -80 1 L t 
50 F r r : r i - 
: ad 
-50 -135- 
-100} 
: : ; -180 }-——---—-----—— 
HT 
-90 L 
-180+ a -225 7 
=| ———- P.M.:-0.159 d 
-M.: -0. leg 
i SSS Freq: 33.9 rad/sec 
-450 A a 1 £ -270& ia t 
10" 10° 10' 10° 10° 10° 10° 10° 10° 


Frequency (rad/sec) 


Frequency (rad/sec) 


Part (b), Root-locus diagram, K and @ at the points where the root loci cross the j@-axis: 


As can be seen in the figure at K=8.13x10* and @ =33.8 rad/sec, the poles cross the j@ axis. Both of 


these values are consistent with the results of part(a) from sisotool. 
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Root Locus 
150 = T C T T C “T 
System: CL 
100 }- Gain: 8.13e+004 - 


Pole: 0.0788 + 33.8i 
Damping: -0.00233 
Overshoot (%): 101 


50 |- Frequency (rad/sec): 33.8 
x) 
xs 
2 Al 
SOF @ . 
2 \ 
fo>) 
o 
£ 


| 
-50 |- System: CL 

Gain: 7.99e+004 

Pole: -0.045 - 33.5i 

Damping: 0.00134 


-100}- Overshoot (%): 99.6 7 
Frequency (rad/sec): 33.5 
-1505 : t : : ; 
-200 -150 -100 -50 0 50 100 


Real Axis 


8-106 


Automatic Control Systems Chapter 10 Solutions Golnaraghi, Kuo 


10-48 Bode Diagram 


0, 1DE*02 0. 10E+03 Oo. 10E+04 


Omega (rad/sec) 


TMT rE 
CUTIE ATT Pest Li 
CUTIE UTI CCT 
UTA ETM ET TT AT 

CUA TTT TTI TTT VU 
TTT COME CATT TUNE SU 


OD. 10E+*01 oO. 10&+02 Bo. 1DE+D3 Go. 10E*D4 2. 10E+0S 
Omega Crad/sec) 


When K = 1, GM = 68.75 dB, PM = 90 deg. The critical value of K for stability is 2738. 
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10-49 (a) Forward-path transfer function: 


© K K(Bs+K 
Ee eee (K,(Bs+ K) 
E(s) j A 


oO 


G(s) = 


where 


A, = 0.12s(s +0.0325)(s° + 2.5675s + 6667) 


=s5 (0.12s° +0.312s” +80.055 + 26) 


43.33(s +500) 
s(s° 42.68? + 667.125 + 216.67) 


G(s) = 


(b) Bode Diagram: 
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nnn L 
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Gain crossover frequency = 5.85 rad/sec PM =2.65 deg. 


Phase crossover frequency = 11.81 rad/sec GM = 10.51 dB 
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10-49 (c) Closed-loop Frequency Response: 


ai 

eo TUE TIT PT 
TM TANI TT IEE 
PEER TET TTT 


CUT ETI TAIT ATE Eu 
CUTIE CTT CUT AMIE AT 
EE 
CINE NIE ATT TE (AT 
a A 

MH rT | UTI 


O, 10E*02 0, 1DE+03 


Omega (rad/sec) 


M. = 17.72, o. =5.75 rad/sec, BW=9.53 rad/sec 
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10-50 
@) GH) = 


4+m)s? 
G(s)H(s) _ Kmgd 
1+G(s)H(s) u(4 +m)s?-+Kmgd 


pe 
(c) to (e) 
MATLAB code: 

= tf('s') 


(b) 


n 


70? 
.99*10%-6 


GQRrRaQaahK 8 

| II | 

OoOrRWDOCO 
- 


K=1 

num _GH= K*m*g*d; 

den GH=L* (J/r*2+m) *s*2; 
GH=num_GH/den_ GH; 

CL = GH/ (1+GH) 


SC) 
figure (1); 
nyquist (GH) 


xlim([-1.5 0.5]); 
ylim([-1 1]); 

Sd) 

figure (2); 


margin (CL) 
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Part (c): since the system is a double integrator (1/s”), the phase is always -180 deg, and the system is 


always marginally stable for any K, leading to a complicated control problem. 
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Nyquist Diagram 
1 C c F “t 


Imaginary Axis 
Oo 
+ 
{ 


24 ig r r + 
-1.5 -1 -0.5 0 0.5 
Real Axis 


Part (d), Bode diagram: 
As explained in section (c), since the system is always marginally stable, GM=inf and PM = 0, as can be 


seen by MATLAB MARGIN command, resulting in the following figure: 
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Bode Diagram 


Gm = Inf dB (at Inf rad/sec) , Pm=0 deg (at 0.647 rad/sec) 
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Part (e), M,,= 143 dB, @,= 0.458 rad/sec, and BW= 0.712 rad/sec as can be seen in the data points in 


the above figure. 


10-51 (a) When K =1, the gain crossover frequency is 8 rad/sec. 


(b) When K = 1, the phase crossover frequency is 20 rad/sec. 


(c) When K =1, GM = 10 cB. 
(d) When K=1, PM =57 deg. 


(e) When k=1, M =1.2. 


(f) When K=1, @ =3 rad/sec. 


(g) When K =1, BW =15 rad/sec. 


(h) When K =—10 dB (0.316), GM = 20 dB 


(i) When K = 10 dB (3.16), the system is marginally stable. The frequency of oscillation is 20 rad/sec. 


(j) The system is type 1, since the gain-phase plot of G( j@) approaches infinity at —90 deg. Thus, the 


steady-state error due to a unit-step input is zero. 
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10-52 When K =5 dB, the gain-phase plot of G( ja) is raised by 5 dB. 
(a) The gain crossover frequency is ~10 rad/sec. 
(b) The phase crossover frequency is ~20 rad/sec. 
(c) GM=5 cB. 
(d) PM =~34.5 deg. 
(e) When K=5, M=~ 2 (smallest circle tangent to an M circle). 
(f) @, =15 rad/sec 
(g) BW = 30 rad/sec 


(h) When K =—30 dB, the GM is 40 dB (shift the graph of K=1, 30 dbs down). 


When K = 10 dB, the gain-phase plot of G(j@) is raised by 10 dB. 
(a) The gain crossover frequency is 20 rad/sec. 
(b) The phase crossover frequency is 20 rad/sec. 
(c) GM=OcB. 
(d) PM =Odeg. 
(e) When K = 10, M,=~ 1.1 (smallest circle tangent to an M circle). 
(f) @, =5 rad/sec 
(g) BW = ~40 rad/sec 


(h) When K =—30 dB, the GM is 40 dB (shift the graph of K=1, 30 dbs down). 


10-53 


Since the function has exponential term, PADE command has been used to obtain the transfer function. 


0.15 
Chas 
s(s+4)(s +10) 
MATLAB code: 


s = tf('s') 


oe 
je) 
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num GH= pade (p0*exp(=0.1%s) p24) 7 
den GH=s* (sr4)* (S710) 7 
GH=num_GH/den_GH; 

CL = GH/ (1+GH) 

BW = bandwidth (CL) 

bode (CL) 


Sb) 
figure (2); 
nichols (GH) 


Part(a), Nicholas diagram: 


Nichols Chart 


Open-Loop Gain (dB) 


-270 -180 -90 0 
Open-Loop Phase (deg) 


Part(b), Bode diagram: 
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Bode Diagram 
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To draw the Bode and polar plots use the closed loop transfer function, Gcz, and find BW. Use G to 


obtain the gain-phase plots and Gm and Pm. Use the Bode plot to graphically obtain M,. 


Sample MATLAB code: 


s = tf('s') 
Sa) 
num G= 1+0..1*s; 


den G=s* (stl) *(0.01*e8+1)¢% 


G=num_G/den G 
figure (1) 
nyquist (G) 

figure (2) 

margin (G) 

GCL = G/(1+G) 

BW = bandwidth (GCL) 
figure (3) 

bode (GCL) 
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Transfer function: 
0.1s+1 


0.01 s43 + 1.01 s42 4+ 8 


Transfer function: 
0.001 s*4 + 0.111 843 + 1.11 s42 +58 


0.0001 s*6 + 0.0202 s®5 + 1.041 s44 + 2.131 843 + 2.11 842 +5 


BW = 


1.2235 
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Nyquist Diagram 


Imaginary Axis 


-1 09 -0.8 -0.7 -0.6 -05 -0.4 -0.3 -0.2 -0.1 in} 
Real Axis 


Bode Diagram 
Gm = Inf dB (at Inf rad/sec) , Pm = 55.8 deg (at 0.786 rad/sec) 
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10 40 40° 10° 10° 10° 40 
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Bode Diagram 
50 pt 


3 System: GCL 
2 Frequency (rad/sec): 0.642 
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10-55) (a) The phase margin with K = 1 and T, =0 sec is approximately 57 deg. For a PM of 40 deg, the time delay 


produces a phase lag of —17 deg. The gain crossover frequency is 8 rad/sec. 


Thus, 
, la 
of© , =l) = = 0.2967 rad/ sec Thus @ =8 rad/sec 
180° 
0.2967 
T, = = 0.0371 sec 


(b) With K =1, for marginal stability, the time delay must produce a phase lag of —57 deg. 
Thus, at @ =8 rad/sec, 


¢27 0.9948 
of, = 57? =-— = 0.9948 rad T, = ——— = 0.1244 sec 
1 


0° a 8 


8-119 


Automatic Control Systems Chapter 10 Solutions Golnaraghi, Kuo 


10-56 (a) The phase margin with K = 5 dB and T, = 0 is approximately 34.5 deg. For a PM of 30 deg, the time 


delay must produce a phase lag of —4.5 deg. The gain crossover frequency is 10 rad/sec. Thus, 


45° x _ 0.0785 


oT, =45° = = 0.0785 rad Thus T 


= 0.00785 sec 
d 180° d 


(b) With K = 5 dB, for marginal stability, the time delay must produce a phase lag of —34.5 deg. 


Thus at @ =10 rad/sec, 


34.5° x 0.602 
= 0.602 rad Thus 7, =——=0.0602 sec 


oT, =345° = = 
d 0° d 10 


10-57) Fora GM of 5 dB, the time delay must produce a phase lag of —34.5 deg at w = 10 rad/sec. Thus, 


45° .602 
CAT str Thus T, = DOF 0602 see 


of, = 345° 
180° 10 


10-58 (a) Forward-path Transfer Function: 


Y(s) 7 e 
E(s) (1+10s)(1+ 25s) 


G(s)= 


From the Bode diagram, phase crossover frequency = 0.21 rad/sec GM = 21.55 dB 
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gain crossover frequency = 0 rad/sec PM = infinite 


(b) 


1 
~ (1+10s)(1+25s)(1+2s +257) 


G(s) 


From the Bode diagram, phase crossover frequency = 0.26 rad/sec GM =25dB 


gain crossover frequency = 0 rad/sec PM = infinite 


l-s 


ee (1+5)(1+10s)(1+2s) 


From the Bode diagram, phase crossover frequency = 0.26 rad/sec GM = 25.44 dB 


gain crossover frequency = 0 rad/sec PM = infinite 


Sample MATLAB code 
s = tf('s') 

Sa) 

num G=exp(-2*s); 
den G=(10"%s+1)* (25* s+) ¢ 
G=num_G/den G 

figure (1 
margin (G) 


~~ 
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10-58 (continued) Bode diagrams for all three parts. 
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10-59 (a) Forward-path Transfer Function: 


—s 


e 


(1+ 10s)(1+ 25s) 


G(s)= 


From the Bode diagram, phase crossover frequency = 0.37 rad/sec GM = 31.08 dB 


gain crossover frequency = 0 rad/sec PM = infinite 
(b) 
G(s) 
Ss) SS 
(1+10s)(1+25s)(1+s+0.5s") 
From the Bode diagram, phase crossover frequency = 0.367 rad/sec GM = 30.72 dB 
gain crossover frequency = 0 rad/sec PM = infinite 
(c) 
(1-0.5s) 


G(s) = 
(1+ 10s)(1+ 25s)1+0.5s) 


From the Bode diagram, phase crossover frequency = 0.3731 rad/sec GM=31.18 dB 


gain crossover frequency = 0 rad/sec PM = infinite 
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(2): G(s) ere 
3 (1 + 10s)(1 + 25s) 


4B 


2 (ce) G(s)= a 2k 
: Ss 


Amplitude, 


:(b) G(s)= 3a —__—_——_: 
: (1 +10s)(1 + 25s)(1 + s + 0.5s") = 


ceecceed he ceeeepecsies 


s 
© 
© 
& 
iJ 
© 
a 


18® 


Frequency, Rad/s 


Plots 10-59 (a-c) 
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10-60 Sensitivity Plot: 


mae Ei 
I 
PT TLE Dp re 
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Isa = 17.15 ® ax Ol rad/sec 
10-61) 
_ K(1.151s+0.1774) 
(a) G(s)H(s) = $3+0.739s2+0.921s 
(b) G(s)H(s)  _ K(1.151s+0.1774) 
1+G(s)H(s) s3+0.739s2+(0.9214+1.151K)s+0.1774K 
(c)&(d) 
MATLAB code: 
s = tf('s') 
SC) 
K= 1 


num GH= K*(1.151%*s+0.1774) ; 

den GH=(8°3+0.739*%8"2+0. 921*s); 
GH=num_GH/den_GH; 

CL = GH/ (1+GH) 

sisotool 
% (da) 
figure (1) 
margin (CL) 


Part (c), range of K for stability: 
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Sisotool Result shows that by changing K between 0 and inf., all the roots of closed loop system remain 


in the left hand side plane and PM remains positive. Therefore, the system is stable for all positive K. 
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x #eot Locus Editor for Open Loop 1 (OL1) Open-Loop Bode Editor for Open Loop 1 (OL1) 


3 : : - 200 = oe = = 
| 
2I- 4 
180 |- | 
1 4 
ol = 160 |- 4 
ay | 140; / 
-2- 4 
| 
- 120 | G.M:: Inf 7 
34 r r r = ’ 
04 0.3 0.2 0.1 a eae 
Stable loop 
Bode Editor for Closed Loop 1 (CL1) 400 bse ee cemt tne erceee woeperek oe ee beret 
100 . - “ 
0 Fr + oe aa | . =e ao 
0 -45 |- . 
-100 . “ ~ -90 
0 - : - 
-90 | -135 ¢ | 
P.M.: 0.00149 deg 
Freq: 2.26e+004 rad/sec Pic || 
-180 r : p Lt -180 & 2 = peeece iz = 
: f 4 1 2 
10° 10° 10° 10° 10 10° 10 10° 10 10 
Frequency (rad/sec) Frequency (rad/sec) 


Part (d), Bode, GM & PM for K=1: 
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Magnitude (dB) 


Phase (deg) 


Chapter 10 Solutions 


Bode Diagram 
Gm = Inf dB (at Inf rad/sec) , Pm= 61.3 deg (at 1.59 rad/sec) 


tt tte t c 


te oe 


c ttt t t Tet tE 


-135 


-180 


0 
10 
Frequency (rad/sec) 
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Chapter 11 


11-1 Forward-path Transfer Function: 


M(s) 7 K 
1-M(s) 5° +(20+a)s” + (2004+ 20a)s+200a—K 


G(s)= 
For type 1system, 200a—K=0 Thus K=200a 
Ramp-error constant: 


K 200a 


K, = limsG(s) = = =5 Thus a=10 K=2000 
s>0 200+ 20a 200+ 20a 
The forward-path transfer function is The controller transfer function is 
2000 G(s) 20(s* +10s +100) 
G(s) = G(s) = 


o 


s(s° +30s +400) G(s) (s° +30s +400) 


The maximum overshoot of the unit-step response is O percent. 


11-2 Forward-path Transfer Function: 


M(s) _ K 


G(s)= 3 2 
1-M(s) s +(20+a)s° +(200+ 20a)s+200a-—K 


For type 1system, 200a—K=0 Thus K=200a 
Ramp-error constant: 


: K 200a 
K, = limsG(s) = = =9 Thus a=90 kK = 18000 


50 200+ 20a 200+ 20a 
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The forward-path transfer function is The controller transfer function is 


18000 G(s) 180(s* +10s +100) 


Gs) = or G(s) = 
s(s° +110s + 2000) " G.(s)_ (s* +110s + 2000) 


The maximum overshoot of the unit-step response is 4.3 percent. 


From the expression for the ramp-error constant, we see that as a or K goes to infinity, K, approaches 10. 
Thus the maximum value of K, that can be realized is 10. The difficulties with very large values of K and 
a are that a high-gain amplifier is needed and unrealistic circuit parameters are needed for the controller. 


11-3) The close loop transfer function is: 


y(s)_ 9 «xK i««K 
X(s) s@4+s+K 524.454 
Tt Tt 


Comparing with second order system: 


Wn = ff and2 fo» =2 


My = exp(- us ) = 0.254 > £€=04 


¥1-& 
t, =—=—=3 °> Wn=1.14 
Btn t=ee ne 
1 
T= — > T=1.09 
2E0n 


K =tw2 > K = 1.42 
11-4) The forward path transfer function of the system is: 


24 


OTe) 


1. The steady state error is less than to 7/10 when the input is a ramp with a slope of 27 rad/sec 
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_ a aif jj 21 _ 20 
es TO s5056S GG): 40 7A ~ 4K 


a a) s(s+1)(s +6) 


As aresult Ky > 0.2 
2. The phase margin is between 40 to 50 degrees 


In this part of the solution, MATLAB sisotool can be very helpful. More detailed instructions 
on using MATLAB sisotool is presented in the solutions for this particular problem. Similar 


guidelines could be used for similar questions of this chapter. 
SISOTOOL quick instructions: 


Once opening the sisotool by typing sisotool in MATLAB the command window (or in the “m” code), the 


following window pops up: 


Where you can insert transfer functions for C, G, H, and F, or you can leave some of them as default value (1), by 
clicking on “System Data”. Once you substitute transfer functions, you will see a graph including the root-locus 
diagram, a closed loop Bode diagram, and an open loop Bode diagram indicating the Gain Margin and Phase 


Margin as well. 


** You can drag the open-loop bode magnitude diagram up and down to see the effect of gain change on all of 
the graphs. Sisotool updates all these graph instantly. You can also drag the poles and zeros on the root locus 


diagram to observe the effect on the other diagrams. 
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(=) Control and Estimation Tools Manager 


File Edit Help 
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E\e\%) 


aw | ole ge 
4 Workspace 


=)-#.) SISO Design Task 
iE) Design History 


Architecture | Compensator Editor | Graphical Tuning | Analysis Plots | Automated Tuning 


Current Architecture: 


—-i- 


Modify architecture, labels and feedback signs. 


Loop Configuration... Configure additional loop openings for multi-loop design. 
System Data... Import data for compensators and fixed systems. 
Sample Time Conversion ... Change the sample time of the design. 


Show Architecture Store Design 


You can also open “Analysis Plots” tab to add other graphs such as Nyquist diagram as shown in the following 


figure: 
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(=) Control and Estimation Tools Manager 
File Edit Help 


ao ~~ 
4 SS 
Workspace | Architecture | Compensator Editor | Graphical Tuning Analysis Plots | Automated Tuning | 
5-4) SISO Design Task 
(U9) Design History 


Analysis Plots 
Plot 1 Plot 2 Plot 3 Plot 4 Plot 5 Plot 6 


Plot Type Nyquist | | None | | None y) | None | None vv | None v 


Contents of Plots 
Plots 


Responses 


Closed Loop r to y 
Closed Loop r tou 


(a) (nl i | i i) {-] |Input Sensitivity 


Prefilter F 
Plant G 
Sensor H 


Add Responses ... Show Analysis Plot 
Show Architecture Store Design 


In this particular question, you need to add a zero to include the effect of K, . You can add a zero by using the 


“Compensator Editor” tab, as shown in the following graph. The last thing you need to do for this problem, is to 
drag the location of zero and gain in the following diagram (or edit these locations by assigning C gain and Zero 
location in the “Compensator Editor” tab), so it satisfies the PM of 40 to 50 deg; while gain of C is kept above 


0.2 (K, > 0.2, from part (a)). 


In the following snapshot of “Compensator Editor”, C gain or Ke is set to 1, and the zero location is set to -2.7, 


resulting in 44.2 [deg] phase margin, presented in the following figure. 
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Control and Estimation Tools Manager € fel) 


 werspace Conpensstor Edo” | Graphical Turing | Analysts | Automated Tuning 


a4) 
Design History 


cS 
Paleero [Parameter | 


Root Locus Editor for Open Loop 1 (OL1) Open-Loop Bode Editor for Open Loop 1 (OL1) 
c v t v v E F 60 r oe iw © 7 
2000 |- i. 
40 ; 
1000 - . 
Q a 20 7 
< Ox a | : “x 2 
2 3 
£ go 4 
-1000 } | & 
= -20 4 
-2000 |- 1 
[ . . . : . [ -40 | G.M.: Inf 
6 6 a @ 2 0 Freq: Inf 
: Stable loop 
Bode Editor for Closed Loop 1 (CL1) -60 © S ei : 
= ° -90 <* 
5S (0 
o 
3 -20 |- 
i= 
g -40 3 -120 | 
Ro) 
-60 © B a 
Or ¥ ¥ a 
= & 
> -45+ 2 -150 7 
Ree 
® -90|- 7 
© P.M.: 44.2 deg 
-135|- | 
aaa Freq: 2.07 rad/sec 
180 . 2 st Bs] 0 eee ae ae geseceeiveical 
2 1 2 2 A 1 2 
10 10° 10 10 10 10 10" 10 10 
Frequency (rad/sec) Frequency (rad/sec) 


Final answers: K, =1, Ky =0.3704 
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Preliminary MATLAB code for 11-4: 


ssolving for k: 
syms kc 
omega=1.5 


sol=eval (solve ('0.25*kc*2=0.7079%2* ( (-0.25*omega”*3+omega) “2+ (- 
0.375*omega*2+0.5*ke)*2)",kc)) 


sploting bode with K=1.0370 

SS tt. CS) 

K=1.0370; 

num _G a= 0.5*K; 

den G_ a=s* (0.25*s%2+0.375*st1); 


G a=num G a/den G a; 


CL_a = G a/(1+G a) 
BW = bandwidth(CL_ a) 


bode (CL_a); 


sisotool; 


Alternatively we can use ACSYS. 
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K, =1, Kq =0.3704 
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Time Response Frequency Response 


Controller Design Tool Calculator Unit Conversion Help 


-— Block Diagram 


— Transfer Functions 


Click on blocks to change transfer functions 
r= 


6 a eee 


C(s) Ze waite LI 


Reset | 
Close Window | 


Closed Loop Transfer Function: 


Yin 8.89s +24 
R s°+7s" +14.89s +24 


'TF Zeros are: TF Poles are: 


-2.6998 -4.9773 
-1.0114-1.9491i 


-1.011441.9491i 
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Closed-Loop Step Response 
14 


1.2 


Amplitude 


° 1 2 3 


O = zero, X = pole 
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aS 


I Time Response Frequency Response ControllerDesign Tool Calculator Unit Conversion Help 


Tedeiricens a1 so 


Display on Command Line 


Reset 


Close Window 
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eee Bd Figure 1: Phase and Gain Margin (Loop TF) er 


Time Response FrequencyResponse Controller Design Tool Calculator Unit Conversion Help 
File Edit View Insert Tools Desktop Window Help x 


E Oe HS e/AQare 2/08 a0 
He Phase and Gain Margin 


Click on blocks to change transfer fund | 


— Transfer Functions 


P= esa 


' ee 24 
G(s) = spreTTes 


Magnitude (dB) 


C(s) — O.3704s41 


H(s)=+ | 


Pm=180-136=44 Deg 


Buttons: 


Display on Cormmand Line 


System: untitled1 
Frequency (rad/sec): 2.07 
Phase (deg): -136 


Phase (deg) 


Close Window 


Reset l 
| 
| 


11-5) (a) Ramp-error Constant: 


1000(K,+K,s) 1000K, 


K, =lims =100K,=1000 Thus K,=10 
50 s(s +10) 10 
Characteristic Equation: s’ +(10+1000K,, )s+1000K, =0 
o,, = {1000 K,, = 10000 = 100 rad/sec 26@ , =10+1000K,, = 2x 0.5x 100 = 100 
90 
Thus K,=——=009 
1000 
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11-5 (b) For K , = 1000 and ¢ = 0.707, and from part (a), @, = 100 rad/sec, 


1314 
26a = 10+ 1000K,, = 2x 0.707 x 100= 141.4 Thus K,= = 0.1314 
= 1000 
(c) For K = 1000 and ¢= 1.0, and from part (a), @ = 100 rad/sec, 
190 
2¢@, =10+1000K,, = 21x 100= 200 Thus K, =——=019 
1000 
11-6) The ramp-error constant: 
1000(K, +K,s) 
K, =lims = 100K, =10,000 Thus K, = 100 
50 s(s +10) 
Md 1000(100+ K,,s) 
The forward-path transfer function is: G(s) = —— 
s(s +10) 


PM (deg) ae eae BW (rad/sec) Max overshoot (%) 


ee ee 
ce a a 
Gee ees ee ee 
fare cd 


The phase margin increases and the maximum overshoot decreases monotonically as K, increases. 
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Sample MATLAB CODE for time frequency responses 
clear all 

KD=1.0; 

num = [-100/KD]; 

den = [0 -10]; 

G=zpk (num, den, 1000) ; 
figure (1) 

margin (G) 

M=feedback (G,1) 
figure (2) 

step (M); 

figure (3) 

bode (M) 


Zero/pole/gain: 


1000 (s+100) 


(st+111.3) (s+898.7) 


i esas 


File Edit View Insert Tools Desktop Window Help 


eH kr QMO £08 80 


Bode Diagram 
Gm = Inf, Pm= 84.9 deg (at 1.01e+003 rad/sec) 


ry ry oy 


a 
2 
o 
3 
2 
= 
iy 
= 


System: G 
Frequency (rad/sec): 1.01e+003 
Phase (deg): -95.1 


Phase margin is Pm=180-95=85 Deg 


Gm-=oco 
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Eile me Mien jis Tools Desktop Window Help 


Use the cursor to obtain the PO and tr values. 


KD increase results in the minimum overshoot. 


| Figure 3 


Oe Ss |/QQMS\2/08\/e0 


Bandwidth is 1090 rads/s. 
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Use ACSYS to find the same results: 


Time Response FrequencyResponse Controller Design Tool Calculator Unit Conversion Help 


;— Block Diagram 


Closed Loop Transfer Function: Closed-Loop Step Response 
14 
1.2 
Y__1000s+1-10° 
R s2+1010s+1-105 1 
S08 
— Transfer Functions i= 
E 06 
Click on blocks to change transfer functions TF Zeros are: TF Poles are: 
ane 04 
r= | -100 -898.7321 eo 
— _1000 
G(s) = ape 111.2679 ‘ 
0 0.01 0.02 0.03 0.04 
Amen ™° 
C(s) = 241% * 
O = zero, X= pole 
| -— Buttons 
Display on Command Line | 
Reset | 
Close Window | 
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11-7) 
PD controller design 


The open-loop transfer function of a system is: 


1 


G(s)H(s) = (25 +1)(s +1)(0.5s +1) 


The solution is very similar to 11-4. The transfer functions are inserted into sisotool, where another real zero is 


added to represent the effect of K,. That is C(s) = Le +Kys= K, d+ Kqys/K, ), which is called the 
compensator transfer function in sisotool. The place of real zero is Z = =k / Kz, and the gain of the 


compensator is equal to K, , as noted in the following sisotool window: 


(=) Control and Estimation Tools Manager 
File Edit Help 
eM) 


yr ™ 
Workspace Architecture | Compensator Editor | Graphical Tuning | Analysis Plots | Automated Tuning 
(=) SISO Design Task =e = 


#)-Lfa) Design History Compensator 


, (1+0,28s) 
|x = 


Pole/Zero 


Dynamics Edit Selected Dynamics 
Type ] Location ] Damping 
RealZero |-3.6 1 3.6 


Location |-3.6] 


Right-click to add or delete poles/zeros 


Show Architecture Store Design 
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By fixing the gain to 9, and starting to change the zero location, PM can be adjusted to above 25 [deg] as 
required by the question. The current setting has a zero at -3.5, which resulted in 30 [deg] phase margin and 


33.1 dB gain margin as seen in the following diagrams. 


The design requires K, =9 and K, = =k /Z=-9/-3.6=2.5 


Root Locus Editor for Open Loop 1 (OL1) Open-Loop Bode Editor for Open Loop 1 (OL1) 
15. = c += 20 peg eg eg 
10; 1 10b 
5} . 
0 See ee ere er eee er re rere Lee ee ee ee ee 
O--S = = . 
-10- 
-5}- | 
-20 
-10 + 
. : . -30 G.M.: 33.1 dB 
15% i Freq: 10.8 rad/sec 
-4 -3 -2 -1 0 1 
Stable loop 
Bode Editor for Closed Loop 1 (CL1) AQ b—2 + eect = . ei 
50 Fr 7 dead | 7 Tory — oy 
0 
-45 4 
-50 
-90 | 4 
-100 © = anak ssc erent 
0 “Tt -135 | J 
-90 - 
-180 |- ——| 
-180 P.M.: 29.8 deg 
Freq: 1.77 rad/sec 
-270 & pop pp ee pee eee ee et -OD8 ee ee ee ee ee 
10" 10° 10' 10 10° 10" 10° 10' 10° 
Frequency (rad/sec) Frequency (rad/sec) 


Preliminary MATLAB code for 11-7: 


num _GH= Kp*1; 


den GH=(2*s+1) *(s+1)*(0.5*s+1); 
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GH=num_GH/den_GH; 


CL = GH/ (1+GH) 


Sisotool 


11-8: PD controller design: The open-loop transfer function of a system is: 


60 


G(s)H(s) = s(0.4s +1)(s +1(s + 6) 


(a) Design a PD controller to satisfy the following specifications: 
(i) v=10 


(i1) the phase margin is 45 degrees. 


ee eee 60(Kps + Ky) 
eo oe) Lome ss sO) 


As aresult: Kp = 1 
The rest of the procedure is similar to 11-7: 
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(=) Control and Estimation Tools Manager SEE 


File Edit Help 


elo 


: Architecture | Compensator Editor | Graphical Tuning | Analysis Plots | Automated Tuning 
=] #) S150 Design Task 


[fz] Design History Compensator 


x 
1 


a, 
Pole/Zero 


Dynamics Edit Selected Dynamics 
Type Location Damping Frequency 
RealZero —|-3.37 i has 


Location _|-3.3747| 


Right-click to add or delete poles/zeros 


Show Architecture Store Design 


The transfer functions are inserted into sisotool, where another real zero is added to represent the effect of K, 
.Thatis C(s)=K, +Kgs =K,(1+ Kqs/K_,), which is called the compensator transfer function in sisotool. 


The place of real zero is Z = -K, / Kz, and the gain of the compensator is equal to K, , as noted in the 


sisotool window: 


K, =1 fixed to 1, and zero location was changed in the entire real axis. However, 2 of the closed loop poles 


remained in the right hand side of S plane in the root locus diagram, indicating instability for all Kd values. 
Solution for K,, = 10 with PD controller and PM=45 [deg] does not exist. Unstable close loop poles are 


indicated in the root locus diagram of the following figure: 
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SISO Design for SISO Design Task = | 
File Edit View Designs Analysis Tools Window Help 


hx oF FQlQjQanim 


Root Locus Editor for Open Loop 1 (OL1) Open-Loop Bode Editor for Open Loop 1 (OL1) 


10 «6-8 6 -4 -2 0 


0 an 


Pn 1 0 1 
10° 10 10 
Frequency (rad/sec) 


Moved the selected real zero to s = -3.37 
Right-click on plots for more design options. 


11-8) 
Preliminary MATLAB code for 11-8: 


num_GH= Kp*60; 
den_GH=s* (0.4*s+1)* (st1) * (st6); 
GH=num_GH/den_GH; 


CL = GH/ (1+GH) 


sisotool 


| ‘o 
| i 


Bode Editor for Closed Loop 1 (CL1) 


(Unstable loop 


P.M. -12.8 deg 
Freq: 2.73 rad/sec 


10° 10" 10° 10° 10' 10° 
Frequency (rad/sec) 
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11-9) (a) Forward-path Transfer Function: 


4500K (K, + K,8) 


G(s) =G,(s)G,(s) = 
s(s + 361.2) 


; 4500KK , 
Ramp Error Constant: K = limsG(s) = ————— = 12.458KK , 
530 361.2 


1 0.0802 
=— =—— < 0.001 Thus KK, 2 80.2 let K,=1 and K = 80.2 


K, KK, 


SS 


Attributes of Unit-step Response: 


il bell — 


0.0005 0.00242 0.00812 
0.0010 0.00245 0.00775 


K, 


0.0016 0.00239 0.00597 


0.0017 0.00238 0.00287 


0.0018 0.00236 0.0029 
0.0020 0.00233 0.00283 


Select K, = 0.0017 


aaa 


(b) BW must be less than 850 rad/sec. 
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BW (rad/sec) 


0.0005 Pa | 48.45 1.276 
0.0010 ioe | 62.04 1.105 


pee ee eee 
ee ee ee ee 
I a a 
Boa ee ee ee 


Select K = 0.00175. A larger K, would yield a BW larger than 850 rad/sec. 
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11-10) 


The forward-path Transfer Function: N = 20 


_ 200(K, + K,s) 
~ 5(s+1)(s +10) 


G(s) 


To stabilize the system, we can reduce the forward-path gain. Since the system is type 1, reducing the 


gain does not affect the steady-state liquid level to a step input. Let K, = 0.05 


200(0.05 + K,,s) 
s(s+1)(s +10) 


G(s) 


Unit-step Response Attributes: 


Max Overshoot (%) 


When K, = 0.05 the rise time is 2.721 sec, and the step response has no oversho 
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(a) For e =1, 


200(K, +K,s) 


K, =limsG(s) =lims = 20K, =1 
on 50 s(s+1)(s +10) 
Forward-path Transfer Function: 
200(0.05 + K,,s) 
G(s) = ——-——————_ 
s(s+1)(s +10) 


Attributes of Frequency Response: 


PM (deg) GM (deg) 


Thus K,, =0.05 


BW (rad/sec) 


1.32 
1.24 
1.18 
1.12 
1.42 
1.59 
1.80 
4.66 


7.79 


12.36 


For maximum phase margin, the value of K, is 0.09. PM = 93.80 deg. GM = ©, M, =, 


and BW = 1.42 rad/sec. 
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(b) Sensitivity Plots: 


Ht eae a 


Lar TTI 
naa 


Omega behead 


The PD control reduces the peak value of the sensitivity function Is ion) 
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11-12) 


PD controller design: The open loop transfer function of a system is: 


100 
s(0. 1s +1)(0.02s + 1) 


G(s)H(s) = 


Design the PD controller so that the phase margin is greater than 50 degrees and the BW is greater than 


20 rad/sec. 


The transfer functions are generated and imported in sisotool as in 11-4: 


MATLAB code: 
s = tf('s') 
Kp = 1 


num_GH= Kp*100; 
den GH=s* (0.1*s+1)*(0.02*s+1) ; 
GH=num_GH/den_GH; 


CL = GH/ (1+GH) 


sisotool 


Following similar steps in 11-4, the loop transfer functions are inserted into sisotool. Another real zero is added 


to represent the effect of K,. That is C(s) a +Kqgs=K,(1+Kys/K,) , which is called the 
compensator transfer function in sisotool. The place of real zero is Z eK, / Ky, and the gain of the 
compensator is equal to Keys The zero location and K, gain were changed interactively in sisotool until the 


desired PM (59.5 [deg]) and BW is achieved. Following figures shows this PM at cross over frequency of 38.6 
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rad/sec, which insures BW of higher than 38.6 rad/sec (as the bandwidth is @ -3dB rather than O DB, i.e. 


bandwidth occurs at higher frequency compared to cross over frequency). 


Final possible answer: K , = 0.25 and Ky =—K,,/Z =—0.25/—5 =0.05 


[= Control and Estimation Tools Manager 


4 Workspace 
(5-44) 5150 Design Task 
f Design History 


Architecture | Compensator Editor | Graphical Tuning | Analysis Plots | Automated Tuning, 


(140.25) 
ari 


Pole/Zero Parameter | 


Dynamics Edit Selected Dynamics 


Type Location Damping Frequency 
RealZero  |-5 it 5 


Location 


Right-click to add or delete poles/zeros 


Show Architecture Store Design 
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SISO Design for SISO Design Task 


s ajaem 


11-27 


Automatic Control Systems, 10° Edition Chapter 11 Solutions Golnaraghi, Kuo 


11-13) 


Lead compensator design: 


1000K 
$(0.2s + 1)(0.005s +1) 


G(s)H(s) = 


Design a compensator such that the steady state error to the unit step input is less than 0.01 and the closed loop 


damping ratio ¢>0.4. 
The transfer functions are generated and imported in sisotool as in 11-4: 


1 


ess = <0.01=> 1000K ,, >101=> Therefore, K,, is selected as 150: ( K , =0.11) 
~  1+1000K,, 


To achieve the required damping ratio, the poles of the closed loop system are placed with an angle of less than 
ArcCos(C=0.4), in the root locus diagram of sisotool. This is done by iteratively change the location of poles and 
zeros of a lead compensator and setting K; =0.11. The pole and zero (which perform as a lead compensator 
when the pole is further away from zero to the left) are inserted in sisotool as explained in 11-4. The lead 
compensator will introduce some phase lead at lower frequencies about the zero location which improves the 
closed loop response in terms of damping and phase margin. Following is the chosen location for lead 


compensator pole and zero: 
Pole @ -100 rad/sec 
Zero @ -1.08 rad/sec 


Which resulted in smallest angles of dominant pole locations (the ones closer to imaginary axis) with the real 


axis. This small angle means higher damping of the poles as C=ArcCos(pole’s angle with real axis). 
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Control and Estimation Tools Manager 


Chapter 11 Solutions 


Root Locus Editor for Open Loop 1 (OL1) 


Open-Loop Bode Editor for Open Loop 1 (OL1) 


t 


T r 


# 


F r 


-2 


-1 0 1 


Bode Editor for Closed Loop 1 (CL1) 


1 i 


50 


-315 


F t t ba 


G.M.: 17.3 dB 
Freq: 3.64 rad/sec 
Stable loop 


bt r r 


P.M.: 56.7 deg 
Freq: 0.975 rad/sec 
-360 & 2 © -360 - a 2 
-2 0 2 4 -2 0 2 4 
10 10 10 10 10 10 10 10 


Frequency (rad/sec) 
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In this particular case, closed loop complex poles can be observed in the shown root locus diagram at about - 


0.8+1.2j. This corresponds to damping of about: 


cos(atan(1.2/0.8))=0.554 > € ~ 0.55 


Preliminary MATLAB code for 11-13: 


s = tf('s') 
Kp = 1 


num_GH= Kp*60; 


den_GH=s* (0.4*s+1) * (st+1) * (s+6); 
GH=num_GH/den_GH; 


CL = GH/ (1+GH) 


figure (1) 


margin (CL) 


sisotool 
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11-14) 


PD controller designed for a maximum overshoot and a maximum steady state error 


1 
= ———————- < —0.005 
“ss lim sG-(s)G(s) — 
so 


Therefore: 


< 0.005 > K, ye SR, se 
0.005 * 250 5 


250K , 


Let K, = 1, then: 


mG 
M , =exp(- )< 0.20 > €>0.45 


Wise" 


Let ¢ = 0.6; then: 


Y(s) _ 250(Kps + 1) 1250(Kps + 1) 


X(s) 0.282 + (250Kp +1) +250 52+ (1250Kp + 5)s + 1250 


Accordingly, w2 = 1250, or w, = 35.35. therefore, 
(1250Kp +5) =2€w, > 1250Kp = (2)(0.6)(0.35) 
which gives: Kp ~ 0.034 


The design characteristics can be observed in the diagram below: 
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Root Locus Editor for Open Loop 1 (OL1) Open-Loop Bode Editor for Open Loop 1 (OL1) 
1 . c c 110 - . . 
100 - | 
0.5 |- 
90 |- 4 
0-1 oe 
80 |- | 
-0.5 - 70k | 
| G.M:: Inf 
4 : : : 60 : 
oh 3 2 4 0 Freq: NaN 
; Stable loop 
Bode Editor for Closed Loop 1 (CL1)y 10° 50 
Or > c c —- 
OF 
P.M.: 90 deg 
-10}- Freq: 3.68e+004 rad/sec 
-20 + -45|- 
-30 fF fF 
0 c c “ 
-90 -——— 4 
-45/ 4 
-90 c : : -135 : : 
10° 10° 10° 10° 10° 10° 10° 10° 
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Frequency (rad/sec) 


Lead compensator controller design 


Frequency (rad/sec) 


The bode diagram of the system without lead compensator is shown below: 
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Bode Diagram 
Gm = Inf dB (at Inf rad/sec) , Pm= 32.7 deg (at 17.3 rad/sec) 
20 rE EEE EE pee 


Magnitude (dB) 


Phase (deg) 
oO 
oO 
I 


Frequency (rad/sec) 


Indicating a PM of 32.7 [deg]. To reach 45 [deg] phase margin, additional 12.3 [deg] phase lead is 


needed. At w = 17.3 rad/s crossover frequency, if M in = 12.3 then 


1—sin9®;, 
r = ———— = 0.6488 
1+ sin ®,, 
As W = —_ 17.3 , then t=0.0718 
tr 
Since the gain is lowered by re) = 1.2838 
14+rtjo W=17.3 


A gain compensator with gain of 0.7789 is required, where, 


Kr(ts + 1) 


Es) = rts+1 
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11-16) Ifr=0.1 > ,, = sin-4— ~ 55 


1+r 
@,,(w) = tant wt —tan trot > @,,(17.3) = tan7+17.3t — tan! 1.73t = 12.3 
then from trial and error we found t = 0.014088 and required gain would be 9.7185 


11-17) K, = limsG,(s)G(s) = 100K > 1009 K>1 
so 


First plot the bode diagram of uncompensated system when K = 1 
Bode diagram for Loop T-.F. is included for K=1 


MATLAB CODE: 


s = tf('s') 

Kp = 1 

num_GH= Kp*100; 

den GH=s* (0.2*st+1)*(0.05*s+1); 
GH=num_GH/den_GH 

lag tf=(s/2+1)/(s/0.2+1) 
lead_tf=(s/4+1)/(s/50+1) 
LL=lag tf*lead tf 
OL=GH* LL 

CL =OL/ (1+OL) ; 

figure (1) 

margin (GH) 

figure (2) 

margin (OL) 

figure (3) 

bode (CL) 

grid on; 
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Bode Diagram 
Gm = -12 dB (at 10 rad/sec) , Pm=-28.3 deg (at 18.8 rad/sec) 
100 ¢- tte FSET re EE ETE 
oO 
ASS 
0) 
ne} 
= 
ic 
D 
@ 
= 
c) 
0) 
= 
o 
n 
© 
ra 
aa 


Frequency (rad/sec) 


The bode diagram with K=1 shows -28 deg PM at 18.8 rad/sec. 


According to the requirements the gain must be greater than —— or 250 for w, < 0.2rad/s and 


must be less than — or 0.01 for w2 = 200 rad/s 


In order to achieve above requirements, a lead-lag compensator will be appropriate. 


Using a lag compensator will allow lower gain at frequencies less then @: and using a lead 
compensator will allow to increase phase margin 


For the lag compensator, a = 1/10 is chosen to boost the low frequency amplitude 


1+aTs  s/2+1 
Lag = —- = ——— 
1+Ts  s/0.2+1 


In order to introduce some phase lead to obtain the require PM, a lead compensator is also 
designed as: 
1 


T= 


1 
= —— = 0.0112 
v10w 28.3v10 
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Where w is overlaid with the crossover frequency (28.3 rad/sec) for applying the maximum 
phase lead at this frequency. The Lead compensator T.F. will be as follows: 


1+ats  s/5+1 


Rede" ere — 5/50 HA 


Resulting in the following Bode diagram for the compensated system, showing 44 deg PM: 


To obtain a slightly higher PM, lead compensator zero was re-tuned, where the zero is pulled 
closer to imaginary axis from -5 to -4: 


L+ars . s/4+1 


or a pa ea 
ee T4Ts 5/5041 


This resulted in a higher PM as shown in the following bode diagram of loop transfer function: 


Bode Diagram 
Gm = 14.5 dB (at 30.7 rad/sec) , Pm=45 deg (at 10.6 rad/sec) 
100 ¢ FEE ETE Ft ETE tEE Ft EE TEE bee ETE Tete 


Magnitude (dB) 


Phase (deg) 


10° 10 10° 10 10 10° 
Frequency (rad/sec) 


Correspondingly, the Bode diagram of closed loop system can be shown as: 
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Bode Diagram 


20 | Er = FF Frere = rE EF Frere i i FF Fre Er Er FF FEErE 
0 ib 
7 -20|- 4 
@o 
S -40- + 
= 
& -60- LI 
= 
-80 |- LL 
-100 E E E 
0 Fe a ne | 
@B -90;-- ai 
(o) 
Ss 
oO 
8 
£ -180}- + 
-270 & r ee oe ee ee r a r ee ee rh ia 
10" 10° 10 10° 10° 
Frequency (rad/sec) 
11-18) See Chapter 5 solutions for MATLAB codes for this problem. 
(a) Forward-path Transfer Function: 
100} K s 
+ — ss 
Pos _ 100(K,s+K,) 
G(s) = For K, =10, K, =limsG(s) = lms : =K, =10 
s° +108 +100 90 0 s(s° +10s +100) 
Thus K, =10. 


(b) Let the complex roots of the characteristic equation be writtenas s=—o+j15 and s=—o— JI5. 


The quadratic portion of the characteristic equation is s' +2os+ (o’ + 225) =0 
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The characteristic equation of the system is s+10s° + (100+ 100K, )s +1000 =0 


The quadratic equation must satisfy the characteristic equation. Using long division and solve for zero 


remainder condition. 


s+ (0-20) 


s'+2ost+o° +225|s +10s° +(100+ 100K, )s +1000 


st+2os° + (o° + 225) 5 


(10—20)s* + (100K, — a” -125) s +1000 


(10—20)s° +(200 - 40") s + (10 -20)(s* +225) 


(100K, + 30° - 200-125) s + 20° 100° + 4500 — 1250 


For zero remainder, 20° -1067 +4500 —1250=0 (1) 
and 100K, +30° —200-125=0 (2) 
The real solution of Eq. (1)is o= 2.8555. From Eq. (2), 


125+ 200-30" 
ee 


= 1.5765 
] 100 


The characteristic equation roots are: s=—2.8555+4+ j15, —2.8555—j15, and s=—-10+20 =-4.289 


(c) Root Contours: 
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100K, s 100K, s 
G,, (5) = 3 2 = 2 
s° +10s*+100s +1000 (s+10)(s* +100) 


Root Contours: 


-2.855+j15 


-2.855-j15 
Kp=1.5765 


a. | 
™ 


ri 
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11-19) 


(a) Forward-path Transfer Function: 


K 
09{ x, +— 


S 


_ 100(K,s+K,) 
For K, =10, K, =limsG(s) = lim s —————— 


2 3 =K =10 
s° +105 +100 = m0 s(s +10s +100) 


G(s) = 


Thus the forward-path transfer function becomes 


10(1+0.1K,s) 


ae s(1+0.1s + 0.015") 


Attributes of the Frequency Response: 


PM (deg) BW (rad/sec) 
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When Kat! and K,= 10, K,= 10, the phase margin is 31.51 deg., and is maximum. 


The corresponding roots of the characteristic equation roots are: 


5.4, —23+ 13.41, and —2.3- 13.41 


Referring these roots to the root contours in Problem 10-8(c), the complex roots corresponds to 


a relative damping ratio that is near optimal. 


(b) Sensitivity Function: 
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Compensated system with PI controller 


0.40E+04 


Omeoa (rad/sec) 


In the present case, the system with the PI controller has a higher maximum value for the sensitivity 


function. 
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11-20) 


(a) Forward-path Transfer Function: 


100(K,s+K,) 
s(s° +105 + 100) 


G(s) = 
For K, = 100, 


100( K,s+K 
K, =limsG(s) eng ORG) = 


; K = 100 Thus K, = 100. 
s30 s>0 AY (s + 10s + 100) 


I 


(b) The characteristic equationis s+ 10s° +(100+100K,)s+100K, =0 


Routh Tabulation: 


s 1 100+100K,, 
s 10 10,000 
For stability, 100K, —900>0 Thus K,> 9 
s! 100K, —900 0 
s° 10,000 


Root Contours: 


100K 5 100K | s 
G, (s) a7 5 5 P = P 
- s +10s° +100s5+10,000 (5+ 23.65)(s —6.825+4+ j19.4)(s —6.825— 719.4) 
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6.825+j19.4 


Kp=0 


6.825-j19.4 


K,=0 


(c) K, =100 


100(K,,s +100) 


ae s(s° +10s +100) 


The following maximum overshoots of the system are computed for various values of K,. 


- 


1.794 1.779 | 1.7788 | 1.7785 | 1.7756 | 1.779 1.782 1.795 | 1.844 1.859 


When K,=25, minimumy,,, = 1.7756 
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11-21) 


(a) Forward-path Transfer Function: 


100(K,s+K,) 100K, 
G(s) = ; For K = = 10, k= 10 
s(s° +10s +100) "100 
(b) Characteristic Equation: E1057 +100(K, + 1) s +1000 = 0 


Routh Tabulation: 


s 1 100+100K,, 
s° 10 1000 
For stability, K,>0 
s' 100K 0 
P 
s° 1000 


Root Contours: 


100K,,s 


ed s° 410s” +1005 +1000 


Golnaraghi, Kuo 
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(c) The maximum overshoots of the system for different values of K, ranging from 0.5 to 20 are 


computed and tabulated below. 


, 


Vong | 2-393 | 1.275 | 1.2317 | 1.2416 | 1.2424 | 1.2441 | 1.246 1.372 | 1.514 | 1.642 


When K,=1.7, maximum y, = 1.2416 


max 


11-22) Ky = limsG,(s)G(s) > 20 9 —- >205 K>5 
sno 


let K = 6 and targeted PM = 45° . To include some integral action, Ki is set to 1. 
First , let’s take a look at uncompensated system: 


The open loop bode shows as PM of -25.2 @ 4.35 rad/sec: 
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Bode Diagram 
Gm = -12.6 dB (at 2.2 rad/sec) , Pm=-25.2 deg (at 4.35 rad/sec) 


100 TE ETE © TUTTE E woe beset 
50 + 
7 
A | fe = 
(0) 
me} 
= 
5 -50/- | 
is} 
= 
-100 
c) 
{o) 
AS} 
() 
n 
oO 
x 
a 


Frequency (rad/sec) 


To achieve the PM of 45 deg, we need to add a phase lead of (45 — (-25.2)=70.2). By try and error, 2 
compensators (a double lead compensator) each with phase lead of 55 deg was found suitable. 
Considering the change in cross over frequency after applying the lead filters, overall, a PM of 52 deg 
was obtained as seen in the bode diagram of compensated loop: 


Double Lead filter design: 


1+sin®, 1+sin55 1 1 
a = ———— = ———_— _ = 10.0590, ——————— ——— 
1—sin®, 1-sin55 V¥10.059w 15V10.0590 


The maximum phase lead of the compensators are placed at 15 rad/sec, which resulted in a larger PM 
(=52.5 deg) compared to applying this phase lead at original cross over frequency of 4.35 rad/sec. This 
was due to the shape of phase diagram affected by integral action (i.e. phase starts at -180 @ w =0 
rad/sec. 


= 0.0210 


The gain crossover frequency is w = 6.92 rad/sec. Bode diagram of compensated loop transfer 
function can be observed in the following figure, showing a PM pf 52.5 deg: 
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Bode Diagram 
Gm = 22.4 dB (at 44.9 rad/sec) , Pm=52.5 deg (at 6.92 rad/sec) 


100 ¢§ =e 
50 }- 7 
a 
oO 
qe) 
ce 
8 
5 0;- 
= 
Cc 
oD 
Ss 
-50- 
-100 & poor or ee poor pee poor or epee E ror 
290 ee eee eg Peep 


Phase (deg) 
= 
Oo 


-270 E en a ee poor eee poor eee poor eee poo pee 
10 10 10° 10° 10° 10 
Frequency (rad/sec) 


Correspondingly, the Bode diagram of closed loop system can be shown as: 


Bode Diagram 
20 E = FE © EEE 1 r a r rE rE Ferre r E FF FEErEe 


Magnitude (dB) 
‘K 
SS 
] 


for) 
i) 
T 


is 
[o) 
Oo 

r 


-90 + 


Phase (deg) 


-180 |- 


-270 & P Po pon pe. rd oe oo ee ra i IPS Lo 


10 10 10° 10 10 
Frequency (rad/sec) 
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MATLAB code: 


s = tf('s') 
Kp = 6; 
Ki = 1; 


num _GH= 24* (Kp+Ki/s) 
den _GH=s* (st1) * (st+6) 
GH=num_GH/den_GH; 
Slead design 

PL=55 

CRover=15 
alpha=(1+sin(PL/180*pi) ) /(1-sin(PL/180*pi) ) 
T=1/alpha*0.5/CRover 
lead=(1+T*alpha*s) / (1+T*s) 

LT=GH*lead*lead %double lead compensation 
CL = LT/(1+LT); 

figure (1) 

Margin (GH) 

figure (2) 

Margin (LT) 

figure (3) 

Bode (CL) 

grid on; 


, 
, 


11-23) 


€ss 


1 
Ka 


< 0.05 
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Let’s consider K; = 21 


Ka= lim s*G,(s)G(s) = lim 
so 


40(K,ys + K;) 


ES Ky 20 
s90 (s+ 2)(s+20) | 


As gain crossover frequency is w = 1 > |G,GQGw)|o=1 =1 > Kp = 1.25 


Let’s see if the PM is in the required range. The bode of the loop transfer function shows a PM 


of -57 deg at 3.31. 
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Bode Diagram 
Gm = -Inf dB (at 0 rad/sec) , Pm=-57.1 deg (at 3.31 rad/sec) 
100 = t a ee C c a a t c te CoE 
oOo 
aS 
@o 
ze} 
= 
Cc 
io) 
wo 
= 
c) 
(a) 
= 
o 
n 
oO 
x 
a 


Frequency (rad/sec) 


By try and error, a double lead compensator, each with phase lead of 53 deg was found suitable. 
Considering the change in cross over frequency after applying the lead filters, overall, a PM of 35.4 deg 
was obtained as seen in the bode diagram of compensated loop: 


Double Lead filter design: 


1+sin®, 1+sin53 1 1 
a = ———_. = ——-_ = 8.9322, T = — = —_ 
1—sin®, 1-—sin53 V8.9322w 7.5V8.9322 


The maximum phase lead of the compensators are placed at 7.5 rad/sec, resulting in a larger PM (= 52.5 
deg) compared to applying this phase lead at original cross over frequency of 3.31 rad/sec. This was due 
to the shape of phase diagram affected by integral action (i.e. phase starts at -180 @ w = 0 rad/sec. 


= 0.0446 


Then the gain crossover frequency is w = 6.8 rad/sec. Bode diagram of compensated loop can be 
observed in the following figure, showing a PM pf 35.4 deg: 
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MATLAB code: Bode Diagram 
s = tf('s"') Gm = 14.6 dB (at 21.2 rad/sec) , Pm= 35.4 deg (at 6.8 rad/sec) 
100 5 TE ETE TEE a TEE 
Kp = 1.25; 
Ki = 21; 


num _GH= 40%* (Kp+Ki/s) ; 
den_GH=s* (s+2)* (s+20); 
GH=num_GH/den_GH; 
CL = GH/(1+GH); 
Slead design 
PL=53 

Cc 

a 


Magnitude (dB) 


T=1/alpha*0.5/CRover 
lead=(1+T*alpha*s) / (1+T*s) 
.T=GH* lead* lead 


CL = LT/(1+LT); g ai 
8 
figure (1) £ -225 
Margin (GH) 
figure (2) 
Margin (LT) -270 & 
figure (3) 10 
Bode (CL) Frequency (rad/sec) 
grid on; 


Correspondingly, the Bode diagram of closed loop system can be shown as: 


Bode Diagram 
50 rE r FF FEESE r r rE FEETrE r r Fr Tree r rE FF FESrE 
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11-24) 
To satisfy the unity DC gain (G(0)/(1+Kp*G(O)) = 1), Kp should be equal to 1: Kp=1 


In order to add some integral action, K; = 0.2 was chosen as the integral gain. 


First, the bode plot of the Loop transfer function is obtained demonstrating a PM of -23.8 deg at 3 
rad/sec cross over frequency: 


Bode Diagram 
Gm = -9.18 dB (at 1.82 rad/sec) , Pm= -23.8 deg (at 3 rad/sec) 
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50 |- “| 
o 
AS? 
o 
3 OF : 
‘¢ 
oD 
= 
-50}- 


Phase (deg) 


10° 10" 10° 10' 10° 


Frequency (rad/sec) 


First, the bode plot of the Loop transfer function is obtained demonstrating a PM of -23.8 deg at 3 
rad/sec cross over frequency: 


By try and error, a double lead compensator, each with phase lead of 48 deg was found suitable. 
Considering the change in cross over frequency after applying the lead filters, overall, a PM of 41.9 deg 
was obtained as seen in the bode diagram of compensated loop: 


Double Lead filter design: 


_1tsin®, _1+sin48 1 1 


g = —_—__— = —_—_= 6.7865, T =———_—_ = ———_ = 0.0427 
1—sin®, 1-sin48 V6.7865w 978.9322 
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The maximum phase lead of the compensators are placed at 9 rad/sec, resulting in a larger PM (= 41.9 
deg) compared to applying this phase lead at original cross over frequency of 3 rad/sec. This was due to 
the shape of phase diagram affected by integral action (i.e. phase starts at -180 @ w =0 rad/sec. 


Then the gain crossover frequency is w = 4.35 rad/sec. Bode diagram of compensated loop can be 


observed in the following figure, showing a PM pf 35.4 deg: 


Bode Diagram 
Gm = 20.2 dB (at 20.6 rad/sec) , Pm= 41.9 deg (at 4.35 rad/sec) 
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MATLAB code: 


s = tf('s') 

Kp=1; 

Ki=0.2; 

num GH= 210* (Kp+Ki/s) ; 
den_GH=s* (5*s+7) * (st+3); 
GH=num_GH/den_GH; 


Slead design 

PL=48 

CRover=9 
alpha=(1+sin(PL/180*pi) ) /(1-sin(PL/180*pi) ) 
T=1/alpha*0.5/CRover 

lead=(1+T*alpha*s) /(1+T*s) 


LT=GH* lead* lead 
CL = LT/(1+LT) ; 
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figure 
Margin 
figure 
Margin 
figure 
Margin 


Correspondingly, the Bode diagram of closed loop system can be shown as: 
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Chapter 11 Solutions 


Bode Diagram 


Gm = 19.3 dB (at 20.6 rad/sec) , Pm= 78.6 deg (at 5.95 rad/sec) 
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The Bandwidth can be obtained from -3dB in magnitude diagram of the Bode plot. He above data point 
in the figure shows BW = 7.44 rad/sec 
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2353K(71) 


(71)(43)(481) 2 , therefore, K > 2 


11-25) K, = lim sG,(s)G(s) = 
so 


From bode plot of uncompensated loop, we have PM = -111 at @ = 0.363 rad/s: 


Bode Diagram 
Gm = -25.9 dB (at 0.0576 rad/sec) , Pm=-111 deg (at 0.363 rad/sec) 


Cotte t Cott SE 


100 5 


Magnitude (dB) 


10° 10° 10" 10° 10' 


Frequency (rad/sec) 


-K 
A PI controller can be expressed as PI = (Kp + sKj). The effect is similar to adding a Zero at oa Let’s 


place this zero at 71/500 to cancel the Phase lag originating from the unstable zero of G at +71/500: 
2353K(71—500s) 
71s(40s +13)(5000s +181) © 


(G(s) = 


The compensator can be expressed as: 


PI= Ky (s + 2) = Kp(s + 71/500), where K, can be adjusted in sisotool as the overall gain of the 


loop, until the required PM is achieved. At Ky = 37, PM=50 deg as seen in the following sisotool 


results: 
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Root Locus Editor for Open Loop 1 (OL1) Open-Loop Bode Editor for Open Loop 1 (OL1) 
10 ez v b v * 50 e t c 1 =e 
0 cg ita lee cae | 
5r . 
-50 
OF i) -100 , 
-150 , 
-5 |} | 
-200 , 
a — G.M.: 10.5 dB 
= Bs r F r =e 5 . a 
“10 5 0 5 10 Freq: 0.0343 rad/sec 
Stable loop 
Bode Editor for Closed Loop 1 (CL1) -300 & : Z | 
200 - + 
0 
-200 -- 
-400 © = + 
360 “ | 
0 -90 |- 
P.M.: 50.5 deg 
Freq: 0.0137 rad/sec 
-360 = = r + -180 r Bs 
10° 10° 10° 10° 10° 10° 10° 10° 10° 10° 
Frequency (rad/sec) Frequency (rad/sec) 


Considering the slow dynamic of the ship, and the RHS zero, the crossover frequency is relatively low. 


The root locus diagram can be seen as: 


Zoom in 
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Root Locus 
G v v ] v " c 


0.04 }- | 


0.02 |- | 


Imaginary Axis 
[= J 


-0.04 |- - 
| 
-0.06 |- | 
if 
| 
| 
0.08 |- t r t a a: t | 
-0.6 -0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 
Real Axis 
Zoom out 
Root Locus 
fc C v v v 
0.6 |- 7 
0.4/- 4 
0.2; 4 
< O}- td 
<x 
o 
2 
‘om -0.2 
oO 
£ 
0.4}- - 
-0.6 |- 
-0.8 + wo 
r £ r rc r id E E LC. 
-8 -7 -6 5 -4 -3 -2 -1 0 
Real Axis 


MATAB Code: 
s = tf('s') 


Kp=1; 


num _G= 2353*2* (71-500*s) 

den _G=71*s* (40*s+13) * (5000*s+181) * (71+500*s) *2; 
G=num_G/den_G; 

SPI design 
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Kp=1 
Ki=71/500 
PI=Kp+Ki*s 


figure (100) 
Margin (G) 


figure (101) 
rlocus (G*PTI) 


sisotool 


11-26) a) Transfer functions G and H are generated in MATLAB and imported into sisotool: 


MATLAB Code: 
s = tf('s') 


num _G= 2*10%5; 
den _G=s* (s+20) * (s*2+50*s+10000) ; 
G=num_G/den G; 


num_cl= 0.05*s+1; 
den_cl=0.01*s+1; 
cl=num_cl/den_cl; 


num_c2= s/0.316+1; 
den_c2=s/3.16+1; 


e2=num_c2/den_c2; 


sisotool 


(a) The gain was changed until the cross over frequency matches 31.6 rad/sec as a requirement. At 
K=30.3, the desired cross over frequency of 31.6 rad/sec happens as can be seen in the following 
sisotool results: 
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Root Locus Editor for Open Loop 1 (OL1) Open-Loop Bode Editor for Open Loop 1 (OL1) 


300 - c c : me BO ee 


-100 }- 


Saat : | ; il GM: 5.26 dB 
300-200 100 © i090 goo | Pen el-eradisee 
; Stable loop 
Bode Editor for Closed Loop 1 (CL1) 0 ee pepeeee neoek 
50 r ¥ ‘ = 
-90 ; : . e 
0 
sia | -180 
-100 © * Ma a 
Oe 
-270 
-180}- 
P.M.: 62.5 deg 
Freq: 31.6 rad/sec 
-360 + . : -360 b : . ; 
10° 10° 10° 10° 10° 10" 10° 10° 10 


Frequency (rad/sec) Frequency (rad/sec) 


5) 


(4-LR] Design History 


Pole/2e [ase 


“Location Damping Frequency _ 
RealPole [100 ft ft 
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o2estt) ( 2x10°xK 
0.01s+1/ \s(s+20)(s?+50s+10000) 


b) K, = lim sG,(s)G(s) >K= Lim s( 
s3>0 s>0 
30.3 


) = K = 30.3, then Ky = 


‘ ae =e r(ts+1) 2x10°xr _ _ 
aa a A stiels) 4(5) i ratte ( rts+1 ) (ae a ee = 


100 , the overall gain of the PI controller should be equal to 100 (r = 100). 


d & e) In this part, the PI pole is asked to be placed at -3.16 rad/sec and the crossover frequency needs to 
be at 31.6 rad/sec. The zero and the gain of the PI controller needs to be designed. 


r(ts +1) 
(rts +1) 
pole is set to -3.16 in sisotool. The place of the zero and the overall gain is iteratively changed in the 
MATLAB sisotool to achieve the crossover frequency of 31.6 rad/sec. 


Considering the structure of the PI controller given in the question, H(s) = , the corresponding 


With a zero at -0.06321 rad/sec and overall gain of K=270, required crossover frequency (31.6 rad/sec) 
and PM of 21.9 deg is obtained as shown in the following sisotool results: 


Root Locus Editor for Open Loop 1 (OL1) Open-Loop Bode Editor for Open Loop 1 (OL1) 
300 F r -~ 150 F — 
200 + 100 
100 |- x 7 50; 
0 4 OF 
-100 }- — 7 -50/- 
-200 | = -100 
300 G.M.: 6.61 dB 
- r rd i r + {50 . 
“300  -200 -100 0 ~©— 100-~S «200 | Freq: 53.2 rad/sec 
; Stable loop 
Bode Editor for Closed Loop 1 (CL1) -200 ‘ : : | 
100 . — 
-90 
0 * 
-100 | Sg -180 }- J 
-200 : . - 
0 S rs 
-270/- 5 
-180}- 
P.M.: 21.9 deg 
Freq: 31.6 rad/sec 
-360 i - -360 r . 
10° 10 10 10° 10° 10° 10° 10° 10° 
Frequency (rad/sec) Frequency (rad/sec) 
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\{] Control and Estimation Tools Manager 


orkspace 
7 
(8-Lf] Design History 


[ show Architecture | { store Design | [Help _] 


e) the presented sisotool figure shows the compensated bode diagram and 21.9 deg of PM. 
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11-27) 
K, Ks +K,s+K K, 
G(s)=K,+K,s+— =—>—__*—\+* = (1+ K,,s)| K,, + 
AY Ss S 
where 
K, =K,,+K),K, Ky = Kp Kpy K,=K,, 


Forward-path Transfer Function: 


100(1+K.s)(K.s+K 
G(s) =G.(s)G,(s) = LO EE) K, = lim sG(s) = K,, = 100 
s(s° +10s +100) Ye 5g 
Thus 
K, =K,, =100 


Consider only the PI controller, (with K,, =0) 


Forward-path Transfer Function: Characteristic Equation: 


100(K,,,5 +100) 


ae s(s° +10s +100) 


s'+10s° +(100+100K,,, )s +10,000 = 0 


For stability, K 55 >9. Select K,, = 10 for fast rise time. 


1000 (1+ K,,,5)(s +10) 


vole s(s° +10s +100) 
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When Ky, = (0.2, the rise time and 


overshoot requirements are satisfied. 
RB Ras =0.2x10=2 


K, =K,,+K,,K,, =10+0.2x100=30 


100 
G(s) =30+ 2s +— 
S 


TIME (SEC) 


Unit-step Response 
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11-28) 
Process Transfer Function: 


YG): se 1 
G(s)=——= es : 
U(s) 1+0.25s  (1+0.25s)(1+0.2s + 0.02’) 


(a) PI Controller: 


K, 
ee 200(K,s + K, ) 
G(s) = G.(s)G, (s) = —————_#—__ =] —— 
*" (140.25s)(1+0.2s+0.028")  s(s+4)(s* +10s +50) 
200K 
For K =2, K =limsG(s) = L=K =2 Thus K, =2 
y v 50 4~x ! ‘ 
200(2+ K,. 
Thus G(s) = 00( = rs) 


s(s+4)(s° +10s +50) 


The following values of the attributes of the unit-step response are computed for the system with various 


values for K,. 


Max overshoot 
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The settling time 1, is minimum (0.851 sec) when K, = 0.6. Statistically, K, = 0.6 is the best 


choice. The unit-step response is shown below. However, a better response is obtained when 
K, =05. ; , 
Unit-step Response: (K, = 0.6, K, = 2) 
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Unit-step Response: (K,= 0.5, K,= 2) 


For stability check we perform the Routh tabulation. The characteristic cquation with K, = 2 is 


s‘ +14s° +90s” +(200+200K,)s+400=0 


Routh Tabulation: 
s* 1 90 400 
s 14 200+200K, 
3 75.714 -14.284K, 400 


+, 9542.8+12285.66K, — 2857.14K;, 
AY — 
75.714 -14.284K, 


s° 400 


For the coefficients in the first row to be positive, from the s row, K, <5.3. From the s| Tow, 


9542.8 + 12285.66K,,-2857.14K,>0 or .(K,-4.9718)(K, +0.6718) <0 
Thus XK, <4.9718 which is the condition for stability. 
(b) PID Controller: 


one gd 
s(s+4)(s +10s +50) s(s+4)(s? +105+50) 


where 


K,=K Ky = Kp Xp, K,=K,,+KpX,, 


K, = limsG(s)= K, =2=K,, 


s—0 
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? 200(1+K,,s)(Kp,s+2) 200{Kps*+K,s+K,) 
es ena ale ec ia: gE. 1 ee SR 
s(s+4)(s? +10s+50) s(s+4)(s” +105+50) 
From the results in part (a), we set K, = 0.6. The following attributes of the unit-step response show 


that adding derivative control does not provide any further improvement to the system response. 


sec 
1.14 


% 
2 ees ees * Sa See 1.247 
0.792 
ae eee ees 0.9075 
ie |  ¢ | Stuy sf 0.8828 


0.1 
0.001 0.572 0.8753 
0.570 0.8778 
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11-29) 


Forward-path Transfer Function: 


(K,s + K, eo 


K, =limsG(s) = K, =2 Thus K, =2 
s(1+0.25s) 


v 
s30 


G(s) = G,(s)G,(s)= 


The attributes of the frequency response for various values of K, arc computed and tabulated below. 


Cs 
ep rad/sec 

a a a ae 
i ie a 
mM Ri ae 
GT a a 
a Tate 
ak Re 

D0 


Maximum phase margin of 77.04 deg is obtaincd when A, = 10. In Problem 10-13(a), K, =0.6 


is chosen for 0 maximum overshoot and minimum settling time. 


The critical value of K, for stability is 2.5545. In Problem 10-13(a), the critical value of K,, is 4.9718. 
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11-30) If there is no disturbance then 


Let’s consider PID controller as: 


Ge(s) = (1+ Kp(s)) (Kp + K,(s)) = ~I(tos + 1)(s + 1/t)] 


If tp is sufficiently smaller than t; then the t; has minor effect in PID controller. Let’s examine 
PID controller when tp is varied. 


Tp < 0.5 then the PM < 180° 

Tp = 100 then the PM < —90° 
If Tp = 10 then PM = 65° and w = 0.54 
sec 

rad 


Tp < 20 then max{w,} = dines 


so let’s consider Tp = 10, then — = 0.1 
D 


As T, to be large enough with respect to Tp, let tT) = 20 Tp = 200 > ~ = 0.005 
I 


Now we have to determine the value of K so that the gain at the crossover frequency remains at 1. 
If K=1 then |G.(s)G(s)|=0.5 = 20. Therefore, — = 20, or K=0.05 
11-31) Let 
1+t,s Ka,(1+ 174s) 
G(s) = —— 
1+—s 


2 


1+ a,T5s 


where e,, < 0.01. therefore, lim G.(s)G(s) = 10K a, +1> 100 
so 


which givesKa, = 10. Now Ka, = 10,then PM = —40°. As a result, 91° phase lead is 
required to achieve PM = 45° 


The crossover frequency is 12.3 rad/sec as can be seen in the uncompensated bode diagram. The 
lag compensator must positionw, = 5rad/sec, where its gain is 17.5 dB. Therefore the ratio of 


lag compensator can be chosen for this purpose as 3 < = < 10 
2 
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Bode Diagram 
Gm = Inf GB (at Inf rad/sec) , Pm = 22.6 deg (at 12.3 rad/sec) 
40 = ot ree a a a :—t Fo ree [Tt cores 


Magnitude (dB) 
pe} 
oO oO 
I I 


nm 
oO 
] 
4 


Frequency (rad/sec) 


Now the gain, which is obtained from combination of lead and lag compensator, is 


. LF Sty 14+ j5T, 
Gain = Ka, |>——— : |—— 
1 + j5a4T, 1+j54 
a2 
or 
; 2504 14+ j57, 501 1+j5T 
ganas = 200g |Ka, |= || + 200g T4js% 
a2 
where ae > 1 for ai < 1. Since it is required that the final gain is increased by 17.5 dB, 
141 


1 
let’s choose a, = —. 
15 


On the other hand, the corner frequency is = = 0.5 = > Tt, = 2. Therefore, 
2 
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1+j5T 
20log || = 23.5 — 17.5 = 6dB 
+ j5— 
a2 


As aresult, the actual phase reduction is @ = tan™1 (— T2W) — tan™1(t2w) = 5.33 
2 


The required phase lead is 6 = 45 + 5.33 + 3 = 53.33, where ®,,(w) = tan™*(wt,) — 
tan-*(wa,t,) = 53.33 


By trial and error, we can find a, = 0.068 and tT, = 0.35. Therefore K = 147 where K = = 


ay 
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11-32) 


(a) 


Zs) 1 __(0.00667 
F(s) Ms’?+K, 150s?+1 _s* +0.00667 


G,(s)= 


The transfer function S: (s) has poles on the j@ axis. The natural undamped frequency is 
@ , = 0.0816 rad/scc. 


PID Controller: 
0.00667(Ks°+Kps+K,] 
68156, = — 
ss +0.00667) 
K,, = limsG(s) = K, = 100 Thus K, =100 
s0 


Characteristic Equation: —s° +0.00667K,s” + 0.00667(1+ K,,)s+0.00667K, = 0 


For ¢=0.707 and @, =1rad/sec, the second-order term of the characteristic equation is 


s’ +1414s+1=0. Divide the characteristic equation by the second-order term. 


s +(0.00667K, - 1414) 
s’+1414s+1 |S +0,00667K,,s” +(0.00667 + 0.00667K., )s+0.00667K, 


s°+1414s +1 


(0.00667K,, -1414)s” +(0.00667K,, - 0.99333)s+ 0.00667K, 
(0.00667K,, -1.414)s* +(0.00943K,, —2)s +0.00667K, -1.414 


(0.00667K , - 0.00943K., + 1.00667)s + 0.00667K, -0.00667K, +141 


For zero remainder, 0.00667K, — 0.00667K,, +1414 =0 qi) 
and 0.00667K,, - 0.00943K,, + L00667 = 0 (2) 
2.081 
From Eq. (1), K,= =312 
0.00667 
0,00943K,, - L00667 
From Eq. (2), ios ee OS 
0.00667 
The forward-path transfer function becomes, 
2.08 1s” + 1.93555 +0.667 


G(s)= 
“ (5° . 0.00667) 
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Unit-step Response. 


TIME... (SEED 


The unit-step response shows a maximum overshoot of 26%. Although the relative damping ratio of the 
complex roots is 0.707, the real pole of the third-order system transfer function is at -0.667 which adds 


to the overshoot. 


(c) 


0.00667 (1+ K,,5)(K,,8+K,, ) 


G(s) =G.(s)G,(s) = ; 
s(s° + 0.00667) 
For K, = 100, K,, = K, = 100. Let us select K,, = 50. Then 


_ 0.00667 (1+ K.,,s) (50s +100) 


an s(s° +0.00667) 


For a small overshoot, Ky, must be relatively large. When Ky, = 100, the maximum overshoot is 


approximately 4.5%. Thus, 
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K,, = Kp, +Kp,K,, = 50+ 100% 100 = 10050 


K,, = Kp, Kp, = 100 x50 = 5000 


DI P2 
K, =100 
System Characteristic Equation: 5° +33.35s° +.67.04s + 0.667 = 0 


Roots: —0.01, -2.138, -31.2 


Unit-step Response. 


last 
Pee ee imei: 
0 ee ses ae ee 


0.00 0.30 0.20 0.30 0.40 0.50 0.60 0.70 


TIME. CSEC) 
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11-33)(a) 


Z(s) 1 1 0.00667 
G,(s)= ae = a 
F(s) Ms’ + K, 150s° +1  s° +0.00667 


The transfer function G(s) has poles on the j@ axis. The natural undamped frequency is 


o,= 0.0816 rad/sec. 


(b) PID Controller: 


0.00667 (K,,s° + K,s+K,) 
s(s° + 0.00667) 


G(s) =G,(s)G, (8) = 


K,=lim sG(s)=K,=100 Thus K, =100 


s>0 
Characteristic Equation: s* +.0.00667K,,s° + 0.00667 (1+ K,, )s +0.00667K, =0 
For ¢ =1 and O= 1 rad/sec, the second-order term of the characteristic equation is Ss 42541. 


Dividing the characteristic equation by the seond-order term. 


s +(0.00667K,, — 2) 


s +2541 


s’ + 0.00667K,,s° + (0.00667 + 0.00667K., ) s + 0.00667 K, 


gs +2 +5 


(0.00667K ,, —2)s° +(0.00667K ,, — 0.99333) s + 0.00667 K, 
(0.00667K,, —2)s° +(0.01334K,, — 4) s +0.00667K,, —2 


(0.00667K,, —0.01334K,, + 3.00667) s + 0.00667K, — 0.00667K,, + 2 


For zero remainder, 
0.00667K ,, — 0.01334K,, + 3.00667 = 0 (1) 
—0.00667K,, + 0.00667K, +2 =0 (2) 
From Eq. (2), 
0.00667K,, = 0.00667K, +2=2.667 Thus K,, =399.85 


From Eq. (1), 
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0.00667K oe 0.01334K n= 3.00667 = 2.3273 Thus K ey 348.93 
Forward-path Transfer Function: 


0.00667 (399.85s* + 348.935 +100) 
s(s° + 0.00667) 


G(s) = 


Characteristic Equation: 
s+ 2.667s° + 2.3345 +0.667 = (s +1) (s + 0.667) =0 


Roots: -1, -1, -0.667 


Unit-step Response. 


The maximum overshoot is 20%. 
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V(s) _ 1 
u(s) Ms+u 


11-34) a) As Mv + wv = u(t), therefore, (Ms + 1)V(s) = U(s) or G(s) = 


p) YO) = _6e(sI6(8) 


U(s) 1+G,(s)G(s) 
According to the second order system: 


1.8 1.8 
nz > Oy 2 > Wy = 0.36 


Let's first add a PD controller with G.(s) = 1 + Kps, and find Kp which satisfy the maximum 
overshoot requirement. 


After writing the closed-loop transfer function Aorta us PD controller, the characteristic equation 


ake 


(denominator of the closed loop T.F.) is: s* +—“s +-2 


Therefore: 
Ky = Ma, = 1000(0.367) = 129.6 


Also, HX? = 2&w, > Kq = 2ME Wy — f= 2(1000)(0.6)(0.36) — 50 = 382 Nsec/m 


Now let’s add a PI controller with G,(s) = Kp += +, and find Ky and Ki by using following table. 


Now, for the PI part, K; should be selected so that the additional pole at — = does not interfere 
p 


with the system dynamics. This pole is usually placed at least 1 aoa ae (frequency Bae 


than the slowest existing poles of the system. In this case, since a= = — = 0.05, let’s have = = 


0.005, resulting in K; = K,(0.005) = 129.6(0.005) = 0.648 


The step response is obtained through the following MATLAB code, showing the rise time of 
less than 5 sec, and almost no overshoot 
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Step Response 
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[ [ C 


o 

ido) 

oo 
7 


o 

ico) 

oa 
7 


Amplitude 


2° 
© 


MATLAB code: 


s = t£("s") 
Kp = 129.6 
Kd = 382 

Ki = 0.648 


num GH= (Kp*Kd*s) * (1+Ki/s) ; 
den _GH=(1000*s+50); 
GH=num_GH/den_GH; 

CL = GH/ (1+GH) 


figure (1) 
step (CL) 
xlim([-1 50]) 
ylim([0.9 1]) 


15 20 25 
Time (sec) 
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11-35)(a) Process Transfer Function: Forward-path Transfer Function 
4 4(K,+K,s) 
G (s)=—> G(s) =G (s)G (s) = ————— 
e s° ; i s° 
Characteristic Equation: s PAK Stak, = 5’ +14145+1=0 for ¢ = 0.707, o,= 1 rad/sec 


K,=0.25 and K,, = 0.3535 


Unit-step Response. 


Maximum overshoot = 20.8% 


(b) Select a relatively large value for K, and a small value for Ke so that the closed-loop poles are real. 
The closed-loop zero at s= =a / K, is very close to one of the closed-loop poles, and the system 
dynamics are governed by the other closed-loop poles. Let K, = 10 and use small values of K,- 


The following results show that the value of K, is not critical as long as it is small. 
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(c) For BW < 40 rad/sec and M_, = 1, we can again select K,= 10 and a small value for K,- 


The following frequency-domain results substantiate the design. 


M. BW 
(rad/sec) 
40 
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11-36) (a) Forward-path Transfer Function: Characteristic Equation: 


10,000(K, + K,s) 


G(s) = G.(s)G,(s) = s° +10s” +10,000K,,s+10,000K,, =0 


s° (s + 10) 

Routh Tabulation: 

s° 1 10,000K 

s” 10 10,000K,, 

The system is stable for K,> O and K,> 0.1K, 

s! 10,000K,,-1000K, 0 

s 10,000K,, 
(b) Root Locus Diagram: 

10, 000K, 
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Root Contours: 


0<K,<%, K, =0.001, 0.002, 0.005, 0.01. 


10,000K,, s 


oe s° +10s” +10,000K,, 


(c) The root contours show that for small values of K,, the design is insensitive to the variation of K,,. This 
means that if we choose Ky to be between 0.001 and 0.005, the value of K, can be chosen to be 0.005 
for a relative damping ratio of 0.707. Let K,, = 0.001 and K, = 0.005. G (s)= 0.001+ 0.005s. 


The forward-path transfer function becomes 
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10(1+5s 
G(s) = Me) 
Ss (s + 10) 
Since the zero of G(s) is at s = —0.2, which is very close to s = 0, G(s) can be approximated as: 


50 
G(s) = ———— 
Ss (s + 10) 
For the second-order system, ¢ = 0.707. Using Eq. (7-104), the rise time is obtained as 


1- 0.41676 + 2.9176" 


r 


= 0.306 sec 


(a) 
n 


Unit-step Response: 


(d) Frequency-domain Characteristics: 


10(1+5s) 


G(s) = 
o s° (s + 10) 


BW 


(rad/sec) 


7.156 
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11-37) This problem is extensively discussed in Chapters 5 and 6. Use the transfer function (5-123) for 
the open-loop system, and a series PID compensator in a unity feedback system. 


Reduce to: 


Zt 


2 

G.(s) ye et ea lee a 
S S 

With 
the rotor inertia (J) = 0.01 kg.m2/s2 
damping ratio of the mechanical system (B) = 0.1 Nms 
back-emf constant (Kb) = 0.01 Nm/Amp 
torque constant (Kt) = 0.01 Nm/Amp 
armature resistance (Ra) = 1 Q 
armature inductance (La) = 0.5 H 


Starting systematically, set Ki=Kp=0. Assume a small electric time constant (or small inductance) and 
simplify to Equation (5-126): 


KK,K, 
= (5) _ “i (5-125) 
ule) (7. + Ia + [2 + mate } + a | 
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Where K; is the sensor gain, and, as before, te = (La/Ra) may be neglected for small Lo. 


6,,(s) 7 RJ 
@,,(s) v4 REE : 
Ry 
6,,(s) 7 RJ 
@,, (s) v4 SEER | 
RJ 
K,0.1 
0,,(s) 0.01 


L 


0.01 


6,,(s) _ 10K, 
@,,(s) s°+12.s+10K, 


Where K;=0. 


Using t, = oes, for a less than 2 sec settling time Cw, <1.6 


n 


For a PO of 4.3, C=0.707, resulting in w,=2.26. 


@,, (s) (2 e@oneon 


Golnaraghi, Kuo 


Then a standard 2™ order prototype system that will have the desired response, with zero steady state 


error, takes the following form 


6,,(s) 7 a 
©. (s) 9? +3.284+5.12 


For obvious reasons 


@,(s)_ «10K go 52 


P 


@,,(s) s?+12s+10K,  s°+3.2s+5.12 


Let’s add a PD controller 


G.(s)= K,+Kps 
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6,,(s) 10(K,5+K,,) 5.12 


O,,(s) s’ +(12+10K, ) s+l0K, 7 s°+3.2s+5.12 
(12+10K, )=5.12 


10K, =5.12 
K, =-0.688 
K, =0.512 


Although the two systems are not the same because one has a zero, we chose the controller gain values 
by matching the two characteristic equations — as an initial approximation. The resulting zero in the right 
hand plane is troubling. 


Lets find the response of the system through ACSYS: 


Farid Golnaraghi 


(Controller Design Tool © 2002-2008) 


Time Response Frequency Response Controller Design Tool Calculator Unit Conversion Help 


-— Block Diagram 


Closed Loop Transfer Function: Closed-Loop Step Response 


Y__—6.88s+5.12 
R 8-+5.12s+5.12 


-— Transfer Functions : 0 


05 


Click on blocks to change transfer functions TF Zeros are: TF Poles are: 
P-E 0.74419 -3.7573 oe 
G(s) = athe -1.3627 
4 5 6 
C(s) = =0.888e+0.512 
O = zero, X = pole 
H(s)=+ 


Buttons: 


2 
3 
r ; > 
Fe e S 
e 
Reset |e 

Close Window 


Looking at the TF poles, it seems prudent to design the controller by placing its zero farther to LHS of 
the s-plane. Set z=-Kp/KD=-20 and vary KD to find the root locus or the response. 
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Parabolic 
Other Inputs 


— Transfer Functions 


Click on blocks to change transfer functions 
r= 


G(s) = otis 


C(s) = 48 


Buttons 


Display on Cormmand Line | 
Reset | 
Close Window | 


Done! 


11-38) The same as 11-37 


Closed Loop Transfer Function: 


Y__10s +200 
Ro 82 +228 +200 


TF Zeros are: TF Poles are: 
-20 -11-3.88819i 
-11+8.88819i 
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14 

12 

1 

E 08 
2 

Z 0.6 

0.4 

0.2 

0 

0 0.2 0.4 0.6 0.8 
+ 
O = zero, X= pole 
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11-39) 


Ot 0 fe. edt Oh 40 
25.92 0 0 0 2592 s 0 0 
Tod 6G 2 A are 0 xe 44 
236 0 0 0 236 0 0 s 


s 0 oO| [2592 0 0 
A =|st-A‘|=s|o s +] 0 s -1] = s° (s° - 25.92) 
00 sl |236 O s 


s s 0 0 
wy 1} 25.9237 s° 0 0 
(a-a'y'=- , 
A| -2.36s 2.36 s°-25.92s 5° —25.92 
-2.36s 2.365 0 s —25.925 
0 ~0.0732s° 
“Aa .\1| 0.0732 | 1 —0.0732s° 
(st- A’) B =(sI-A’) — 
0 Al 0.0976s° — 2.357 
0.0976 0.0976s° — 2.3575 


ae va. 0.0976(s° —24.15 
¥(s)=D(sI-A’) B=[0 0 1 O](sI-A’) ae ee 


Characteristic Equation: s° + 0.0976s' +(0.0976K, — 25.92) s° —2.357K,,s—2.357K, =0 


The system cannot be stabilized by the PD controller, since the s* and the s' terms involve K, which 


require opposite signs for K,: 
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11-40) 


Let us first attempt to compensate the system with a PI controller. 


K, 100(K,s+K,) 
G (s)= K, +— Then G(s) = G_(s)G(s) = ; 
. s s(s +10s +100) 


Since the system with the PI controller is now a type 1 system, the steady-state error of the system due to a 


step input will be zero as long as the values of K, and K, are chosen so that the system is stable. 
Let us choose the ramp-error constant K = 100. Then, i= 100. The following frequency-domain 


performance characteristics are obtained with K, = 100 and various value of K, ranging from 10 to 100. 


BW 


(rad/sec) 


69.90 


85.40 
98.50 
106.56 


The maximum phase margin that can be achieved with the PI controller is only 7.15 deg when k= 30. 


Thus, the overshoot requirement cannot be satisfied with the PI controller alone. 


Next, we try a PID controller. 
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G(s)=K,+K,s+ Ke (1+ K,,5)(K,,8+K,,) A (1+ K,,5)(K,,5 +100) 
AY AY AY 


Based on the Pl-controller design, let us select Ke = 30. Then the forward-path transfer function 


becomes 


100(30s + 100)(1+ K,,s) 


ae s(s° +10s +100) 


The following attributes of the frequency-domain performance of the system with the PID controller 


are obtained for various values of Ky, ranging from 0.05 to 0.4. 


BW 


(rad/sec) 


164.3 


We see that for values of Ky, greater than 0.2, the phase margin no longer increases, but the 


bandwidth increases with the increase in Ky) Thus we choose 
Ki = 0.2, K, =k = 100, K, =k Ko =0.2x 30=6, 


K, = Ky, + KK), = 30+0.2x 100= 50 


100 
The transfer function of the PID controller is G.(s) =50+6s+— 
Ss 


The unit-step response is show below. The maximum overshoot is zero, and the rise time is 0.0172 sec. 
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11-41) 


Y(s) _ Ss 
D(s) s(s? +3.6s +9) + K(t1s + 1)(t2s + 1) 
Ss 


~ 53+ (3.6 + Kty1>)s2 +(9 + KT, + KT) S+K 
Let’s consider the characteristic equation like: 
s? 4+ (3.6 + Kt,T2)s? + (9+ Kt, + Kt2)s+K =(s+p)(s* +2 éa, + w?) 
ts = aon for 2% settling time. 


Therefore we can choose € = 0.5 and wy, = 4 = where 2 < t, < 3. Now, we can choose pole p 


far enough from pole dominant of second order. Let p = 10, then the characteristic equation 
would be: 


s? + (36+ Kt,12)s?7 + (9+ Kt1))st+K =s?+14s* + 56s + 160 


where K = 160, tT, + Tz = 0.29, and T,Tz = 0.065 


160(0.065s2 + 0.29s + 1) 


G(s) 7 5 


Verify using MATLAB 
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11-42) 
(a) 


A 4( + aTs) 4aTs 
E== G(s) = G,(s)G, (s) = =———— : ees 
5 s (i + Ts) a Ts +s +4 


Root Contours: (Tis fixed and a varies) 


Select a small value for T and a large value for a. Let T= 0.02 and a = 100. 


1+2s 400(s + 0.5) 
G(s) =——— G(s) = 
1+0.02s Ss (s +50) 


The characteristic equation is s° +5057 +400s+200=0 


The roots are: —0.5355, -9.3, -40.17 


The system transfer function is 


¥(s) 400(s + 0.5) 
R(s) (8 +0.5355)(s +9.3)(s + 40.17) 
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Since the zero at —0.5 is very close to the pole at —0.5355, the system can be approximated by a second- 


order system, 


Y(s) | 373.48 
R(s) (s+9.3)(s+40.17) 


The unit-step response is shown below. The attributes of the response are: 


Maximum overshoot = 5% t= 0.6225 sec [os 0.2173 sec 


Unit-step Response. 


The following attributes of the frequency-domain performance are obtained for the system with the 


phase-lead controller. 


PM=77.4deg GM=infinite M,=1.05 BW =9.976 rad/sec 


(b) The Bode plot of the uncompensated forward-path transfer function is shown below. The diagram 


shows that the uncompensated system is marginally stable. The phase of G(j@) is —180 deg at all 


11-94 


Automatic Control Systems, 10* Edition Chapter 11 Solutions Golnaraghi, Kuo 


frequencies. For the phase-lead controller we need to place @, at the new gain crossover frequency 


to realize the desired phase margin which has a theoretical maximum of 90 deg. 


For a desired phase margin of 80 deg, 


The gain of the controller is 20log,, a= 42 dB. The new gain crossover frequency is at 
; 42 
|G(jo)| =-— =-21 dB 
2 


4 


Or IG(jo)|=— = 0.0877 Ths @° =4561 = 6.75 rad/sec 
Qo 


i 
—= Jao, =V130x6.75=77 Ths 7 =0.013 
T 


1 

—=0.592 Thus aT=169 

aT 

l+aTs 1+1.702s 4(1+1.702s) 


G(s) = - G(s)=— 
147s  1+0.0131s s° (1+0.0131s) 


Bode Plot. 
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=~ 


With phase-lead controller 


0, 10E+o2 


Omega (rad/sec) 


PT eT 
oS 


gq) 


With phase-lead controller 


oe 
Uncompensated system 


O. iDg+02 


Omega (rad/sec) 


GPHASE (de 
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11-43) (a) Forward-path Transfer Function: 


1 
1000a} s ++—— 
1000(1+aTs) _ aT 


s(s+10)(1+7s) s(s10)( 5+] 


G(s) = G,(s)G,(s) = 


Set 1/aT = 10 so that the pole of G(s) at s = —10 is cancelled. The characteristic equation of the system 


becomes 
2 | 
s +—s+1000a=0 
T 
1 
@ , =v1000a 26a, = — = 2v1000a Thus a=40 and T=0.0025 
T 
Controller Transfer Function: Forward-path Transfer Function: 
1+0.01s 40, 000 
C3) =——_ G(s) = ——— 
1+0.0025s s(s+400) 


The attributes of the unit-step response of the compensated system are: 


Maximum overshoot =0 tf, = 0.0168 sec t = 0.02367 sec 


(b) Frequency-domain Design 


The Bode plot of the uncompensated forward-path transfer function is made below. 


G(s) = ———_ The attributes of the system are PM = 17.96 deg, GM = infinite. 


M, = 3.117, and BW = 48.53 rad/sec. 


11-97 


Automatic Control Systems, 10* Edition Chapter 11 Solutions Golnaraghi, Kuo 


To realize a phase margin of 75 deg, we need more than 57 deg of additional phase. Let us add an 


additional 10 deg for safety. Thus, the value of ¢, for the phase-lead controller is chosen to be 


67 deg. The value of a is calculated from 


1+sin67° 
a= —— 


1-sin67° 


= 24.16 


The gain of the controller is 20log,, a= 20log,, 24.16 = 27.66 dB. The new gain crossover frequency 
is at 


na 27.66 
eve, == 71383 dB 


From the Bode plot o, is found to be 70 rad/sec. Thus, 


1 
_—= VaT = 724.16 x70=344 or JT=0.0029 aT =0.0702 
T 
1l+aTs 1+0.0702s 
Thus G(s) = 


147s  1+0,0029s 


The compensated system has the following frequency-domain attributes: 


PM = 75.19 deg GM = infinite M, = 1.024 BW = 91.85 rad/sec 


The attributes of the unit-step response are: 


Rise time t,=0.02278sec _— Settling time t,=0.02828 sec Maximum overshoot = 3.3% 
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Amplitude, dB 


Degrees 


Compensated System 
With Phase-Lead Controller 


2 ee : Po bi 
16-4 18° 164 162 1a? 
8 


-68}/------ i edlintst phi eseeeee Diu treed : re : ev ecses : 
: Compensated System : ! 
are :, With Phase-Lead Controller .3...4.4 esse 


16-1 188 161 182 183 


Frequency, Rad/se 
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11-44) Also see Chapter 6 for solution to this problem. 
Mathematical Model: 


Draw free body diagrams (Assume both x, and xy are positive and are measured from 
equilibrium). Refer to Chapter 4 problems for derivation details. 


m, O || x, CoC. Ch Ia k +k, —k, || x, c, Olly k, Oj; y 
ome SER CEPTS oles fe 
To Solve we need to simplify, since the problem is very difficult. 

Assume the wheel is very stiff; hence k,, = 00, which implies x,»=y. Then 
m,X,+¢.x%,+k,x, =c,.ytk,.y 


or 


%.+260,4,+ 0.x, =260, y+ oy 


nc 


Placing an actuator between the two masses (ignore actuator dynamics for simplicity), and use a 
PD control: the control force is (mis added to make the final equation look simpler): 


F = mK y (x, ~ x) +m,K, (x, ~%,,) 
where 


x, = yx, =y 


The transfer function of the system is: 
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ca (260, + K,)s+(@, +K,) 
Y  s°+(2¢@, + K,)s+(2C0, + Ky) 


The rest is a standard PD controller design. 
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11-45) (a) Forward-path Transfer Function: (N = 10) 


200(1 + aTs ) 


GE) = GAS)G ASS 
(s) (G(s) s(s+1)(s+10)(1+Ts) 


Starting with a = 1000, we vary T first to stabilize the system. The following time-domain attributes 


are obtained by varying the value of T. 


Max Overshoot 


(%) 


The maximum overshoot is at a minimum when T = 0.0007 or T= 0.0008. The maximum overshoot 


is 15.4%. 
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Unit-step Response. (T= 0.0008 sec a = 1000) 


Time, séc 


(b) Frequency-domain Design. 
Similar to the design in part (a), we set a = 1000, and vary the value of T between 0.0001 and 0.001. 
The attributes of the frequency-domain characteristics are given below. 


PM M. BW 

T (deg) (rad/sec) 
0.0001 17.95 60.00 3.194 4.849 
0.0002 31.99 63.53 1.854 5.285 
0.0003 42.77 58.62 1.448 5.941 
0.0004 49.78 54.53 1.272 6.821 
0.0005 53.39 51.16 1.183 7.817 


The phase margin is at a maximum of 54.69 deg when T= 0.0006. The performance worsens if the value of a is less than 
1000. 
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11-46 (a) Bode Plot. 


The attributes of the frequency response are: 


PM = 4.07 deg GM = 1.34 dB M,= 23.24 BW = 4.4 rad/sec 


(b) Single-stage Phase-lead Controller. 


6(1+aTs) 
~ s(1+0.2s)(1+0.5s)(1+T7s) 


G(s) 


We first set a = 1000, and vary T. The following attributes of the frequency-domain characteristics 


are obtained. 


The phase margin is maximum at 48.27 deg when T = 0.0006. 
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Next, we set T= 0.0006 and reduce a from 1000. We can show that the phase margin is not very 
sensitive to the variation of a when a is near 1000. The optimal value of a is around 980, and the 
corresponding phase margin is 48.34 deg. 

With a = 980 and T = 0.0006, the attributes of the unit-step response are: 


Maximum overshoot = 18.8% t, = 0.262 sec t, = 0.851 sec 


(c) Two-stage Phase-lead Controller. (a = 980, T= 0.0006) 


ve 6(1+0.5885)(1+57, 5] 
s(1+0.28)(1+0.5s)(1+0.0006s)(1+7,5] 


Again, let b = 1000, and vary T)- The following results are obtained in the frequency domain. 


Reducing the value of b from 1000 reduces the phase margin. Thus, the maximum phase margin of 


100.4 deg is obtained with b = 1000 and T, = 0.0004. The transfer function of the two-stage phase- 


lead controller is 
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(1+ 0.5885) (1+0.4s) 
(1+ 0.0006; ) (1+ 0.00045 ) 


G(s) 


c 


(c) Unit-step Responses. 


(b) With Single-stage 
Phase-lead Controller 
Uncompensated 


(c) With Two-stage Phase- 
Lead Controller 


Time,*‘sec 
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11-47) Also see derivations in 4-9. 


Here is an alternative representation including friction (damping) p. In this case the angle @ is 
measured differently. 


Let’s find the dynamic model of the system: 


1) (M+m)% + px — ml6 cos 6 —ml02 sind =F 
2) Ud +ml?)6 + mglsin@ = —mlx cos 6 


Let 0 = 72+ @®. If ® is small enough then cos @ > 1 and sin® — @, therefore 


(M +m)X + ux — mld =F 
(1+ ml?) — mgl@ = mlx 
which gives: 
(s) mls? 
F(s) ~ [((M + m)(l + ml?) — (ml)?|s3 + wl + mil2)s2 — (M+ m)mgls — umgl 


Ignoring friction uw = 0. 
@(s) ml A 
F(s) [(M+m)(l+ ml2) — (ml)2]s2 —(M+m)mgl_ s2 —B 
where 
ml (M+m)mgl 


ag [(M + m)(U/ + ml?) — (ml)?] na [(M + m)(l + ml?) — (ml)?] 


Ignoring actuator dynamics (DC motor equations), we can incorporate feedback control using a 
series PD compensator and unity feedback. Hence, 
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F(s)=K,(R(s)-®)-K,s(R(s)-®) 


The system transfer function is: 


o A(K,+K,s) 
R (s?+K,s+A(K, —B) 


Control is achieved by ensuring stability (Kp>B) 


Use Routh Hurwitz to establish stability first. Use Acsys to do that as 
demonstrated in this chapter problems. Also Chapter 2 has many examples. 


Use MATLAB to simulate response: 
clear all 


num = [A*Kd A*Kp]; 
1 Kd A*(Kp-B) ]; 
um, den) 


) 


Q 3 


Transfer function: 
50 s + 100 


s*2 +5 s + 20 
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File Edit View Insert Tools 


Og keS F BAM EO sO 


ey 


System: G 
Time (sec): 0.402 
Amplitude: 8.53 


System: G 


Time (sec): 0.124 
| Amplitude: 4.99 


Desktop Window Help 


Chapter 11 Solutions 


Golnaraghi, Kuo 


Adjust parameters to achieve desired response. Use THE PROCEDURE in Example 5-11-1. 


You may look at the root locus of the forward path transfer function to get a better perspective. 


rc) _A(K,+Kps) _AKy(z+5) 


E s’—AB s’—AB 
fix z and vary K,,. 

clear all 

zZ=100; 

Kd=0.01; 

A=10; 

B=8; 


num = [A*Kd A*Kd*z]; 
den =[1 0 -(A*B)]; 
G=tf (num, den) 

rlocus (G) 


Transfer function: 
0.1 s + 10 
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| ile Edit nee Insert Tools Desktop Window Help 


Oe Se QQMS\2/0 


For z=10, a large Kp=0.805 results in: 


clear all 
Kd=0.805; 
Kp=10*Kd; 

A=10; 

B=8; 

num = [A*Kd A*Kp]; 
den =[1 Kd A*(Kp-B) ]; 
G=tf (num, den) 

pole (G) 

zero (G) 

step (G) 


Transfer function: 
8.05 s + 80.5 


ans = 
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-0.4025 + 0.58141 
-0.4025 - 0.58141 


ans = 
-10 


Looking at dominant poles we expect to see an oscillatory response with overshoot 
close to desired values. 

a a a 

File Edit View Insert Tools Desktop Window Help 


eH#S er AAavVonroe8 so 


T T 1— 

- System: G 
}.------------. W--------Fime-(eec): 8.34 
System: G é Amplitude: 179 
Time (sec): 3.65 
Amplitude: 161 


For a better design, and to meet rise time criterion, use Example 5- 
11-1 and Chapter 9 PD design examples. 


11-111 


Automatic Control Systems, 10° Edition Chapter 11 Solutions Golnaraghi, Kuo 


11-48) (a) The loop transfer function of the system is 


10K,K,K, 1+R,Cs 68.76 1+R,x10°s 


G(s)H(s) = = 
Ns(1+0.05s) RCs — s(1+0.05s) 2s 


The characteristic equation is s° +205 +6.876x10~ R,s + 687.6 =0 


For root locus plot with RK, as the variable parameter, we have 


Ee 6.876 x10 R,s 6.876 x10 R,s 
S — — 
“ s'+20s° +687.6 (s+21.5)(s—0.745+ j5.61)(s —0.745 — j5.61) 


Root Locus Plot. 


ok 0.745+55.61 
R,=2.65x10" Hy : 


ot 
-6.02+57.08 “*T*#4HHme R,=0 


R,=0 he a 


SIS EEE tote teetatte nti tte ote be HHH HIB) 0S es 


-21.5 10 0: 
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When R, = 2.65 x 10°, the roots are at —6.02+ 77.08, and the relative damping ratio is 0.65 which is 


maximum. The unit-step response is plotted at the end together with those of parts (b) and (c). 


(b) Phase-lead Controller. 


68.76(1+aTs) 
s(1+0.05s)(1+T7s) 


G(s)H(s) = 


Characteristic Equation: Ts’ + (1+ 207) s° +(20+1375.2aT ) s + 1375.2 =0 
With T=0.01, the characteristic equation becomes 


s° +1205” + (2000 + 1375.2a)s + 137520 = 0 


The last equation is conditioned for a root contour plot with a as the variable parameter. 
Thus 


1375.2as 
age 3 2 
@ s +1205 + 2000s + 137,520 


From the root contour plot on the next page we see that when a = 3.4 the characteristic equation roots 
are at —39.2, —40.4+ j43.3, and —40.4— 743.3, and the relative damping ratio is maximum and is 


0.682. 


Root Contour Plot (a varies). 
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-3.474+534.7 


a=3.4 
-40.4+543.3 


Unit-step Responses. 


Uncompensated 


R,=2.65x10° ohms | 


w(t) x 120 pulses/sec 


0.75 o,80 
TIME (SEC) 
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(c) Frequency-domain Design of Phase-lead Controller. 


For a phase margin of 60 deg, a = 4.373 and T = 0.00923. The transfer function of the controller is 


= 1+aTs _ 1+0.04036s 
14+Ts  1+0.00923s 


G (s) 


Cc 


11-49 (a) Time-domain Design of Phase-lag Controller. 


Process Transfer Function: 


_ 200 
s(s +1)(s +10) 


G (s) 


P 


For the uncompensated system, the two complex characteristic equation roots are at s = —0.475+ j0.471 
and —0.475— 70.471 which correspond to a relative damping ratio of 0.707, when the forward path gain 


is 4.5 (as against 200). Thus, the value of a of the phase-lag controller is chosen to be 


45 
a= — =0.0225 Select T= 1000 which is a large number. 
200 
Then 
l+aTs  1+22.5s 4.5(s + 0.0889) ) 
G(s)= G(s) =G.(s)G (5) = 


1+Ts  1+1000s s(s+1)(s+10)(s +0.001) 


Unit-step Response. 
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B 28 48 68 88 188 128 


Time, sec 


Maximum overshoot = 13.6 t= 3.238 sec t, = 18.86 sec 


Bode Plot (with phase-lag controller, a = 0.0225, T = 1000) 
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dB 


o 
s 
s 
~~» 
-_ 
~_ 
a 
€ 
< 


Frequency, Rad/s 


PM = 59 deg. GM=27.34dB M,=1.1 BW=0.6414 rad/sec 


(b) Frequency-domain Design of Phase-lag Controller. 


For PM=60 deg, we choose a =0.02178 and T = 1130.55. The transfer function of the phase-lag 


controller is 


1+ 24.62s 


GC 3) GM=27.66dB M=1.093 BW=0.619 rad/sec 
14+1130.55s 
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Unit-step Response. Max overshoot = 12.6%, t,=3.297sec t,= 18.18 sec 


11-50 (a) Time-domain Design of Phase-lead Controller 


Forward-path Transfer Function. 


K (1+aTs) K 
——.——__ K, = limsG(s)=—=10 Thus K=250 
s(s+5) (1+Ts) s>0 25 


G(s) =G,(s)G,(s) = 
With K = 250, the system without compensation is marginally stable. For a > 1, select a small value for 
T and a large value for a. Let a= 1000. The following results are obtained for various values of T 


ranging from 0.0001 to 0.001. When T = 0.0004, the maximum overshoot is near minimum at 23%. 


Max Overshoot 


(%) 
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As it turns out a = 1000 is near optimal. A higher or lower value for a will give larger overshoot. 


Unit-step Response. 


(b) Frequency-domain Design of Phase-lead Controller 


250(1+aTs) 
s° (s+5) (1+Ts) 


G(s) 


Setting a = 1000, and varying T, the following attributes are obtained. 
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PM BW 


(deg) (rad/sec) 


0.00050 41.15 1.418 16.05 


When a = 1000, the best value of T for a maximum phase margin is 0.00035, and PM = 43.3 deg. 
As it turns out varying the value of a from 1000 does not improve the phase margin. Thus the 


transfer function of the controller is 


I+aTs 140.35: 250(1+0.35s 
Ciije ee. ae oa ) 
1+Ts  1+0.00035s s(s+5) (1+0.00035s) 


(c) Time-domain Design of Phase-lag Controller 


Without compensation, the relative damping is critical when K = 18.5. Then, the value of a is 
chosen to be 


18.5 
a= — =0.074 


250 
We can use this value of a as a reference, and conduct the design around this point. The value of 
Tis preferrably to be large. However, if Tis too large, rise and settling times will suffer. 
The following performance attributes of the unit-step response are obtained for various values of 


aandT. 
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Max Overshoot 


(%) 


As seen from the results, when a = 0.09 and for T = 2000, the maximum overshoot is less 


than 1% and the settling time is less than 2.5 sec. We choose T = 2000 and a = 0.09. 


The corresponding frequency-domain characteristics are: 


PM = 69.84 deg GM = 20.9 dB M_= 1.004 BW = 1.363 rad/sec 


(d) Frequency-domain Design of Phase-lag Controller 
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250(1+aTs) 
C= 
s(s +5) (1 +Ts) 


The Bode plot of the uncompensated system is shown below. Let us add a safety factor by 
requiring that the desired phase margin is 75 degrees. We see that a phase margin of 75 degrees 


can be realized if the gain crossover is moved to 0.64 rad/sec. The magnitude of G(_j@) at this 
frequency is 23.7 dB. Thus the phase-lag controller must provide an attenuation of —23.7 dB at 


the new gain crossover frequency. Setting 


20log,, 4 = —23.7 dB wehave a=0.065 


We can set the value of 1/aT to be at least one decade below 0.64 rad/sec, or 0.064 rad/sec. Thus, 


we get T = 236. Let us choose T = 300. The transfer function of the phase-lag controller becomes 


1+ aTs 7 14+19.5s 
14+Ts 1+ 300s 


G(s) = 
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dB 


Arnplitudse, 


-288 
is- 


sry AT Rosseoe tees Tt ebahascccctee 


_ Compensated 


-388 i 
ie-3 18-2 18-4 16° 162 


Frequency, Rad/s 
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The attributes of the frequency response of the compensated system are: 


PM = 71 deg GM = 23.6 dB M_= 1.065 BW = 0.937 rad/sec 


The attributes of the unit-step response are: 


Maximum overshoot = 6% t, = 2.437 sec t,= 11.11 sec 


Comparing with the phase-lag controller designed in part (a) which has a = 0.09 and T = 2000, 


the time response attributes are: 


Maximum overshoot = 0.9% t,= 1.56 sec t= 2.22 sec 


The main difference is in the large value of T used in part (c) which resulted in less overshoot, 


rise and settling times. 
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11-51) 


11-52) Forward-path Transfer Function (No compensation) 


6.087 x 10’ 


G(s) = G(s) = 
s(s° +423.425° + 2.6667 x10°s + 4.2342 x10° 
( 


The uncompensated system has a maximum overshoot of 14.6%. The unit-step response is shown 


below. 


(a) Phase-lead Controller 


G(s)= (a> 1) 


By selecting a small value for T, the value of a becomes the critical design parameter in this case. 
If a is too small, the overshoot will be excessive. If the value of a is too large, the oscillation in 
the step response will be objectionable. By trial and error, the best value of a is selected to be 6, 


and T=0.001. The following performance attributes are obtained for the unit-step response. 


Maximum overshoot = 0% t, = 0.01262 sec t, = 0.1818 sec 


However, the step response still has oscillations due to the compliance in the motor shaft. The unit- 


step response of the phase-lead compensated system is shown below, together with that of the 


uncompensated system. 


(b) Phase-lead and Second-order Controller 
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The poles of the process G(s) are at —161.3, —131+ 1614.7 and —131 — j1614.7. The second- 


ordertermis s~ +262s+ 2,624,417.1. Let the second-order controller transfer function be 


s° +262s+4 2,624,417.1 


2 2 
s +26 @ st+o@ 
pon n 


G(s) = 


The value of Qo. is set to ./2,624,417.1 =1620 rad/sec, so that the steady-state error is not affected. 


Let the two poles of G(s) be at s =—1620 and — 1620. Then, cy = 405. 


s” +2628 4 2,624,417.1 
s” +3240s + 2,624,417. 


G(s)= 


6.087 x 10" (1+ 0.006s ) 


G(s) = G.(9)G,(3)G, (8) = ——_—____ —$_$$_—$__—______ 
s(s+161.3)(s* + 3240s + 2,624, 417.1)(1+0.001s) 


The unit-step response is shown below, and the attributes are: 


Maximum overshoot = 0.2 t,= 0.01012 sec t, = 0.01414 sec 


The step response does not have any ripples. 


Unit-step Responses 
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Uncompensated system 


With phase-lead controller 


With phase-lead and second-order controllers 


11-53 (a) System Equations. 


do, 


+9 ae +B o,+K,(0,-6,)+B,(o, -@,) 


dt 


do, 


K, (8, -0,)+B, (a, -o,)= J, 
dt 


State Equations in Vector-matrix Form: 
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[do,] _ 
ae 0 1 
do, _ K, _ B, 

d | | JO, 
do,| | 0 0 

dt K, B, 
do, a tf 


State Diagram: 


Transfer Functions: 


Q. (5) 


Chapter 11 Solutions 


‘ KK 
J 


K,(s°+B,s+K,)/R, 


Golnaraghi, Kuo 


m 


Q (s) 


K,(B,s+K,)/R, 


E(s) J,J,s°+(KJ,+B,J,+B,J,)s°+(J,K,+J,K,+KB,)s+K,K, 
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Q (s) 133.33(s* +10s +3000) 133.33(s* +10s +3000) 


m 


E(s) 5° +318.15s" + 60694.135 +58240  ( +0.9644)(s + 158.59 + j187.71)(s + 158.59 — j187.71) 


OA) 1333.33(s +300) 


L 


E(s)  (s+0.9644)(s +158.59 + j187.71)(s +158.59 — j187.71) 


(b) Design of PI Controller. 


K 
1333.33K, [ + “\ +300) 


Q,(s) : 
G(s) = - 
E(s) — s(s-+0.9644)(s° +317.186s + 60388.23) 
133333x 300K, 
K, = limsG(s) = ———~_ = 687K, = 100 Thus K, =14.56 
” 590 0.9644 x 60388.23 


With K, =14.56, we study the effects of varying K,,. The following results are obtained. 


Max Overshoot 
(sec) (%) 


0.00932 Real Lee i] 


ee 
ae a 
ae Es ee 
eee 


With K, = 14.56 and K, ranging from 15 to 17, the design specifications are satisfied. 
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Unit-step Response: 


(c) Frequency-domain Design of PI Controller (K, = 14.56) 


1333.33( K,s +14.56)(s +300) 


G(s)=—, ; 
s(s° +318.15s* + 60694. 13s + 58240) 
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The following results are obtained by setting K, =14.56 and varying the value of K,. 


Max Overshoot t, 
(deg) (rad/sec) (%) (sec) 


a 
feat ee ee a eee 
in ee a 


Ota ee 
pe ed a a a 
ed eee 
Ce 
a eee ad 
CS Eee ese ee 


From these results we see that the phase margin is at a maximum of 83.29 degrees when K, = 6. 
However, the maximum overshoot of the unit-step response is 2.7%, and M_ is slightly greater than 
one. In part (b), the optimal value of Kp from the standpoint of minimum value of the maximum 


overshoot is between 15 and 17. Thus, the phase margin criterion is not a good indicator in the present 


case. 
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11-54 (a) Forward-path Transfer Function 


K® (s) 100K (s* +10s + 100) 10, 000(s* + 10s + 100) 
T.(s)  s(s°+20s° +2100s+10,000) s(s +4.937)(s* +15.06s + 2025.6) 


The unit-step response is plotted as shown below. The attributes of the response are: 


Maximum overshoot = 57% t, = 0.01345 sec t, = 0.4949 sec 


(b) Design of the Second-order Notch Controller 


The complex zeros of the notch controller are to cancel the complex poles of the process transfer 


function. Thus 


s” 415.065 + 2025.6 10, 000(s° +10s +100) 


G_(s)=—————_ and Gs) = G,(s)G,(s) = 
s° +906 s+ 2025.6 s(s+4.937)(s° +902, s + 2025.6) 


The following results are obtained for the unit-step response when various values of - are used. 
The maximum overshoot is at a minimum of 4.1% when S, = 1.222. The unit-step response is 


plotted below, along with that of the uncompensated system. 


Max Overshoot 


(%) 
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Uncompensated 


Compensated system 
with notch controller 


8.4. 8.6 


Time, s2c 


(c) Frequency-domain Design of the Notch Controller 


The forward-path transfer function of the uncompensated system is 
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10000(s* + 10s +100) 
~ s(s+4.937)(s* +15.06s + 2025.6) 


G(s) 


The Bode plot of G( j@) is constructed in the following. We see that the peak value of IG(jo)| is 


approximately 22 dB. Thus, the notch controller should provide an attentuation of —22 dB or 0.0794 


at the resonant frequency of 45 rad/sec. Using Eq. (10-155), we have 


0.167 
G.(j45)|= S4 _ 0167 _ po704 Thus ¢, = 2.1024 
oe Sp 
Notch Controller Transfer Function Forward-path Transfer Function 
s” +15.06s + 2025.6 10,000(s’ +10s + 100) 
G(s)=5 CC) 
s” +189.2165 + 2025.6 s(s+4.937)(s’ +189.22s + 2025.6) 
Bode Plots 


11-134 


Automatic Control Systems, 10" Edition Chapter 11 Solutions Golnaraghi, Kuo 


ee ee 
ae SSS nee 
HY 


HEHEHE in! 


10°03 OD, 10k+04 


f Thee systen 
ESET HS ELI 
le zat St 


Q, 10h+02 G8. 1DK+o2 
Omega (rad/sec) 


GPHASE (deg) 


Attributes of the frequency response: PM = 80.37 deg GM = infinite M,= 1097 BW =66.4 rad/sec 


Attributes of the frequency response of the system designed in part (b): 


PM =59.64deg GM = infinite M,= 1.048 BW = 126.5 rad/sec 
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11-55 (a) Process Transfer Function 


500(s+10) 
s(s° +105 + 1000) 


G,(s) = 


The Bode plot is constructed below. The frequency-domain attributes of the uncompensated 


system are: 


PM = 30 deg GM = infinite M.= 186 and BW =3.95 rad/sec 


The unit-step response is oscillatory. 


(b) Design of the Notch Controller 


For the uncompensated process, the complex poles have the following constants: 


@, =V1000=316rad/sec 2¢@ =10 Thus ¢=0.158 


The transfer function of the notch controller is 


2 2 
§ +20 @ st+@ 
Zz n n 


G(s)= 5 5 
S +2¢ s+@, 
For the zeros of G _(s) to cancel the complex poles of G(s), 6. =¢=0158. 


From the Bode plot, we see that to bring down the peak resonance of e(jo,)| in order 


to smooth out the magnitude curve, the notch controller should provide approximately 
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—26 dB of attenuation. Thus, using Eq. (10-155), 


—26 


, 0.158 
Se =10% =005 Thus ¢_ =——=31525 
o P 0.05 
P 
The transfer function of the notch controller is 
s” +10s +1000 500(s +10) 


G (s)= 


Cc 


G(s) =G,(s)G(s) = 


s” + 199.085 +1000 s(s° +199.08s + 1000) 


The attributes of the compensated system are: 


PM = 72.38 deg GM = infinite M_=1 BW = 5.44 rad/sec 
Maximum overshoot = 3.4% i= 0.3868 sec t= 0.4848 sec 
Bode Plots 
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PCTS CTT PT tessa sre 
— 5 ij 

PTT TNS a eel 
HH HRS 
| With Notch controller ASST 
Hil CE Ca 


DO, 10k+04 


| l\ Uncompensated system 
| 


PC UUVE TIT Net | 
CI ICT TT 
CHTRSERMIIC CON CTI 

mecooee STN | UTA NUE 
UM | UTE 0 in 


0, 10802 
Omega (rad/sec) 


GPHASE (deqg> 


Step Responses 


Uncompensated system 


ee 


fa 
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(c) Time-domain design of the Notch Controller 


With C. = 0.158 and o,= 31.6, the forward-path transfer function of the compensated system is 


500(s +10) 
s(s° +63.2¢,s +1000) 


G(s) =G_(s)G,(s) = 


The following attributes of the unit-step response are obtained by varying the value of S : 


Max Overshoot 


(%) (sec) 


a St ed 
PN Real cl 
Paid ea ee ee 


When S, = 2.5 the maximum overshoot is 0.9%, the rise time is 0.3879 sec and the setting 


time is 0.4840 sec. These performance attributes are within the required specifications. 
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11-56 Let the transfer function of the controller be 


20, 000(s* +10s +50) 
(s +1000)" 


G(s) = 


a 


Then, the forward-path transfer function becomes 


20, 000K (s° +10s +50) 


GS) = GAG NS) a 
a as a s(s° +10s +100) (s +1000) 


6 
10 K 
For Gy (s)=1, K_ =limsG(s)= i 50 Thus the nominal K = 5000 
C v 10 


s>0 


For + 20% variation in kK, K_.. =4000 and K_ = 6000. To cancel the complex closed-loop poles, 


we let 


50(s +1) 


G,(s)=— 
s +105 +50 


where the (s + 1) term is added to reduce the rise time. 


Closed-loop Transfer Function: 


Y(s) _ 10°K (s+1) 
R(s) s(s° +10s +100)(s +1000° ) +20, 000K (s° +10s +50) 


Characteristic Equation: 


K = 4000: s° +2010s* +1,020,100s* +.9.02x 10’ 57 +9x10°+4x10" =0 
Roots: -97.7, —648.9, —1252.7, —5.35+ 74.6635, —5.35— j4.6635 
Max overshoot = 6.7% Rise time < 0.04 sec 
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kK =5000: 


Roots: 


K =6000 


Roots: 


s> +2010s* +1,020100s° + 11x 10°57 +11x10°s+5x10° =O 
-132.46, 587.44, —1279.6, —5.272+ j4.7353, —5.272— 4.7353 


Max overshoot = 4% Rise time < 0.04 sec 


s> +2010s* +1,020,100s* + 13x 10° 5” +1.3x10°s+6x10" =0 
-176.77, —51937, —1303.4, —5.223+ j4.7818, —5.223— 4.7818 


Max overshoot = 2.5% Rise time < 0.04 sec 


Thus all the required specifications stay within the required tolerances when the value of K varies by 


plus and minus 20%. 


Unit-step Responses 
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11-57 Let the transfer function of the controller be 


200(s* +10s +50) 
(s +100)" 


G(s) = 


The forward-path transfer function becomes 


200, 000K (s* +10s +50) 
s(s + a)(s +100) 


G(s) = G.(s)G, (s) = 


Fora=10, 


7 


. 10 K 
K, =limsG(s) z~ = 100K = 100 Thus K=1 
s>0 10 


Characteristic Equations: (K = 1) 


a=10: s* 4210s? +212 10°s? +2.1x10°s+10’ =0 
Roots: -4.978+ j4.78, —4.978-j4.78, —100+j44716 —100— 447.16 
a=8: s* 42085° +2.116x10° 5s” +2.08x10°s+10’ =0 


Roots: -4.939+ 74.828, —4.939— 74828, —99.06+ j446.97, -—99.06— 7446.97 


a=12: s* 4212s? +2124 10° +2.12x10°s+10’ =0 


Roots: —5.017+ j4.73, —5.017— j4.73, —100.98+ 7447.36, —100.98— j447.36 
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Unit-step Responses: All three responses for a =8, a= 10, and 12 are similar. 


et 


TIME «<SEC) 


11-58 Forward-path Transfer Function: 


Y(s K ; 
eee K, =limsG(s) = = 
E(s) s(s+1)(s+10)+KK's s>0 10+ KK, 
Characteristic Equation: = s+ 11s’ +(10+KK,)s+K =s +1ls'+Ks+K =0 
K(s+1) 
For root loci, G,,( 
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~h.87+ 54.87 - D4 K=59.3 


Root Locus Plot (K varies) 


The root loci show that a relative damping ratio of 0.707 can be realized by two values of K. K = 22 


and 59.3. As stipulated by the problem, we select K = 59.3. 
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11-59 Forward-path Transfer Function: 


10K 10K K 
G(s) = ———_——_——_ K, =limsG(s) = = = Thus K,=K-1 
s(s+1)(s+10)+10K\s 50 10+10K 1+K 
‘ L t 
Characteristic Equation: s(s+1)(s+10)+10K, +10K =s° +11s° +10Ks+10K =0 


When K=5.93 and K, = K—1=4.93, the characteristic equation becomes 


s° +11s* +10.0465+4.6 =0 


The roots are: —10.046, —0.47723+ j0.47976, —0.47723— j0.47976 


11-60 Forward-path Transfer Function: 


K (1+aTs) 1 
G(s) K = limsG(s) = — = 100 Thus K, =0.01 
K 


~ s((1+7s)(s° +105 + KK, ) $30 


t 


Let T=0.01 and a=100. The characteristic equation of the system is written: 
s* +110s° +1000s° + K (0.001s* + 101s +100) = 0 


To construct the root contours as K varies, we form the following equivalent forward-path transfer 


function: 


oe 0.001K (s° +101,000s +100,000) 0,001K (s +1)(s + 50499) 
s° (s +10)(s +100) ~—s?(s+10)(s +100) 
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C =0 sie 


NS 
-4 .0957+j4.0957 


From the root contour diagram we see that two sets of solutions exist for a damping ratio of 0.707. 


These are: 


K=20: Complex roots: —1.158+ 71.155, —1158— j1.155 


K=44.6: Complex roots: —4.0957+ j4.0957, -—4.0957— 74.0957 


The unit-step responses of the system for K = 20 and 44.6 are shown below. 


Unit-step Responses: 
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TIME “<SEG) 


11-61 Forward-path Transfer Function: 


K,KK,K,N 
G(s) = SS oo 
s [J.L,s +(RJ,+L,B,+K,K,J,)s+R,B,+K,K,B,+K,K,+ KK,.K,K, | 
1.5x10'K 
[==> oe 
s(s° +3408.33s + 1,204, 000 +1.5x10° KK, ) 
15K 
Ramp Error Constant: K, = limsG(s)= = 100 
$90 1.204 + 150KK, 
Thus 1.204+150KK, =0.15K 


The forward-path transfer function becomes 
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1.5x10'K 


66 
s (s° + 3408.33s + 150, 000K’) 


Characteristic Equation: s° +3408.335+ 150,000 Ks + 1.5 x 10’K =0 
When K = 38.667 the roots of the characteristic equation are at 
—0.1065, — 1651+ 1.65, —1651— 71.65 (¢ = 0.707 for the complex roots) 


The forward-path transfer function becomes 


5.8x10° 


CO  —— 
s (s° + 3408.335 + 5.8x 10°) 


Unit-step Response 
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Unit-step response attributes: Maximum overshoot=0 Rise time =0.0208 sec Settling time = 0.0283 sec 


11-62 (a) Disturburnce-to-Output Transfer Function 


Y(s) 2(1+0.1s) 
— G(s)=1 
T,(s)|_,  8(1+0.01s)1+0.1s) + 20K : 


For T(s) =I/s 
: : 1 
lim y(t) = limsY(s)=——-< 0.01 Thus K210 
10K 


too s>0 


(b) Performance of Uncompensated System. K=10, G.(s)=1 
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200 
Sh= 
s(1+0.01s)(1+0.1s) 


The Bode diagram of G(j@) is shown below. The system is unstable. The attributes of the 


frequency response are: PM=-—9.65deg GM=-—5.19 dB. 


(c) Single-stage Phase-lead Controller Design 


To realize a phase margin of 30 degrees, a=14 and T=0.00348. 


l+aTs 14+0.0487s 
1+Ts 1+0.00348s 


G (s)= 


Cc 


The Bode diagram of the phase-lead compensated system is shown below. The performance 


attributes are: PM=30deg GM=10.66dB M.= 195 BW =131.6 rad/sec. 


(d) Two-stage Phase-lead Controller Design 


200 (1+ 0.04875) 


Starting with the forward-path transfer function G(s) = ——-——>-+?-_ 
s(1+0.1s)(1+0.01s)(1 + 0.003485) 


The problem becomes that of designing a single-stage phase-lead controller. For a phase margin 


or 55 degrees, a=7.385 and T=0.00263. The transfer function of the second-stage controller is 


l+aTs 1+0.01845s 


G(s) a = 
1+7Ts  1+4+0.00263s 
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200 (1 + 0.04875) (1+ 0.018455) 


Thus G(s) = 
s(1+0.1s)(1+0.01s) (1+ 0.00348s ) (1 + 0.002635) 


The Bode diagram is shown on the following page. The following frequency-response attributes 


are obtained: 


PM = 55 deg GM = 12.94 dB M. =111 BW = 256.57 rad/sec 


Bode Plot [parts (b), (c), and (d)] 
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a 
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PS TT 
SS 
Uncompensated system 


Br eee eel TP 
| ae aie 
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mp Be Pp Tq NX 
SCRE 

NN 
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m 
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we 
tu 
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controller 


Compensated with two-stage phase-lead 
controller 


0, 10k*O2 


Omega (rad/sec) 
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11-63 (a) Two-stage Phase-lead Controller Design. 


The uncompensated system is unstable. PM = —43.25 deg and GM = —18.66 dB. 
With a single-stage phase-lead controller, the maximum phase margin that can be realized affectively 
is 12 degrees. Setting the desired PM at 11 deg, we have the parameters of the single-stage phase- 


lead controller as a=128.2 and i = 0.00472. The transfer function of the single-stage controller 


l+aT;s _ 1+ 0.60575 
1+T.s  1+0.00472s 


Starting with the single-stage-controller compensated system, the second stage of the phase-lead 
controller is designed to realize a phase margin of 60 degrees. The parameters of the second-stage 


controller are: b=16.1 and i = 0.0066. Thus, 


1+ bT,s 1+0.106s 
1+ T, s  14+0.0066s 


G.4(8)= 


1+0.6057s 1+0.106s 
1+. 0.00472s 1+ 0.0066s 


G(s) =G,,(5)G_,(5) = 


Forward-path Transfer Function: 


1,236, 598.6(s + 1.651)(s +9.39) 
s(s+2)(s+5)(s+211.86)(s+151.5) 


G(s) =G,,(s)G_,(s)G, (s) = 


Attributes of the frequency response of the compensated system are: 


GM = 19.1 dB PM = 60 deg M.= 1.08 BW = 65.11 rad/sec 


The unit-step response is plotted below. The time-response attributes are: 


Maximum overshoot = 10.2% i= 0.1212 sec t= 0.037 sec 
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(b) Single-stage Phase-lag Controller Design. 


With a single-stage phase-lag controller, for a phase margin of 60 degrees, a = 0.0108 and T = 1483.8. 
The controller transfer function is 


1+ 16.08s 


G(s) = 
14+1483.8s 
The forward-path transfer function is 


G92e mE w 6.5 0.0662Y 
Sy= AY S)= 
- s[3+2 sp 0. 000674} 


From the Bode plot, the following frequency-response attributes are obtained: 


PM = 60 deg GM = 20.27 dB M,= 1.09 BW = 1.07 rad/sec 


The unit-step response has a long rise time and settling time. The attributes are: 


Maximum overshoot = 12.5% t= 12.6 sec t= 2.126 sec 


(c) Lead-lag Controller Design. 


For the lead-lag controller, we first design the phase-lag portion for a 40-degree phase margin. 


The result is a =0.0238 and T, = 350. The transfer function of the controller is 


1+8.333s 
C.()2——— 
14+350s 


The phase-lead portion is designed to yield a total phase margin of 60 degrees. The result is 


b=4.8 and T, = 0.2245. The transfer function of the phase-lead controller is 


_ 14+1076s 


its = —______. 
14+0.2245s 


11-154 


Automatic Control Systems, 10° Edition Chapter 11 Solutions Golnaraghi, Kuo 


The forward-path transfer function of the lead-lag compensated system is 


68.63(s +0.12)(s +0.929) 
s(s+2)(s+5)(s +0.00286)(s +4.454) 


G(s) 


Frequency-response attributes: PM=60deg GM=13.07 dB M.= 105 BW =3.83 rad/sec 


Unit-step response attributes: Maximum overshoot = 5.9% t= 1.512 sec t= 0.7882 sec 


TIME. <SEL) 


Unit-step Responses. 


11-64 (a) The uncompensated system has the following frequency-domain attributes: 


PM=3.87 deg GM=1dB M =7.73 BW = 4.35 rad/sec 


r 


The Bode plot of G (ja) shows that the phase curve drops off sharply, so that the phase-lead 


controller would not be very effective. Consider a single-stage phase-lag controller. The phase 
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margin of 60 degrees is realized if the gain crossover is moved from 2.8 rad/sec to 0.8 rad/sec. 
The attenuation of the phase-lag controller at high frequencies is approximately —15 dB. 
Choosing an attenuation of —17.5 dB, we calculate the value of a from 


20log,, 4=—17:5 dB Thus a = 0.1334 


The upper corner frequency of the phase-lag controller is chosen to be at 1/aT = 0.064 rad/sec. 
Thus, 1/7=0.00854 or T=117.13. The transfer function of the phase-lag controller is 


_ 14+15.63s 
14+117.13 


G (s) 


c 
The forward-path transfer function is 


5(1+15.63s)(1-0.05s) 


G(s) = G(s)G, (8) = ———$———* 
‘ s(1+0.1s)(1+0.5s)(1+117.13s)(1+0.05s) 


From the Bode plot of G( jq@), the following frequency-domain attributes are obtained: 


PM = 60 deg GM = 18.2 dB M,=1.08 BW=1.13 rad/sec 


The unit-step response attributes are: 


maximum overshoot = 10.7% t= 10.1 sec t= 2.186 sec 


Bode Plots 
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11-64 (b) Using the exact expression of the time delay, the same design holds. The time and frequency domain 


attributes are not much affected. 


11-65 (a) Uncompensated System. 


10 
~ (14s)(1+10s)(1+2s)(1+5s) 


Forward-path Transfer Function: G(s) 


The Bode plot of G( j@) is shown below. 
The performance attributes are: PM=-10.64deg GM=-2.26 dB 


The uncompensated system is unstable. 


(b) PI Controller Design. 


10(K,s+K,) 


Forward-path Transfer Function: G(s) = — 
j 2 s(1+s)(1+10s)(1+2s)(1+5s) 


Ramp-error Constant: K, = lim sG(s)= 10K, =0.1 Thus K, = 0.01 
s>0 


0.1(1+ 100K,s) 
~ s(1+5)(1+10s)(1+2s) (145s) 


G(s) 


The following frequency-domain attributes are obtained for various values of K,- 


BW 


(rad/sec) 


0.13 


0.13 


Automatic Control Systems, 10° Edition Chapter 11 Solutions 


The phase margin is maximum at 53.28 degrees when Kes = 0.15. 


The forward-path transfer function of the compensated system is 


0.1(1+ 15s) 


G(s) = 
s(1+s)(1+10s)(1+5s)(1+2s) 


The attributes of the frequency response are: 


PM = 53.28 deg GM = 11.22 dB M = 114 BW = 0.21 rad/sec 


The attributes of the unit-step response are: 


Maximum overshoot = 14.1% t= 10.68 sec t= 48 sec 


Bode Plots 
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Bode Plots 
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11-65 (c) Time-domain Design of PI Controller. 
By setting K, = 0.01 and varying K, we found that the value of K, that minimizes the maximum 
overshoot of the unit-step response is also 0.15. Thus, the unit-step response obtained in part (b) 


is still applicable for this case. 


11-66 Closed-loop System Transfer Function. 


¥(s) 1 
R(s) 5° +(44k,)s° +(34+k, +k) stk, 


For zero steady-state error to a step input, k, = 1. For the complex roots to be located at —1 +/ and —1 — j, 


we divide the characteristic polynomial by s° + 2s+2 and solve for zero remainder. 


s+(2+k,) 


s+2s+2| s'+(4+k,)s°+(3+k, +k,)s41 
s+ 2s° +2s 


(2+k,)s° +(1+k, +k, )s4+1 


(2+k,)s°+(4+2k,)s  +442k, 


(-3+k, —k,)s —3-2k, 


For zero remainder, —3-2k, =0 Thus k. =-15 


3+k,—k, =0 Thus k, =15 


The third root is at —0.5. Not all the roots can be arbitrarily assigned, due to the requirement on the 


steady-state error. 
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11-67 (a) Open-loop Transfer Function. 


X (s) k, 


G(s) = = 
w E(s) s[s°+(4+k,)s+3+k, +k, | 


Since the system is type 1, the steady-state error due to a step input is zero for all values of k 


. k,, and k, 


that correspond to a stable system. The characteristic equation of the closed-loop system is 


s+(4+k,)s° +(3+k, +k,)s+k, =0 


For the roots to be at -1+/j, 


1-j, and —10, the equation should be: 


5° +12s* +225+20=0 


Equating like coefficients of the last two equations, we have 


A+k, =12 Thus k,=8 
3+k, +k, =22 Thus k,=11 
k, =20 Thus k,=20 


(b) Open-loop Transfer Function. 


Y(s)_ G(s) 20 


= = ——————_ __ Thus G.(s) 
E(s) (s+1)(s+3) s(s?+12s+22) 


_ 20(s+1)(s+3) 
s(s° +125 +22) 
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11-68 Term Project problems: 


1 Introduction 


USB Interface 


Host Computer 


One degree-of-freedom arm 


Playload (wheel) 


Figure 1: Robotic arm test bed with playload 


This system, as shown in Figure 1, is composed of the dc motor used throughout chapter 5 and 
chapter 6. We connect a rigid beam to the motor shaft to create simple robotic system 
conduction a pick-and-place operation. A gripper is attached to the end of the arm and is able to 
grip onto a playload and drop it at as specified angular position. To limit the overshoot, settling 
time and rising time, let us design a controller for this system. 


2 Proportional Control 


Time domain analysis 
Consider the model of the robot arm position control system, where we added a proportional 
controller in the forward path. The new system block diagram is shown in Figure 2. 
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V,.{s) E{s) Ea Ms) | oi 
7@ alle L, aK ae 


Proportional controller 


Figure 2: Block diagram of a position-control dc motor 


The system transfer function is 


KpKmKs 
oO = em (1) 
Bin (S) stunk (B+Sbo™) 542m) 
Where Ks is the sensor gain, and, as before, ~2 R, may be neglected for small La. 
KpKmKs 
0(s) RaJ 
= RaBtK,Km\_.KpKmKs (2) 
Bin (s) s*+ (a) a 
The motor used in this experiment is a NXT dc motor with the following parameters: 
Km = Motor (torque) constant 0.25 Nm/A 
Ky = Speed Constant 0.25V/rad/sec 
B = viscous-friction coefficient 1.7x 10° kg m?/sec 
Rq = Armature resistance 2.270 
L, = Armature inductance 0.23 mH 
J = Armature moment of inertia 2.7x 10° kg-m? 
Tm = Motor mechanical time constant 0.094 sec 
Ks = Sensor gain 1 
K,= Gain of the proportional controller 
Substituting the preceding values into the system transfer function, we get the closed-loop 
function is 
_ 40.789(Kp) 
T(s) = S2+10.827S+40.789(Kp) (3) 
The characteristic equation is written 
S? + 10.8278 + 40.789(K,) (4) 
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The root loci of Eq. (4) are shown in Figure 3. 


Root Locus 


Imaginary Axis 


Real Axis 


-10.627 


Figure 3: Root locus of Eq. (4) 


By looking at the root loci in Figure 3, we see that, depending on the value of Kp, we can get 
two real or two complex-conjugate poles. When Ky = 0.719, we get a damping ratio of 1, and the 
system is critically damped. For values of Kp greater than 0.719, the system is underdamped, 
and for values of Kp less than 0.719, the system is overdamped. We also note that the system is 
stable for all the values of Kp > 0. The step response of the system for three different values of 
Kp are shown in Figure 4. 


Toolbox 1 


Figure 3 is obtained by the following sequence of MATLAB function 


num = [40.789]; 
den = [1 10.827 40.789*kp]; 
rlocus (num, den) 


Figure 4 is obtained by the following sequence of MATLAB function 
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Step Response 


Angular Position (rads) 


K=0.5 
=—— = Ka0 719 
Tea pee K=2 


“0 05 1 15 2 25 


Time (sec) 


Figure 4: Unit-step responses with proportional control 


Table 1 Attributes of the Unit-Step Response with Proportional control 
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Kp Percent Settling Time Rise Time | Steady-State Error 
Overshoot | (5%) ts(sec) t-(sec) Due to Unit Step 

Gain = 2 9.5% 0.58 sec 0.21 sec 0 

Gain =0.719 | 0% 0.86 sec 0.59 sec 0 

Gain = 0.5 0% Lo? Sec 0.96 sec 0 


Table 1 summarizes the attributes of the system’s unit-step response for three different values of 
Kp. 


When poles are complex conjugates, as we increase Ky, the overshoot of the system increase, 
but the settling time and rise time of the system decrease. Also note that steady-state error due to 
unit-step input decreases as Kp increase. 


Using the model show in Figure 5-69, the closed-loop position response of the motor with 
play load is simulated for a step input 1 rad or 57.296 degrees. The results are shown below in 
Figure 5 for multiple proportional gains. The steady-state error due to unit step input decreased 
as Kp increase. The big difference between the simulation results and the real time NXT motor 
result may be caused by the viscous-friction coefficient. In reality, the friction may not be 
viscous. We make an approximation linear model for the viscous-friction coefficient. 
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Angular Pasition (rads) 


Kp =0.5 
——-—Kp=0.719 


0 0.5 1 1.5 2 2.5 J 
Time (sec) 


Figure 5: NXT motor closed loop position response results for multiple 
proportional gains 


Frequency Domain Analysis 

Now let us carry out the design of the proportional controller in the frequency domain. The bode 
plots of T(s) for Kp = 0.5, 0.719, and 2 are shown in Figure6. The performance measures in the 
frequency domain for the compensated system with these controller parameters are tabulated in 
Table 2, along with the time domain attributes for comparison. The bode plots as well as the 
performance data were easily generated by using MATLAB tools. Use ACSYS component 
controls to reproduce the results in Table 2. 
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Figure 6: Bode plot of G(s) = 


3 
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The results in Table 2 show that the gain margin is always infinite, and thus the relative stability 
is measured by the phase margin. This is one example where the gain margin is not an effective 
measure of the relative stability of the system. When Ky increase the magnitude plots shift up, 


the phase plots remain same. 


Table 2 Frequency Domain Characteristics of the System with Proportional Controller 


Kp GM | PM Gain CO | BW M: | t ts Maximum 
(dB) | (deg) | (rad/sec) | (rad/sec) (sec) | (sec) | Overshoot 
(%) 
0.5 00 80.3 | 1.85 1.86 1 0.96 | 0.58 | 0% 
0.719 | 0 76.1 | 2.61 2.68 1 0.59 | 0.86 | 0% 
2 00 59.1 | 6.39 6.47 1.04] 0.21 | 0.58 | 9.5% 
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3 PD Control 


Time Domain Analysis 


V,(s) E(s) V,(s) K, Tis) 
©) itis @ : — 


PD controller 


1 
Js+B 


ViAs) 


Figure 7: Block diagram of a PD control dc motor 
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Consider the second-order closed-loop transfer function (3), applying a PD controller, the closed 


loop transfer function becomes 


40.789(Kp+Kps) 
S?+(10.827+40.789Kp)S+40.789(Kp) 


T(s) = 
The characteristic equation is written 
S* + (10.827 + 40.789Kp)S + 40.789(K,) 
The forward-path transfer function is 


40.789(Kp+Kps) 
S24+10.827S 


G(s) = 
The system block diagram is shown in Figure 7. 
Now, let us set the performance specifications as follows: 
Settling time t;< 0.3 sec 
Maximum overshoot < 5% 


Steady-state error due to unit-ramp input < 0.05 


We start by finding the steady-state error for a unit-ramp input: 


‘ 1 
€ss|ramp = lim 1+sG(s) = jon eee 
s>0 10.827 
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Therefore, for the system to have steady-state error due to unit ramp < 0.05, we need Ky > 5. 
The damping ratio of the system for Kp = 5 can be expressed as 


Ee 10.827440.789Kp _ 9 379 4. 4.428 Kp (9) 
28.562 
If we wish to have critical damping, ¢ =1, the above equation gives Kp = 0.435, one thing we 
need to check is that this value satisfies the settling-time requirement. Settling time can be 
expressed as 
8 

ts = qo927440.789Kp mm 
We see that, for Kp > 0.388, we have t; < 0.3 sec. Therefore, with Kp = 0.435, we can satisfy the 
settling-time requirement. We note that Eq. (10) is approximation and damping ration comes 
closer to one, the actual settling time will be higher, therefore, Kp must be higher than 0.388 to 
satisfy the settling time for damping ratio of one. Nevertheless, we can still use the 
approximation and verify our answer by simulation once a value for Kp is found. Also, we need 
to make sure that, for the values for Kp and Kp, the system is stable. Applying the stability 
requirement, we find that for system stability 


Ky > 0 and Kp > -0.265 


Alternatively, we can use the system’s root contours to find Kp and Kp. We can apply the root- 
contour method to the characteristic equation in Eq. (6) to examine the effect of varying Kp and 
Kp. First, by setting Kp to zero, Eq. (6) becomes 


S? + 10.827S + 40.789K, = 0 (11) 


The root loci of Eq. (11) are shown in Figure 8. 
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Figure 8: Root locus of Eq. (11) 
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Figure 9: The root contours of Eq. (11) when Kp = 0 


The code used to plot the root locus is given in Toolbox for Kp= 0. 


The root contours for Kp = 1 and Kp = 5 based on the pole-zero configuration are shown in 
Figure 9. Note that we chose Kp= 5 to satisfy the steady-state error requirement. For Kp = 5 and 
Kp = 0, the characteristic equation are at -5.41+j13.22 and the damping ratio of the closed-loop 
system is 0.379. When the value of Kp is increased, the two characteristic equation roots move 
toward the real axis along a circular arc. The dashed line shows the points on the s-plane with 
the constant damping ratio of 0.69, which corresponds to 5% overshoot. We see that this line 
intersects the root contour for Kp= 5 at Kp = 0.245. Because this value of Kp is not big enough 
to satisfy the settling-time requirement of less than 0.3 sec, we need a larger Kp. When Kp is 
increased to 0.435, the roots are real and equal at -14.294, and the damping is critical. At this 
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point Kp > 0.388; therefore, our settling-time requirement is met. 


Step Response 


kp=1; 


Figure 10 is obtained by the following sequence of MATLAB function 


num=[0.435*40.789 5*40.789]; 
den=[1 10.827+17.7432 203.9450]; 
step(num, den); 

hold on 


num = [0 40.789*kp]; 
den = [1 10.827 40.789*kp]; 
step (num , den) 
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Figure 10 shows the unit-step response of the closed-loop system without PD control and with 


Kp = 5 and Kp = 0.435. With the PD control, although Kp is chosen for critical damping, the 

maximum overshoot is 0%. The zero is at s = - = for the closed-loop transfer function. It makes 
D 

the response faster by lowering the rise time and the settling time of the system. 


Table 3Attributes of the Unit-Step Response with PD control 


Kp Percent Settling Time Rise Time 
Overshoot | (5%) ts(sec) tr(sec) 
Gain = 0.1 15% 0.35 sec 0.116 sec 
Gain = 0.435 | 0% 0.16 sec 0.113 sec 
Gain = 1 0% 0.27 sec 0.111 sec 


Table 3 summarizes the attributes of the system’s unit-step response for Kp = 5 and different 
values of Kp. 


Using the model show in Figure 5-69, the closed-loop position response of the motor with 
play load is simulated for a step input 1 rad or 57.296 degrees. The results are shown below in 
Figure 11 for Kp = 5 and Kp = 0.435. The percent overshoot is 0%. The 5% settling time is 
0.48 sec. The rising time is 0.35 sec. 
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Figure 11: NXT motor closed loop position response results for Kp = 5, Kp = 
0.435 


Improve Transient Response via PD Control 
We can improve transient response via PD control. In Proportional control, the maximum 
overshoot is 9.5% when the proportional gain equals to two. The root locus for the proportional 


2 
control system is shown in Figure 6. 9.5% overshoot is equivalent to ¢= ese) 5 = 0.599 
mz +1n(0.095) 


, we search along that damping ratio line for an odd multiple of 180° and find that the dominant, 
second order pair of poles is at—5.41+ j7.23=@,(-€ +,/€° -1). So, the angel equal to 


tan1(NITS ~126.8°. 
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Figure 12: Root locus for proportional control system shown in Figure 2 


Thus, the settling time of the uncompensated system is 


T, == = 0,739 
Co, 5.41 

T, =— =—~_ = 0.435 
Q, 


The transient and steady state error characteristics of the uncompensated system are summarize 
in Table 4. 
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Table 4 Uncompensated and compensated system characteristic 


Uncompensated Compensated 
Plant and 40.789K , 40.789(K, + Kp) 
compensator s(s+10.827) s(s+10.827) 
Dominant poles —5.41+ j7.23 —10.840+ 714.49 
K, p) 0.265 
S 0.599 0.599 
, 9.03 18.06 
%OS 9.5 9.5 
T, 0.739 0.369 
ie 0.435 0.217 
Zero none -30.174 


Now we proceed to compensate the system. First we find the location of the compensated 
system’s dominant poles. In order to have a twofold reduction in the settling time, the 
compensated system’s settling time will be half of 0.739. The new settling time will be 0.369. 
Therefore, the real part of the compensated system’s dominant, second order pole is 

4 4 


=— =_—_ = 10,840 
T, 0.369 


Figure 12 shows the designed dominant, second order pole, with a real part equal to and an 
imaginary part of 


@, = 10.840 tan(180° —126.8°) = 14.490 
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Figure 13: Compensated dominant pole superimposed over the 
uncompensated root locus 


Next we design the location of the compensator zero. Input the uncompensated system’s poles 
and zeros in the root locus program as well as the design point —10.840+ 714.490 as a test point. 


The result is the sum of the angles to the design point of all the poles and zeros of the 
uncompensated system except for those of the compensator zero itself. The difference between 
the result obtained and 180° is the angular contribution required of the compensator zero. Using 
the open loop poles shown in Figure 13 and the test point —10.840+ j14.490, which is the desired 


dominant second order pole, the angular contribution of the pole at 0 is 126.8°; the angular 


14.490 


contribution of the pole at -10.827 is tan '( ) =90.05°. The sum of the angle 


—10.840—(—10.827) 


equals to 90.05°+126.8°=216.85°.. Hence, the angular contribution required from the compensator 
zero for the test point to be on the root locus is +216.85°—180° = 36.85°. The geometry is shown 
in Figure 14, where we now must solve for -o , which is the location of the compensator zero. 
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Figure 14: Evaluating the location of the compensating zero 


Form the Figure 14, 


14.49 


— —— = tan 36.85° 
o —10.840 


Thus, we get o = 30.174. The complete root locus for the compensated system is shown in 
Figure 15. 
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Figure 15: Root locus for the compensated system 


Table 4 summarizes the results for both the uncompensated system and the compensated 
system. The simulation results can be obtained using Matlab or ACSYS. The percent overshoot 
differs by 3% between the uncompensated and compensated systems, while there is 
approximately a twofold improvement in speed as evaluated from the settling time. 


The final results are displayed in Figure 16, which compares the uncompensated system and the 
faster compensated system. 
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Figure 16: Uncompensated and compensated system step response 


Using the model show in Figure 5-69, the closed-loop position response of the motor with play 
load is simulated for a step input | rad or 57.296 degrees with Kp = 2, Kp = 0 and Ky = 8, Kp = 
0.265. The final results are displayed in Figure 16, which compares the robotic arm 
uncompensated system and the faster compensated system. Table 5 summaries the results for 
both uncompensated and compensated system step response. 
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Table5 Robotic arm system step response comparison 


Percent Settling Peak Steady State 
Overshoot | Time (5%) | Time Error 

Simulated | Kp =2 10 0.587 0.431 0 

Position Kp = 0 

Response | Kp=8 12 0.25 0.186 0 

Kp = 0.265 

Robotic Kp = 2 0 0.35 O27 4 

Arm Kp = 0 

Position K,=8 1.8 0.20 0.4 2.3 

Response Kp = 0.265 


Frequency Domain Analysis 

Now let us carry out the design of the PD controller in the frequency domain. Figure 17 shows 
the bode plot of G(s) in Eq.7 with Kp =5 and Kp =0. The phase margin of the uncompensated 
system is 41.2°, and the resonant peak M; is 1.43. These values correspond to lightly damped 
system. Let us give the following performance criteria: 


Steady state error due to a unit ramp input < 0.05 
Phase margin > 80° 

Resonant peak M; < 1.05 

BW < 20 rad/sec 


The bode plots of G(s) for Kp =5 and Kp =0, 0.1, 0.435, and lare shown in Figure17. The 
performance measures in the frequency domain for the compensated system with these 
controller parameters are tabulated in Table 6, along with the time domain attributes for 
comparison. The bode plots as well as the performance data were easily generated by using 
MATLAB tools. Use ACSYS component controls to reproduce the results in Table. 
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Figure 15: Bode plot of G(s) = —,— 7 


The results in Table 6 show that the gain margin is always infinite, and thus the relative stability 
is measured by the phase margin. This is one example where the gain margin is not an effective 
measure of the relative stability of the system. When Kp =0.435, which corresponds to critical 
damping, the phase margin is 88.5°, the resonant peak M; is 1, and BW is 18. The performance 
requirements in the frequency domain are all satisfied. Other effects of the PD control are that 
the BW and the gain-crossover frequency are increased. The phase-crossover frequency is 


always infinite in this case. 


Table 6 Frequency Domain Characteristics of the System with PD Controller 
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Kp GM | PM Gain CO | BW M: | tr ts Maximum 
(dB) | (deg) | (rad/sec) | (rad/sec) (sec) | (sec) | Overshoot 
(%) 
0 00 41.2 | 11.9 12.4 1.43 | 0.117 | 0.54 | 28% 
0.1 00 54.8 | 12.5 12.6 1.14 | 0.116 | 0.35 | 15% 
0.435 | 00 88.5 | 18.4 18 1 0.113 | 0.16 | 0% 
1 00 98.1 | 38.9 39.7 1 0.111 | 0.27 | 0% 
4 PI Control 


Time Domain Analysis 
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Figure 16: Block diagram of a PI control dc motor 


Consider the second-order closed-loop transfer function (3), applying a PD controller, the 
forward-path transfer function becomes 


K 
40.789Kp(s +z) 


G(s) — S2(s + 10.827) (12) 
The closed loop transfer function becomes 
_ 40.789(Kps+Ky) 
T(s) = S3+10.827S2+40.789(Kps)+40.789Ky (13) 
The characteristic equation is written 
S3 + 10.827S? + 40.789(K,s) + 40.789K, (14) 


The system block diagram is shown in Figure 18. 
Now, let us set the performance specifications as follows: 


Settling time t;< 1.5 sec 
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Rise time t; < 0.3 sec 
Maximum overshoot < 10% 
Steady-state error due to parabolic input < 0.7 


We start by finding the steady-state error for a unit-ramp input: 


‘ 1 
€ss|parobolic — lim 52G(5) = 70.789K] (15) 
s-0 10.827 


Therefore, for the system to have steady-state error due to parabolic ramp < 0.7, we need K; > 

0.379. Later we need to make sure that the value of Ki used is above 0.379. 

Applying Routh’s test to Eq. 14 yields the result that the system is stable for 0 < ma <10.827. 
p 


This means that, if the zero of G(s) be placed too far to the left in the left-half s-plane, the 
system will be unstable. 


Let us place the zero at —Ki/Ky relatively close to the origin. For this case, the most significant 
poles of the forward-path transfer function without the PI controller are at -10.827 and 0. Thus 
Kj/Ky should be chosen so that the following condition is satisfied 


*! & 10.827 (16) 
Kp 


The root loci of Eq. (12) with Ki/Kp =0.3 are shown in Figure 19. Notice that one of the poles 
always has a value close to zero while the other two poles behave the same as those shown in 
Figure 8, which is for Eq. (11). 
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Figure 17: Root loci of Eq. (13) 


With the condition in Eq. (16) satisfied, the pole near zero is effectively cancelled by the zero at 
-Kj/Kpy, and we are left with the poles of Eq. (11). Therefore, Eq. (12) can be approximated by 


40.789Kp 
(S?+10.827s+40.789Kp) 


G(s) = (17) 


Let us assume we wish to have a relative damping ratio of 0.7. From Eq. (17), the required 


valued of Kp for the damping ratio is 1.47. Thus with Kp = 1.47 and Ki =0.44, we find the roots 
of the characteristic equation of Eq. (14): 


s= —0.31 — 5.26 + j5.39 and — 5.26 — j5.39 
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In this case we see that the real pole of the closed-loop system is very close to the zero at -Ki/Kp 
so that the transient due to the real pole is negligible, and the system dynamics are essentially 
dominated by the two complex poles; therefore, Kp = 1.47 will give us a damping ratio that is 
close to 0.7. In general, when s takes on values along the operating points on the complex 
portion of the root loci, we can neglect the effect of the real pole of the closed-loop system and 
use Eq. (17) to find the system characteristics. 


Table 7 summarizes the attributes of the unit step response for various values of -Ki/Kp with Kp 
=1.47, which corresponds to a relative damping ratio of 0.7. The results verify that PI control 
reduces overshoot at the expense of longer rise time. 


Figure 20 shows the unit-step response of the robot arm position control system with Kp = 1.47 
and Ky = 0.44. 


Table7 Attributes of the Unit-Step Response with PI control 


Kj/Kyp Ki Kp Percent Settling | Rise Time 

Overshoot Time t-(sec) 

(5%) 

t.(sec) 
0 0 5 28% 0.54 0.127 
3 4.41 1.47 46% 1.38 0.192 
1 1.47 1.47 22% 1.44 0.238 
0.5 0.74 1.47 14% 1.33 0.266 
0.3 0.44 1.47 10% 1.01 0.297 
0.1 0.15 1.47 6% 0.7 0.312 
0.05 0.074 1.47 5% O37 0.314 
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Unit responses of the system with PI control 
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Figure 19: NXT motor closed loop position response results for Kp = 1.47, Ki 
= 0.44 


Using the model show in Figure 5-69, the closed-loop position response of the motor with 
play load is simulated for a step input 1 rad or 57.296 degrees. The results are shown below in 
Figure 21 for Ky = 1.47 and Ki = 0.44. The percent overshoot is 0%; the 5% settling time is 7.76 
sec; the rising time is 0.36 sec. The integral gain can eliminate the steady state error. We can add 
the integral gain to the proportional controller to eliminate the steady state error for the NXT 
motor closed loop response results as in Figure 5. The NXT motor closed loop response results 
for Kp = 1, and Ky = 0.5, 0.733 and 2 are shown in Figure 22. Comparing Figure 22 and Figure 
5, we can tell the steady error decreased with the PI controller. 
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Figure 20: NXT motor closed loop position response results for Ki =1, and Kp 
= 0.5, 0.719 and 2 


Frequency Domain Design 
Now let us carry out the design of the PI controller in the frequency domain. The forward path 
transfer function of the uncompensated system is obtained by setting Kp = 5 and Ki = 0 in the 


G(s) in Eq. 12, and the bode plot is shown in Figure 23. The phase margin is 41.2°, and the gain 


crossover frequency is 12.34 rad/sec. Let us specify that the required phase margin should be at 


least 65°, and this is to be achieved with the PI controller. We conduct the following steps: 


Look for the new gain crossover frequency w’, at which the phase margin of 65° is 
realized. From Figure 23, w’, is found to be 4.99 rad/sec. The magnitude of G (jw) at this 
frequency is 10.63 dB. Thus, the PI controller should provide an attenuation of -10.63 dB 
at w’s= 170 rad/sec. Solving for Kp, we get 


Kp=5 * 107!6Gw'g)lap/2o = 5 * 1010-63/20 = 5 « 0.294 = 1.47 
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Notice that, in the time domain design conducted earlier, Kp was selected to be 1.47 so 


that the relative damping ratio of the complex characteristic equation roots will be 


approximately 0.7. 
Let us choose Ky = 1.47, so that we can compare the design results of the frequency 


domain with those of the time domain design obtained earlier. Once Ky is determined, 


Ky 


w'g*Kp __ 4,991.47 


10 


10 


= 0.73 


As pointed out earlier, the value of Kz is not rigid, as long as the ratio Ki/Kp is sufficiently 
smaller than the magnitude of the pole of G(s) at 10.827. As it turns out, the value of Ki given 
above is not sufficiently small for this system. 


Table8 Attributes of the Unit-Step Response with PI control 


Ki/Kp | Ky Kp GM | PM M;, | BW Gain CO_ | Phase CO 
(dB) | (deg) (rad/sec) | (rad/sec) (rad/sec) 
CO (0.6) 
0 0 3 41.2 | 1.43 | 12.4 11.9 
-0O 0 
3 4.41 | 1.47 34.5 | 1.78 | 5.59 5.54 
-00 0 
1 1.47 | 1.47 53.7 | 1.20} 5.1 4.9 
-0O O 
0.5 0.74 | 1.47 59.3 | 1.10 | 5.04 4.87 
-0O O 
0.3 0.44 | 1.47 61.7 | 1.06 | 5.03 4.86 
-0O O 
0.1 0.15 | 1.47 63.9 | 1.02 | 5.02 4.85 
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Figure 23 is obtained by the following sequence of MATLAB function 
ki=[ 0.15 0.44 0.74 1.47 4.41]; 
kp=1.47; 

for i=1:length(k1) 
num=[40.789*kp 40.789*ki(i)]; 
den=[1 10.827 0 O]; 

bode(num, den) 

hold on 

end 

grid 

hold on 

num=[40.789*5]; 

den=[1 10.827 O]; 

bode (num, den) 
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The bode plot of the forward path transfer function with Kp = 1.47 and Ky = 0.15, 0.44, 0.74, 
1.47, and 4.41 are shown in Figure 23. Table 8 shows the frequency domain properties of the 
uncompensated system and the compensated system with various values of Ky. Notice that, for 
values of Ki/K, that are sufficiently small, the phase margin, M;, BW, and gain-crossover 
frequency all vary little. 


It should be noted that the phase margin of the system can be improved further by reducing the 
value of Kp below 1.47. However, the bandwidth of the system will be further reduced. 


5 PID control 
Time Domain Analysis 


Consider the second-order closed-loop transfer function discussed previously. Applying a PID 
controller, the forward-path transfer function becomes 


40.789(Kp1 + Kp1s)(Kpz + 12) 


G(s) = (18) 


s(s + 10.827) 
The system block diagram is shown in Figure 24. 

Let the time-domain performance requirements are as follows: 
Rise time t; < 0.3 sec 

Settling time t;< 1.5 sec 

Maximum overshoot < 5% 


Steady-state error due to parabolic input < 0.7 
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Figure 22: System block diagram with PID controller 


We realize that we need a PID controller to fulfill the above requirements. First, we apply the 
PD control with the transfer function Kp: + Kpis. The forward-path transfer function becomes 


40.789(Kpi + Kpis) 
s(s + 10.827) 


G(s) = (19) 
Table 3 shows that the PD controller that can be obtained from the settling time stand point is 
with Kp: = 0.435 and Kp; = 5, and the maximum overshoot is 0 sec. The rise time and settling 
time are well within required values. Next we add the PI controller, and the forward-path 
transfer function becomes 


K 
17.743Kp2(s + 11.49 4)(s + Kpo) 


G(s) = (20) 


s(s* + 10.827s) 


Following the guidelines of choosing a relatively small value for Ki2/Kp2, we let Kix/Kp2 = 0.3. 
Eq. (20) becomes 


17.743Kp2(s + 11.49 4 )(s + 0.3) 
s(s? + 10.827s) 


G(s) = (21) 
Table 9 gives the tie domain performance characteristics along with the roots of the 


characteristic equation for various values of Kp2. 


Setting Kp: = 5, Kpi = 0.435, Kp2 = 1, and Kn = 0.3Kp2 = 0.3, the following results are obtained 
for the parameters of the PID controller. 


Kp=5 
Ki = 0.3 
Kp = 0.435 


Figure 25 shows the unit-step responses of the system with the PID controller. 
Table9 Attributes of the Unit-Step Response with PID control 
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Kp2 Percent Settling Rise Time t, | Roots of 
Overshoot | Time (5%) _ | (sec) Characteristic 

t; (sec) Equation 
2 1% 0.075 sec 0.06 sec -0.3 -11.84 -34.17 
1.5 1% 0.09 sec 0.072 sec -0.3. -12.07 -25.06 
1 2% 0.15 sec 0.12 sec -0.31 -14.12+j0.96 
0.7 2% 0.21 sec 0.14 sec -0.31 -11.47+j2.81 
0.5 3% 0.27 sec 0.19 sec -0.31 -9.69+4j2.15 
0.2 6% 1.92 sec 0.45 sec -0.33 -3.55 -10.5 
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Figure 23: Unit-step response with PID control 


Using the model show in Figure 5-69, the closed-loop position response of the motor with 
play load is simulated for a step input 1 rad or 57.296 degrees. The results are shown below in 
Figure 26 with Ky = 5, Ki = 0.3, Kp = 0.435. The percent overshoot is 0%; the 5% settling time 
is 0.62 sec; the rising time is 0.42 sec. 


11-197 


Automatic Control Systems, 10° Edition Chapter 11 Solutions Golnaraghi, Kuo 


Angular Position (rads) 


Time (sec) 


Figure 24 : NXT motor closed loop position response results for Kp=5, Ki=0.3, 
Kp=0.435 


Frequency Domain Analysis 

Now let us carry out the design of the PID controller in the frequency domain. Figure 12 shows 
the bode plot of G(s) in Eq.7 with Kp =5 and Kp =0.435. The phase margin of the 
uncompensated system is 88.5°, and the resonant peak M; is 1. 


Table10 Frequency domain performance of system with PID controller 


Kp2 | Ko |GM | PM M: BW tr ts Maximum 
(dB) | (deg) (rad/sec) | (sec) | (sec) | Overshoot(%) 

1 0 00 88.5 1 18 0.113 |0.16 | 0% 

1.5 0.45 | -c 88.1 | 1.01 | 26.9 0.072 |0.09 | 1% 

1 0.3 -00 87.5 1.01 | 18 0.12 {0.15 | 2% 

0.5 0.15 | -co 86.5 | 1.03 | 9.2 0.19 |0.27 | 3% 
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The bode plot of the forward path transfer function with PD and PID controller are shown in 
Figure 27. Table 10 shows the frequency domain properties of the compensated system with 
with Kp = 0.435, and various value of Ky and Ky. 


Bode Diagram 
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Figure 25: Bode plot of the system with PD and PID controllers 
6 Phase Lead Controller 


Time Domain Analysis 
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Figure 26: Block diagram of a phase lead control dc motor 


Consider the second-order closed-loop transfer function (3), the transfer function of the motor is 


G(s) = ae (22) 


s(s+10.827) 


Applying a phase-lead controller, the forward-path transfer function is 


40.789(1+aTs) 


G (s) — as(s+10.827)(1+Ts) 


(a >1) (23) 


Now, let us set the performance specifications as follows: 

The maximum overshoot of the step response should be less than 5% or as small as possible. 
Rise time t; < Isec. 

Settling time t; < 1.5sec. 


The system block diagram is shown in Figure 28. 


We can use the root-contour method to show the effects of varying T of the phase-lead 
controller. The ACSYS MATLAB tool was used for this root contour. Let us first set a=2. T 
varies from 0.01 to 100 in 1000 steps as shown in Figure 29. The forward-path transfer function 
of the compensated system with a=2 is written 


40.789(1+2Ts) 


G(s) _ 2s(s+10.827)(1+Ts) 


(24) 
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Lead Lag Controller Design Tool 


This is a tool for the design of a Phase-Lead or 
Phase-Lag controller. The transfer function for 
the controller takes the form: 


Ct(a*T*s+1)  (T*s+1) 


Cis a constant which is entered in the C(s)= box in 
the transfer function input panel on the left of the 
Acsys Template window; a is entered in the edit box 
below; T will vary between the max and min values 
specified below’. For each value of the varying 
parameter T the poles of the resulting closed loop 
transfer function vill be plotted. 


Lead Lag Controler Values 
a 
2 
T Min: 
0.01 


T Max: 
100 


Number of Steps: 
1000 


Enter | Cancel | 


Figure 27: Lead lag controller Design Tool 


The root contour clearly shows that the system is stable when T varies in Figure 30. Table 11 
shows the attributes of the unit-step response when the value of T varies from 0 to 0.5. The 
ACSYS MATLAB tool was used for the calculations of the time response. The results show that 
overshoot is 0% for all these T values, although the rise and settling times increase continuously 
as T increase. With a=2, the design criteria meets when T = 0.01. 


Table 11: Attributes of Unit-step response of system with Phase-Lead Controller 


a= Percent Settling Rise Time tr 
Overshoot Time (5%) ts | (sec) 
(sec) 
T=0 0% 1.35 sec 0.96 sec 
T=0.01 0% 1.4 sec 0.99 sec 
T=0.1 0% 1.62 sec 1.24 sec 
T=0.5 0% 2.21 sec 1.15 sec 
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Figure 28: Root contours of the Robot Arm system with a phase-lead 
controller 


Frequency Domain Analysis 


Now, let us consider the frequency domain design. Using the ACSYS software, the bode plot 
with a=2, T=0.01 is shown in Figure 31. 
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Figure 29: Bode plot of the phase-lead compensation system 
7 Phase Lag Controller 


Time Domain Analysis 
Consider the second-order closed-loop transfer function (3), the transfer function of the motor is 


40.789 
G(S) = Shtoaa7) ae 

Applying a phase-lag controller, the forward-path transfer function is 
es= 40.789(1+aTs) (a<1) (25) 


as(s+10.827)(1+Ts) 


Now, let us set the performance specifications as follows: 
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The maximum overshoot of the step response should be less than 5% or as small as possible. 
Rise time t; < Isec. 
Settling time t; < 1.5sec. 


The system block diagram is shown in Figure 28. 


We can use the root-contour method to show the effects of varying T of the phase-lag controller. 
The ACSYS MATLAB tool was used for this root contour. Let us first set a=0.5. T varies from 
0.01 to 100 in 1000 steps as shown in Figure 32. The forward-path transfer function of the 
compensated system with a=0.5 is written 


40.789(1+0.5Ts) 
0.5s(s+10.827)(1+Ts) 


G(s) = (26) 


Lead Lag Controller Design Tool 


This is a tool for the design of a Phase-Lead or 
Phase-Lag controller. The transfer function for 
the controller takes the form: 


Ct{at*T*s+1) / (T*s+1) 


Cis a constant which is entered inthe C(s)J= box in 
the transfer function input panel on the left of the 
Acsys Template window; a is entered in the edit box 
below, T will vary betvveen the max and min values 
specified below’. For each value of the varying 
parameter T the poles of the resulting closed loop 
transfer function will be plotted. 


Lead Lag Controler Values 
a 
0.5 
T Min: 
0.01 


T Max: 
100 


Number of Steps: 
1000 


Enter | Cancel 


Figure 30: Lead lag controller Design Tool 
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Figure 31: Root contours of the system with a phase-lag controller for a=0.5 


The root contour clearly shows that the system is stable when T varies in Figure 33. Table 12 


shows the attributes of the unit-step response when the value of T varies from 0 to 0.5. The 
ACSYS MATLAB tool was used for the calculations of the time response. The results show that 
the smallest maximum overshoot is obtained when T = 0, although the rise and settling times 


increase continuously as T increase. However, the smallest value of the maximum overshoot is 


9%, which exceeds the design specification. 


Table 12: Attributes of Unit-step response of system with Phase-Lag Controller 


a=0.5 Percent Settling Rise Time tr 
Overshoot Time (5%) ts | (sec) 
(sec) 
T=0 9% 0.57 sec 0.21 sec 
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T=0.01 11% 0.59 sec 0.20 sec 
T=0.1 21% 0.72 sec 0.23 sec 
T=0.5 20% 1.08 sec 0.29 sec 


Next, we set a= 0.8. T varies from 0.01 to 100 in 1000 steps. The forward-path transfer function 
of the compensated system with a=0.8 is written 


40.789(1+0.8Ts) 
0.8s(s+10.827)(1+Ts) 


G(s) = (26) 

The root contour clearly shows that the system is stable when T varies in Figure 34. Table 13 
shows the attributes of the unit-step response when the value of T varies from 0 to 0.5. The 
ACSYS MATLAB tool was used for the calculations of the time response. The results show that 
the smallest maximum overshoot is obtained when T = 0, although the rise and settling times 
increase continuously as T increase. The percent overshoot is less than 5% when T < 0.1. 


Table 13: Attributes of Unit-step response of system with Phase-Lag Controller 


a=0.8 Percent Settling Rise Time t, 
Overshoot Time (5%) ts | (sec) 
(sec) 
T=0 3% 0.44 sec 0.32 sec 
T=0.01 3% 0.45 sec 0.33 sec 
T=0.1 5% 0.64 sec 0.33 sec 
T=0.5 6% 0.91 sec 0.35 sec 
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Figure 32: Root contours of the system with a phase-lag controller for a=0.8 


Frequency Domain Analysis 


Now, let us consider the frequency domain design. Using the ACSYS software, the bode plot 
with a=0.8, T=0.01 is shown in Figure 35. 
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Figure 33: Bode plot of the phase-lag compensation system 


8 Improving Transient Response via PD Control for the Third Order System 
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Figure 36: Closed loop system for dc motor: a. before compensation; b. after 
differential compensation 


Now let us consider the third-order attitude control system described as in 5-7- 3. 


KK,,K, 
eG) = O(s) _ R, 
Q. 
n(s) [Fest] a(e Mee] Mt 21) 
R, R, R, 


Substituting the preceding values into the system transfer function, the closed-loop transfer 
function of the uncompensated system of Figure 36(a) is 


O,(s)_ 4.079 «10° K 


3 2 5 (28) 
O,(s) s°+10010.827s° +108270s +. 4.079x10°K 
The forward-path transfer function becomes 
5 
G(s) _ 4.079 x10° K 
s(s+10.827)(s+10000) (29) 


Applying the PD controller of Eq. (29), the forward-path transfer function of the integral 
compensated system of Figure36 (b) becomes 
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4.079x10°(K, + KpS) 
G(s) =3 
s (s + 10.827)(s +10000) (30) 
: 2 Root Locus 
a 
40 + s-plane 4 
30 | € =0.479 J 
mn | 5.41499" | 


; K=3.12 | 118.62" 
(1 p-——x Pai — a 


Imaginary Axis 


-50 1 1 1 
-10000 i -30 -20 -10 0 10 20 


Real Axis 


Figure 37: Root locus for uncompensated system shown in Figure 36. (a) 


Let us first evaluate the performance of the uncompensated system operating with 18% 
overshoot. The root locus for the uncompensated system is shown in Figure 41. 18% overshoot 


2 
is equivalent to ¢= ae = 0.479 , we search along that damping ratio line for an odd 
a +1n(0.18) 


multiple of 180° and find that the dominant, second order pair of poles is at 


. 2 -1 Vl-o° : 
—5.41+ j9.9=a,(-€ +./¢° -1). So, the angel equal to tan” (*~———) = 118.62° . Thus, the settling 


time of the uncompensated system is 


T, = =—+_=0.739 
Co, 541 
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Since our evaluation of percent overshoot and settling time is based upon a second order 
approximation, we must check the assumption by finding the third pole and justifying the 
second order approximation. Our third pole is smaller than -10000, which is very far from the jw 
axis as the dominant, second order pair. We conclude that our approximation is valid. The 
transient and steady state error characteristics of the uncompensated system are summarize in 


Table 14. 


Table 14 Uncompensated and compensated system characteristic 


Uncompensated Compensated 

Plant and 4.079 x 10° K 4.079 x10° K(s +.47.139) 

compensator s(s+10.827)(s+10000) | s(s+10.827)(s+10000) 

Dominant poles DALE J9:9 —10.840 + 719.865 

K Sole 0.261 

4 0.479 0.514 

0, 11.3 22.4 

%OS 18 15.2 

T, 0.739 0.369 

Tt O317 0.163 

Third pole - 10000 - 10000 

Zero none -47.139 

comments Second-order Pole-zero 
approximation OK Not cancelling 


Now we proceed to compensate the system. First we find the location of the compensated 
system’s dominant poles. In order to have a twofold reduction in the settling time, the 
compensated system’s settling time will be half of Eq. 6. The new settling time will be 0.369. 
Therefore, the real part of the compensated system’s dominant, second order pole is 

oF = 1G 816 

T, 0.369 

Figure 37 shows the designed dominant, second order pole, with a real part equal to and an 
imaginary part of 


@, = 10.840 tan(180° —118.62°) =19.865 
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Figure 348: Compensated dominant pole superimposed over the 
uncompensated root locus 


Next we design the location of the compensator zero. Input the uncompensated system’s poles 
and zeros in the root locus program as well as the design point —10.840+ 719.865 as a test point. 
The result is the sum of the angles to the design point of all the poles and zeros of the 
uncompensated system except for those of the compensator zero itself. The difference between 
the result obtained and 180° is the angular contribution required of the compensator zero. We 
can ignore the third pole at -10000 because the angular contribution is almost zero. Using the 
open loop poles shown in Figure 38 and the test point -10.840+ j19.865 , which is the desired 
dominant second order pole, the angular contribution of the pole at -10000 is approximately 0°; 
the angular contribution of the pole at 0 is 118.61°; the angular contribution of the pole at - 
10.827 is tan'( ene? ) =90.07°. The sum of the angle equals to 

—10.840 —(—10.827) 
0°+90.07°+1 18.62°=208.69° . Hence, the angular contribution required from the compensator zero 
for the test point to be on the root locus is +208.69° —180° = 28.69° . The geometry is shown in 
Figure 39, where we now must solve for -o , which is the location of the compensator zero. 
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Figure39: Evaluating the location of the compensating zero 


Form the Figure 39, 


ee = tan 28.69° 
o —10.840 


Thus, we get o = 47.139. The complete root locus for the compensated system is shown in 
Figure 40. 
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Figure40: Root locus for the compensated system 


Table 14 summarizes the results for both the uncompensated system and the compensated 
system. For the uncompensated system, the estimate of the transient response is accurate since 
the third pole is more than one hundred times larger than the real part of the dominant, second- 
order pair. The second order approximation for the compensated system, however, may be 
invalid because there is no approximate closed loop third pole and zero cancellation between the 
closed loop pole at -10.827 and the closed loop zero at -47.139. The results of a simulation are 
shown in Table 15. The simulation results can be obtained using Matlab or ACSYS. The 
percent overshoot differs by 3% between the uncompensated and compensated systems, while 
there is approximately a twofold improvement in speed as evaluated from the settling time. 


The final results are displayed in Figure 41, which compares the uncompensated system and the 
faster compensated system. 
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Figure 41: Uncompensated and compensated system step response 


Using the model show in Figure 5-69, the closed-loop position response of the motor with play 
load is simulated for a step input | rad or 57.296 degrees. The results are shown below in Figure 
42 for Kp = 3.12, Kp = 0 and Ky = 12.303, Kp = 0.261. Table 15 summaries the results for both 


uncompensated and compensated system step response. 


Table15 Robotic arm system step response comparison 
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Percent Settling Peak Steady State 
Overshoot | Time (5%) | Time Error 

Simulated | Kp = 3.12 18 0.47 0.314 0 

Position Kp = 0 

Response | Kp = 12.303 | 21 0.213 0.136 0 

Kp = 0.261 

Robotic Ky = 3.12 iy 0.36 0.32 4.7 

Arm Kp = 0 

Position Kp = 12.303 | 5.2 0.23 0.21 0.52 

Response | Kn = 0.261 


Position (rad) 
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Time (sec) 
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Figure42: Robotic arm uncompensated system and the faster compensated 
system 
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